D-manifolds, d-orbifolds and derived differential 
geometry: a detailed summary 

Dominic Joyce 

Abstract 

This is a detailed summary of the author's (rather longer) book [34j . 
We introduce a 2-category dMan of d-manifolds, new geometric objects 
which are 'derived' smooth manifolds, in the sense of the 'derived al- 
gebraic geometry' of Toen and Lurie. They are (roughly) a 2-category 
truncation of the 'derived manifolds' of Spivak [52|. Manifolds Man 
embed in dMan as a full (2-)subcategory. There are also 2-categories 
dMan'' , dMan"^ of d-manifolds with boundary and with corners, and orb- 
ifold versions dOrb, dOrb'', dOrb"^ of all of these, d-orbifolds. 

Much of differential geometry extends very nicely to d-manifolds and d- 
orbifolds — immersions, submersions, submanifolds, transverse fibre prod- 
ucts, orientations, bordism groups, etc. Compact oriented d-manifolds 
and d-orbifolds have virtual classes. Boundaries of d-manifolds and d- 
orbifolds with corners behave in a functorial way. 

Many important areas of geometry involve forming moduli spaces M 
of geometric objects, and 'counting' them to get an enumerative invariant, 
or a more general structure in homological algebra, such as a Floer homol- 
ogy theory. These areas include Donaldson invariants and Seiberg-Witten 
invariants of 4-manifolds, Donaldson-Thomas invariants of Calabi-Yau 
3-folds, Gromov-Witten invariants in both algebraic and symplectic ge- 
ometry, and Lagrangian Floer cohomology, Fukaya categories, contact ho- 
mology, and Symplectic Field Theory in symplectic geometry. 

In all these areas, one first defines an appropriate geometric structure 
on M, and then applies a 'virtual class' or 'virtual chain' construction to 
do the 'counting' and define the invariants. The geometric structures used 
for this purpose include C-schemes and Deligne-Mumford C-stacks with 
perfect obstruction theories in complex algebraic geometry, and polyfolds 
and Kuranishi spaces in symplectic geometry. 

There are truncation functors from all of these classes of geometric 
structures on M to d-manifolds or d-orbifolds, with or without corners. 
There are also truncation functors from quasi-smooth derived C-schemes 
and Spivak's derived manifolds to d-manifolds. As a result, all the areas 
of geometry above involving 'counting' moduli spaces can be rewritten in 
terms of d-manifolds and d-orbifolds. This will lead to new results and 
simplifications of existing proofs, particularly in areas involving moduli 
spaces with boundary and corners. 

A (rather shorter) survey paper on the book, focussing on d-manifolds 
without boundary, is [35| . 
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1 Introduction 



This is a summary of the author's (rather longer) book [34] on 'D-manifolds and 
d-orbifolds: a theory of derived differential geometry'. A (rather shorter) survey 
paper on the book, focussing on d-manifolds without boundary, is |35j . and 
readers just wanting a general overview of the theory are advised to read [35) . 

In this paper we aim to provide a fairly complete coverage of the main 
definitions and results of [M] , omitting almost all proofs and some more abstruse 
technical details, which is suitable to be the primary reference for those wanting 
to use d-manifolds and d-orbifolds in their own research. 

We develop a new theory of 'derived differential geometry'. The objects in 
this theory are d-manifolds, 'derived' versions of smooth manifolds, which form 
a (strict) 2-category dMan. There are also 2-categories of d-manifolds with 
boundary dMan'^ and d-manifolds with corners dMan'^, and orbifold versions 
of all these, d-orbifolds dOrb, dOrb*^, dOrb*^. 

Here 'derived' is intended in the sense of derived algebraic geometry. The 
original motivating idea for derived algebraic geometry, as in Kontsevich [37] 
for instance, was that certain moduli schemes A4 appearing in enumerative in- 
variant problems may be very singular as schemes. However, it may be natural 
to realize as a 1-categorical truncation of some 'derived' moduli space Ad, a 
new kind of geometric object living in a higher category. The geometric struc- 
ture on M. should encode the full deformation theory of the moduli problem, 
the obstructions as well as the deformations. It was hoped that AA would be 
'smooth', and so in some sense simpler than its truncation Ai. 

Early work in derived algebraic geometry focussed on dg-schemes, as in 
Ciocan-Fontanine and Kapranov [T3]. These have largely been replaced by 
the derived stacks of Toen and Vezzosi [551 - I57] . and the structured spaces of 
Lurie |39H41j . Derived differential geometry aims to generalize these ideas to 
differential geometry and smooth manifolds. A brief note about it can be found 
in Lurie [41] §4.5]; the ideas are worked out in detail by Lurie's student David 
Spivak [52], who defines an oo-category of derived manifolds. 

The author came to these questions from a different direction, symplectic 
geometry. Many important areas in symplectic geometry involve forming mod- 
uli spaces Aig^miX, J, /3) of J-holomorphic curves in some symplectic manifold 
{X,uj), possibly with boundary in a Lagrangian Y, and then 'counting' these 
moduli spaces to get 'invariants' with interesting properties. Such areas include 
Gromov-Witten invariants (open and closed), Lagrangian Floer cohomology, 
Symplectic Field Theory, contact homology, and Fukaya categories. 

To do this 'counting', one needs to put a suitable geometric structure on 
Aig,„i{X, J, /3) — something like the 'derived' moduli spaces Ad above — and 
use this to define a 'virtual class' or 'virtual chain' in Z, Q or some homology 
theory. Two alternative theories for geometric structures to put on moduli 
spaces Aig^m{X, J, j3) are the Kuranishi spaces of Fukaya, Oh, Ohta and Ono 
[18, 19, and the polyfolds of Hofer, Wysocki and Zehnder [21H26]. 

The philosophies of Kuranishi spaces and of polyfolds are in a sense opposite: 
Kuranishi spaces remember only the minimal information needed to form virtual 
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chains, but polyfolds remember a huge amount more information, essentially a 
complete description of the functional-analytic problem which gives rise to the 
moduli space. There is a truncation functor from polyfolds to Kuranishi spaces. 

The theory of Kuranishi spaces in [181IT5] does not go far — they define 
Kuranishi spaces, and construct virtual cycles upon them, but they do not 
define morphisms between Kuranishi spaces, for instance. The author tried to 
study and work with Kuranishi spaces as geometric spaces in their own right, 
but ran into problems, and became convinced that a new definition was needed. 
Upon reading Spivak's theory of derived manifolds [55], it became clear that 
some form of 'derived differential geometry' was required: Kuranishi spaces in 
the sense of [18[ §A] ought to be defined to be 'derived orbifolds with corners '. 

The purpose of [34], summarized here, is to build a comprehensive, rigorous 
theory of derived differential geometry designed for applications in symplectic 
geometry, and other areas of mathematics such as String Topology. 

As the moduli spaces of interest in the symplectic geometry of Lagrangian 
submanifolds should be 'derived orbifolds with corners', it was necessary that 
this theory should cover not just derived manifolds without boundary, but also 
derived manifolds and derived orbifolds with boundary and with corners. It 
turns out that doing 'things with corners' properly is a complex, fascinating, 
and hitherto almost unexplored area. This has added considerably to the length 
of the project: the parts (sections[2Hlland Appendix E)) dealing with d-manifolds 
without boundary are only a quarter of the whole. 

The author wants the theory to be easily usable by symplectic geometers, 
and others who are not specialists in derived algebraic geometry. In applications, 
much of the theory can be treated as a 'black box', as they do not require a 
detailed understanding of what a d-manifold or d-orbifold really is, but only a 
general idea, plus a list of useful properties of the 2-categories dMan, dOrb. 

Our theory of derived differential geometry has a major simplification com- 
pared to the derived algebraic geometry of Toen and Vezzosi [55H57] and Lurie 
[3SH1I], and the derived manifolds of Spivak [52]. All of the 'derived' spaces 
in [551 - Hn[52[|55f[57) form some kind of oo-category (simplicial category, model 
category, Segal category, quasicategory, . . . ). In contrast, our d-manifolds and 
d-orbifolds form (strict) 2-categories dMan, . . . , dOrb'^. Furthermore, the oo- 
categories in [39H4T1[52[[55H57] are usually formed by localization (inversion 
of some class of morphisms), so the (higher) morphisms in the resulting cxd- 
category are difficult to describe and work with. But the 1- and 2-morphisms 
in dMan, . . . , dOrb'^ are defined explicitly, without localization. 

All 'derived' geometry must take place in some kind of higher category — this 
is part of what 'derived' means. 2-categories are the simplest and most friendly 
kind of higher category. Our d-manifolds dMan are (roughly) a 2-category 
truncation of Spivak's oo-category of derived manifolds DerMan. So far as the 
author can tell, this truncation does not lose any important information. 

The essence of our simplification is this. Consider a 'derived' moduli space 
Ad of some objects E, e.g. vector bundles on some C-scheme X. One expects 
to have a 'cotangent complex' Lj\^, a complex in some derived category 
with cohomology h''{hM.)\E = E,xt^~^ {E , E)* for i E Z. In general, can 
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have nontrivial cohomology in many negative degrees, and because of this such 
objects must form an oo-category to properly describe their geometry. 

However, the moduh spaces relevant to enumerative invariant problems are 
of a restricted kind: one considers only Ad such that hj^ has nontrivial coho- 
mology only in degrees —1, 0, where /i°(Ljvi) encodes the (dual of the) deforma- 
tions Ext^(£',£')*, and h-'^{hj^) the (dual of the) obstructions Ext^(£:, £')*. 
As in Toen [55l §4.4.3], such derived spaces are called quasi-smooth, and this is 
a necessary condition on for the construction of a virtual fundamental class. 

Roughly speaking, our 2-category truncation replaces complexes in a de- 
rived category D(qcoh(A^)) with a 2-category of complexes in degrees —1,0 
only. For general M. this loses a lot of information, but for quasi-smooth Al, 
since Ljvd is concentrated in degrees —1,0, the important information is re- 
tained. In the language of dg-schemes, our 2-category truncation corresponds 
to working with dg-algebras of a special kind, two step supercommutative dg- 
algebras A^'^ ^ A° such that d{A-^) ■ A^^ = 0. This implies that d(A"i) is a 

square zero ideal in A", and A~^ is a module over 

An important reason why this 2-category style derived geometry works suc- 
cessfully in our differential-geometric context is the existence of partitions of 
unity on smooth manifolds, and on nice C°°-schemes. This means that (derived) 
structure sheaves are 'fine' or 'soft', which simplifies their behaviour. Parti- 
tions of unity are also essential for constructions such as gluing d-manifolds by 
equivalences on open d-subspaces in dMan. In conventional derived algebraic 
geometry, where partitions of unity do not exist, one needs the extra freedom 
of an cxo-category to glue by equivalences. 

Throughout the paper, following [34], we will consistently use different type- 
faces to indicate different classes of geometrical objects. In particular: 

• W, X,Y, . . . will denote manifolds (of any kind), or topological spaces. 

• WjXiY, ■ ■ ■ will denote C°°-schcmes. 

• W, X,Y, . . . will denote d-spaces, including d-manifolds. 

• W, X,y, . . . will denote Deligne-Mumford C°°-stacks, including orbifolds. 

• W, X,y,... will denote d-stacks, including d-orbifolds. 

• W, X, Y, . . . will denote d-spaces with corners, including d-manifolds with 
corners. 

• W, X, . . . will denote orbifolds with corners. 

• 'W,DC,'y, . . . will denote d-stacks with corners, including d-orbifolds with 
corners. 



Acknowledgements. My particular thanks to Dennis Borisov, Jacob Lurie and 
Bertrand Toen for help with derived manifolds. I would also like to thank 
Manabu Akaho, Tom Bridgeland, Kenji Fukaya, Hiroshi Ohta, Kauru Ono, and 
Timo Schiirg for useful conversations. 
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2 C°°-rings and C°°-schemes 

If X is a manifold then the M-algebra C°°{X) of smooth functions c : X — > R 
is a C°°-ring. That is, for each smooth function / : R" — > M there is an n-fold 
operation $/ : C°°(X)" -> C°°{X) acting by $/ : ci, . . . , c„ i-^ /(ci, . . . , c„), 
and these operations satisfy many natural identities. Thus, C°°{X) actually 
has a far richer algebraic structure than the obvious R-algebra structure. 

C°°- algebraic geometry is a version of algebraic geometry in which rings 
or algebras are replaced by C°°-rings. The basic objects are C°°-schemes, a 
category of differential-geometric spaces including smooth manifolds, and also 
many singular spaces. They were introduced in synthetic differential geometry 
(see for instance Dubuc [17] and Moerdijk and Reyes [l^), and developed further 
by the author in 135' (surveyed in [33] and [331 App. B]). 

This section briefly discusses C°°-rings, C°°-schemes, and quasicoherent 
sheaves on C°°-schemes, following the author's treatment [321 §2-§6]. 

2.1 C°°-rings 

Definition 2.1. A C°°-ring is a set £ together with operations $/ 
for all n 5^ and smooth maps / : R" — R, where by convention when n = we 
define to be the single point {0}. These operations must satisfy the following 
relations: suppose m, n ^ 0, and fi : R" — >■ R for i = 1, . . . , m and g : R™ R 
are smooth functions. Define a smooth function h : R" ^ R by 

h{xi, . . . ,x„) = g(/i(a;i, . . . ,x„), . . . , fm{xi . . . ,a;„)), 

for all (a;i, . . . , x„) £ R". Then for all (ci, . . . , €„) G £" we have 

$,,(ci, . . . ,c„) = $g(<I>/,(ci, . . . ,c„),. . . ,$/,„(ci,. . . ,c„)). 

We also require that for all 1 ^ ^ n, defining ttj : R" ^> R by ttj : 
(xi, . . . , Xn) I— >■ Xj, we have (ci, . . . , c„) = Cj for all (ci, . . . , c„) G 

Usually we refer to £ as the C°°-ring, leaving the operations $/ implicit. 

A morphism between C°°-rings (£, ($/)/:R"_^r c^) , (f, (^'/)/:R"->r c°°) 
is a map (/):£—!> D such that \I'/(0(ci), . . . , 0(c„)) = (f> o $/(ci, . . . , c„) for 
all smooth / : R" R and ci, . . . , c„ £ £. We will write C°°Rings for the 
category of C°°-rings. 

Here is the motivating example: 

Example 2.2. Let X be a manifold. Write C°°{X) for the set of smooth 
functions c : X — > R. For n ^ and / : R" — > R smooth, define $/ : 
C°°(X)" ^ c°"(a:) by 

($/(ci,...,c„))(a;) = /(ci(2;),...,c„(x)), (2.1) 

for all ci, . . . ,c„ G C°°(X) and x <E X. It is easy to see that C°°{X) and the 
operations $/ form a C°°-ring. 
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Now let / : X — ;> y be a smooth map of manifolds. Then pullback /* : 
C°°{Y) — >■ C°°(X) mapping /* : c H- co / is a morphism of C°°-rings. Further- 
more (at least for Y without boundary), every C°°-ring morphism : C°°{Y) 
C°°(X) is of the form <t> — f* for a unique smooth map f : X Y. 

Write C°°Rings°P for the opposite category of C°°Rings, with directions 
of morphisms reversed, and Man for the category of manifolds without bound- 
ary. Then we have a full and faithful functor ^Man^'"^^ • Man — > C°°Rings°P 
acting by F^^^^^^^iX) = on objects and F^'^^"^^'' {f) = f* on mor- 

phisms. This embeds Man as a full subcategory of C°°Rings°''. 

Note that C°°-rings are far more general than those coming from manifolds. 
For example, if X is any topological space we could define a C°°-ring C^{X) to 
be the set of continuous c : X ^ M., with operations $/ defined as in ()2.ip . For 
X a manifold with dimX > 0, the C°°-rings C°°(X) and C°{X) are different. 

Definition 2.3. Let £ be a C°°-ring. Then we may give £ the structure of 
a commutative M.-algebra. Define addition on £ by c + c' = $/(c, c') for 
c, c' G £, where / : — !> R is f{x, y) = x + y. Define multiplication ' • ' on £ by 
c ■ c' — $g(c, c'), where g : — > R is g{x,y) = xy. Define scalar multiplication 
by A e R by Ac = $a'(c), where A' : R — > R is A' (a;) = Aa;. Define elements 
0, 1 G £ by = $o'(0) and 1 = $i'(0), where 0' : R° R and 1' : R° R are 
the maps 0' : i-^- and 1' : 1. One can show using the relations on the $/ 
that the axioms of a commutative R-algebra are satisfied. In Example 12. 2[ this 
yields the obvious R-algebra structure on the smooth functions c : X R. 

An ideal / in £ is an ideal / C £ in £ regarded as a commutative R-algebra. 
Then we make the quotient £// into a C°°-ring as follows. If / : R" R is 
smooth, define <Pj : (£//)" ^ £// by 

($}(ci -f /,..., c„ -f /)) (x) ^f{ci{x),..., Cn{x)) + I. 

Using Hadamard's Lemma, one can show that this is independent of the choice 
of representatives ci, . . . , c„. Then (£//, (<i>y)/:Rn_>K c°°) is a C°°-ring. 

A C°°-ring £ is called finitely generated if there exist ci, . . . , c„ in £ which 
generate £ over all C°°-operations. That is, for each c e £ there exists smooth 
/ : R" — >• R with c = <I>/(ci, . . . , c„). Given such £,ci,...,c„, define (f) : 
C°°(R") ^ £ by (/.(/) = 4>/(ci, . . . , c„) for smooth / : R" ^ R, where C°°(R") 
is as in Example 12.21 with X — R". Then (p is a surjective morphism of Cu- 
rings, so / = Ker(/) is an ideal in C°°(R"), and £ ^ C°°(R")// as a C°°-ring. 
Thus, £ is finitely generated if and only if £ ~ C°°(R")// for some n ^ and 
some ideal / in C°°(R"). 

2.2 C°°-schemes 

Next we summarize material in 32, §4] on C°°-schemes. 

Definition 2.4. A C°° -ringed space X = {X,Ox) is a topological space X 
with a sheaf Ox of C°°-rings on X. A morphism f = {f,f'^) : {X,Ox) — > 
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(y, Oy) of C°° ringed spaces is a continuous map f : X ^ Y and a morphism 
/" : /~^(CV) —J' Ojc of sheaves of C°°-rings on X, where /^^(CV) is the inverse 
image sheaf. Write C°°RS for the category of C°°-ringed spaces. 

Here we follow 03 App. B] in regarding /" as a morphism : /~^(CV) — > 
Ox of sheaves on X, rather than in regarding /" as a morphism : 

Oy — > f*{Ox) of sheaves on Y. The two are equivalent as in [Ml §B.4], since 
f~^, f* are adjoint functors. For our purposes it is convenient to write everything 
in terms of puUbacks (inverse images) of sheaves f~^,f*, rather than mixing 
puUbacks f^^,f* and pushforwards (direct images) 

As in [HI Th. 8] there is a spectrum functor Spec : C°°Rings°P C°°RS, 
defined explicitly in [321 Def. 4.5]. A C°°-ringed space X is called an affine 
C°° -scheme if it is isomorphic in C°°RS to Spec£ for some C°°-ring £. A 
C°°-ringed space X = {X, Ox) is called a C"^- scheme if X can be covered by 
open sets t/ C X such that (C/, Ox\u) is an affine C°°-scheme. Write C°°Sch 
for the full subcategory of C°°-schemes in C°°RS. 

A C°°-scheme X = [X^Ox) is called locally fair if X can be covered by 
open f/ C X with {U,Ox\u) — Spec £ for some finitely generated C°°-ring 
£. Roughly speaking this means that X is locally finite-dimensional. Write 
C°°Sch'^ for the full subcategory of locally fair C°°-schemes in C°°Sch. 

We call a C°°-scheme X separated, second countable, compact, locally com- 
pact, or paracompact, if the underlying topological space X is Hausdorff, second 
countable, compact, locally compact, or paracompact, respectively. 

We define a C°°-scheme X for each manifold X. 

Example 2.5. Let X be a manifold. Define a C°°-ringed space X = {X,Ox) 
to have topological space X and Ox{U) = C°"{U) for each open U C X, where 
C°°{U) is the C°°-ring of smooth maps c : [/ ^ M, and if y C t/ C X are open 
define puv ■ C°°{U) -J> C^{V) by puv ■ c ^ c|y. Then X = iX,Ox) is a 
local C°°-ringed space. It is canonically isomorphic to SpecC°°(X), and so is 
an affine C°°-scheme. It is locally fair. 

Define a functor F^'^^''^ : Man ^ C°°Sch'f C C°°Sch by Fjg^^'^'^ = 

Spec oF^jjj^^'"*^. Then ^Marf'^'^ i^ full and faithful, and embeds Man as a full 
subcategory of C°°Sch. 

By [31 Cor. 4.14 & Th. 4.26] we have: 

Theorem 2.6. Fibre products and all finite limits exist in C°°Sch. The sub- 
category C°°Sch'^ is closed under fibre products and finite limits. The functor 
-^Marf '^'^ tofces transverse fibre products in Man to fibre products in C°°Sch. 

The proof of the existence of fibre products in C°°Sch follows that for fibre 
products of schemes in Hartshorne [2Ql Th. II. 3. 3], together with the existence 
of C°°-scheme products X x Y oi affine C°°-schemes X,Y. The latter follows 
from the existence of coproducts Ccg)2) in C°°Rings of C°°-rings £,2). Here 
£(8)2) may be thought of as a 'completed tensor product' of £,S). The actual 
tensor product £ (g)R 53 is naturally an M-algebra but not a C°°-ring, with an 
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inclusion of R- algebras £ 155m 2) ^ £(8>S), but £®S) is often much larger than 
£ (g)R 2). For free C°°-rings we have C°°(M™)®C°°(R") ^ C°°(R™+"). 

In [321 Def. 4.27 & Prop. 4.28] we discuss partitions of unity on C°°-schenies. 

Definition 2.7. Let X — {X,Ox) be a C°°-scheme. Consider a formal sum 
J2aeA^a, where A is an indexing set and Ca £ Ox{X) for a e A. We say 
X^aeA ^ locally finite sum on X if X can be covered by open U C X such 
that for all but finitely many a £ A we have pxu{ca) = in Ox{U). 

By the sheaf axioms for Ox, if SogA '-a ^ locally finite sum there exists a 
unique c G C'x(-'^) such that for all open U Q X with pxu{ca) = in Ox{U) 
for all but finitely many a € A, we have pxu{c) — J2aGA Pxu(c.a) in C'x(C^), 
where the sum makes sense as there are only finitely many nonzero terms. We 
call c the limit of X^ogA 'written XasA '-i ~ 

Let c G Cj5f(X)- Then there is a unique maximal open set V Q X with 
Pxv{c) = in Oxiy). Define the support suppc to be X \ V , so that suppc is 
closed in X. If C/ C X is open, we say that c is supported in U if suppc C U. 

Let {Ua '■ a G ^} be an open cover of X. A partition of unity on X 
subordinate to {Ua ■ a G A} is {rja '■ a G A} with rja G ©^(X) supported on Ua 
for a G A, such that J2aeA * locally finite sum on X with J2aeA Va ~ ^■ 

Proposition 2.8. Suppose X is a separated, paracompact, locally fair C°°- 
scheme, and {[/^ : a G A} an open cover of X. Then there exists a partition of 
unity {r/a : a G A} on X subordinate to {U^ : a G A}. 

Here are some differences between ordinary schemes and C°°-schemes: 

Remark 2.9. (i) If ^ is a ring or algebra, then points of the corresponding 
scheme Spec A are prime ideals in A. However, if £ is a C°°-ring then (by 
definition) points of Spec £ are maximal ideals in £ with residue field M, or 
equivalently, R-algebra morphisms a; : £ — >■ M. This has the effect that if X is a 
manifold then points of Spec C°°(X) are just points of X. 

(ii) In conventional algebraic geometry, affine schemes are a restrictive class. 
Central examples such as CP" are not affine, and affine schemes are not closed 
under open subsets, so that is affine but \ {0} is not. In contrast, affine 
C°°-schemes are already general enough for many purposes. For example: 

• All manifolds are fair affine C°°-schemes. 

• Open C°°-subschemes of fair affine C°°-schemes are fair and affine. 

• If X is a separated, paracompact, locally fair C°°-scheme then X is affine. 

Affine C°°-schemes are always separated (Hausdorff), so we need general C°°- 
schemes to include non-Hausdorff behaviour. 

(iii) In conventional algebraic geometry the Zariski topology is too coarse for 
many purposes, so one has to introduce the etale topology. In C°°-algebraic 
geometry there is no need for this, as affine C°°-schemes are Hausdorff. 

(iv) Even very basic C°°-rings such as C°°(M") for n > are not noetherian as 
R-algebras. So C°°-schemes should be compared to non-noetherian schemes in 
conventional algebraic geometry. 
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(v) The existence of partitions of unity, as in Proposition l2.81 makes some things 
easier in C°°-algebraic geometry than in conventional algebraic geometry. For 
example, geometric objects can often be 'glued together' over the subsets of 
an open cover using partitions of unity, and if f is a quasicoherent sheaf on a 
separated, paracompact, locally fair C°°-scheme X then H^{£) = for i > 0. 

2.3 Modules over C°°-rings, and cotangent modules 
In [32j §5] we discuss modules over C°°-rings. 

Definition 2.10. Let £ be a C°°-ring. A €-module M is a module over £ 
regarded as a commutative R-algebra as in Definition 12.31 £-modules form an 
abelian category, which we write as £-mod. For example, £ is a £-module, and 
more generally C^rV is a £-module for any real vector space V. Let </):£—>■ 2) 
be a morphism of C°°-rings. If M is a £-module then (/)*(M) = M ®i>: 2) is a 
S-modulc. This induces a functor (j),, : £-mod — > S-mod. 

Example 2.11. Let X be a manifold, and E X a vector bundle. Write 
C°°{E) for the vector space of smooth sections e of E. Then C°°{X) acts on 
C°°Ie) by multiphcation, so C^iE) is a C°°(X)-module. 

In [321 §5.3] we define the cotangent module il^ of a C°°-ring £. 

Definition 2.12. Let £ be a C°°-ring, and M a £-module. A C°°- derivation 
is an R-linear map d : £ — >■ M such that whenever / : M" M is a smooth map 
and ci, . . . , c„ € £, we have 

d$/(ci,...,c„) = a^(ci, . . . ,c„) -dCi. 

We call such a pair M, d a cotangent module for £ if it has the universal property 
that for any £-module M' and C°°-derivation d' : £ — 5- M', there exists a unique 
morphism of £-modules (j) : M ^ M' with d' = </) o d. 

Define Jig: to be the quotient of the free £-module with basis of symbols 
dc for c S £ by the £-submodule spanned by all expressions of the form 
d($/(ci, . . . ,c„)) - $^(ci, . . . ,c„) • dci for / : K" ^ R smooth and 

ci,...,c„ G £, and define dc : £ — J> Q.it by dc : c ^ dc. Then ficdc is a 
cotangent module for £. Thus cotangent modules always exist, and are unique 
up to unique isomorphism. 

Let £, D be C°°-rings with cotangent modules ilg, de, fixi, djj, and : £ — 
J) be a morphism of C°°-rings. Then makes rig into a £-module, and there is 
a unique morphism il^ : fig; — >■ fij) in £-mod with dj) o(/) — fi^odc. This induces 
a morphism (il^), : ilg C^c 35 — )■ rij) in S)-mod with (fi^), o (dc ® idji) = dj). 

Example 2.13. Let X be a manifold. Then the cotangent bundle T*X is a vec- 
tor bundle over X, so as in Example[21T]it yields a C°°(X)-module C°°(r*X). 
The exterior derivative d : C°°{X) C^{T*X) is a C°°-derivation. These 
C°°{T*X),d have the universal property in Definition [2T2l and so form a cotan- 
gent module for C°°{X). 



12 



Now let X,Yhe manifolds, and / : X ^ F be smooth. Then f*{TY),TX 
are vector bundles over X, and the derivative of / is a vector bundle morphism 
df :TX ^ f*{TY). The dual of this morphism is d/* : f*{T*Y) ^ T*X. This 
induces a morphism of C°°(X)-modules (d/*), : C^{f*(T*Y)) C°°{T*X). 
This (d/*)* is identified with in Definition 12.121 under the natural iso- 

morphism C°°(/*(r*r)) = C°°{T*Y) C°^{X). 

Definition 12.121 abstracts the notion of cotangent bundle of a manifold in a 
way that makes sense for any C°°-ring. 

2.4 Quasicoherent sheaves on C°°-schemes 
In [221 §6] we discuss sheaves of modules on C°°-schemes. 

Definition 2.14. Let X = {X,Ox) be a C°°-scheme. An Ox-module £ on 
X assigns a module £{U) over Ox{U) for each open set U C X, with Ox{U)- 
action fiu : Ox{U) x £{U) -> £{U), and a linear map £uv ■ £{U) -> £{y) for 
each inclusion of open sets C C/ C X, such that the following commutes: 

Ox{U) X £{U)^:^^ ^£{U) 

\l pu V x^uv £uv ^ 

Ox{V) X £{V) £{V), 

and all this data £{U),£uv satisfies the usual sheaf axioms [50", §11.1] . 

A morphism of Ox -modules (j) : £ J- assigns a morphism of Ox{U)- 
modules (j){U) : £{U) J-{U) for each open set U C X, such that (j){V)o£ijY = 
J^uv ° 4>{U) for each inclusion of open sets V C U C X . Then Ox-modules 
form an abelian category, which we write as Ox -mod. 

As in 32j §6.2], the spectrum functor Spec : C°°Rings°P C°°Sch has 
a counterpart for modules: if £ is a C°°-ring and {X,Ox) = Spec£ we can 
define a functor MSpec : £-mod — ?• Ox-mod. If £ is a fair C°°-ring, there is 
a full abelian subcategory C-mod'^" of complete C-modules in £-mod, such that 
MSpec |c_mod<^° : C-mod'^" Ox-mod is an equivalence of categories, with quasi- 
inverse the global sections functor F : Ox-mod £-mod'^°. Let X = {X,Ox) 
be a C°°-scheme, and £ an Ox-module. We call £ quasicoherent if X can 
be covered by open U with U = Spec£ for some C°°-ring £, and under this 
identification £\u ^ MSpec M for some £-module M. We call £ a vector bundle 
of rank n ^ if X may be covered by open U such that £\ij = Ojj ®r M". 

Write qcoh(X), vect(X) for the full subcategories of quasicoherent sheaves 
and vector bundles in Ox-mod. Then qcoh(X) is an abelian category. Since 
MSpec : C-mod'^" — > Ox-mod is an equivalence for £ fair and {X, Ox) — Spec £, 
as in [32l Cor. 6.11] we see that if X is a locally fair C°°-scheme then every Ox- 
module £ on X is quasicoherent, that is, qcoh(X) = Ox-mod. 

Remark 2.15. (a) If X is a separated, paracompact, locally fair C°°-scheme 
then vector bundles on X are projective objects in the abelian category qcoh(X). 
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(b) In [321 §6-3] we also define a subcategory coli(X) of coherent sheaves in 
qcoh(X). But we will not really use them in this paper, as they do not have all 
the good properties we want. In conventional algebraic geometry, one usually 
restricts to noetherian schemes, where coherent sheaves are well behaved, and 
form an abelian category. However, as in Remark l2.9f iv). even very basic C°°- 
schemes X such as M" for n > are non-noetherian. Because of this, coh{X) is 
not closed under kernels in qcoh(X), and is not an abehan category. 

Definition 2.16. Let / : X — > if be a morphism of C°°-schemes, and let 
£ be an CV-module. Define the pullhack f*{£), an Ox-module, by f*{£) = 
f~^{£) ®f-^(OY) where f~^{£),f~^{OY) are inverse image sheaves. If : 
f — )■ is a morphism in Oy-mod we have an induced morphism /*(0) = 
f-\(j)) (g) ido^ : £*{£) r{T) in Ox-mod. Then /* : Oy-mod ^ Ox-mod is 
a right exact functor between abelian categories, which restricts to a right exact 
functor /* : qcoh(F) qcoh(X). 

Remark 2.17. Fullbacks f*{£) are characterized by a universal property, and 
so are unique up to canonical isomorphism, rather than unique. Our definition 
oi f*{£) is not functorial in /. That 'is, ii f : X ^ Y , g -.Y ^ Z are morphisms 
and £ £ O^-mod then {g o f)*{£) and f*{g*{£)) are canonically isomorphic in 
Ox-mod, but may not be equal. We will write If,g{£) : {go f)*[£) f*{g*{£)) 
for these canonical isomorphisms. Then Ij g : [g o /)* ^ f* o g* is a natural 
isomorphism of functors. 

Similarly, when / is the identity idx ■ X ~^ 2£ ^-nd £ G Ox-mod we may 
not have 'vi*x{£) = £, but there is a canonical isomorphism Sx{£) ■ idx(^) £, 
and 5x '■ idx idox-mod is a natural isomorphism of functors. 

In fact it is a common abuse of notation in algebraic geometry to omit these 
isomorphisms ), idx(f ), and just assume that {g o f)*{£) = f*{g*{£)) 

and id*x{£) = £■ An author who treats them rigorously is Vistoli [58], see in 
particular [SHI Introduction & §3.2.1]. One reason we decided to include them 
is to be sure that dSpa, dMan, . . . defined below are strict 2-categories, rather 
than weak 2-categorics or some other structure. 

Example 2.18. Let X be a manifold, and X the associated C°°-scheme from 
Example [131 so that Ox{U) = C°°([/) for all open U C X. Let E ^ X 
be a vector bundle. Define an Ox-module f on X by £{U) — C°°{E\if), the 
smooth sections of the vector bundle E\ij U, and for open V C U C X define 
£uv '■ £{U) £{V) by £uv ■ eu ^ eu\v- Then £ e vcct(X) is a vector bundle 
on X, which we think of as a lift of E from manifolds to C°°-schemes. 

Let / : X — >■ y be a smooth map of manifolds, and f ■ X ^ Y the 
corresponding morphism of C°°-schemes. Let F Y he a. vector bundle over 
Y, so that f*{F) — J> X is a vector bundle over X. Let G vect(y) be the 
vector bundle over Y lifting F. Then f*{J-) is canonically isomorphic to the 
vector bundle over X lifting f*{F). 

We define cotangent sheaves, the sheaf version of cotangent modules in ^2.S\ 
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Definition 2.19. Let X be a C°°-scheme. Define VT*X to associate to each 
open [/ C X tlie cotangent module Q.Q^ijj-^, and to each inclusion of open 
sets y C [/ C X the morphism of Ox{U)-uiod\x\es ^p„v ■ ^Ox{u) ~^ ^Ox{v) 
associated to the morphism of C°°-rings puv ■ Ox{U) OxiV). Then 'PT*X 
is a presheaf of Ox -modules on X. Define the cotangent sheaf T*X of X to 
be the sheafification of VT*X, as an Ox-module. 

f '■ X ^ Y \s & morphism of C°° -schemes, then for each open V C 
Y with U = f*{V) C X we have a C°°-ring morphism f^{V) : Oy{V) 
(^xif~^{V)), and thus a morphism ^fit(v) ■ ^Oy{v) ^ ^Oxif-Hv)) in OyiV)- 
mod. Assembling these for all open V CY into a morphism of presheaves and 
sheafiiying gives a morphism fi/ : f*(T*Y) — !> T*X in Ox-mod. 

Example 2.20. Let X be a manifold, and X the associated C°°-scheme. Then 
T*X is a vector bundle on X, and is canonically isomorphic to the lift to C°°- 
schemes from Example 1 2. 181 of the cotangent vector bundle T*X of X. 

Here [32l Th. 6.16] are some properties of cotangent sheaves. 

Theorem 2.21. (a) Let f ■ X ^ Y and g ■ Y ^ Z be morphisms of C°°- 
schemes. Then 

rigof = flf O f*{ng) O If,g{T*Z) 

as morphisms {gof)*{T*Z) T*X. Here : g*{T*Z) T*Y is a morphism 
in Oy-mod, so applying [* gives f*{ng) : r'(g*{T*Z)) f*(T*Y) in Ox-mod, 
and If^g{T*Z) : {go f)*{T*Z) r{g*{T*Z)) is as m Remark^Jjl 

(b) Suppose W,X,Y,Z are locally fair C°° -schemes with a Cartesian square 



W ■ 
X - 



^ Z 



in C°°Sch'^, so that W = X xz Y . Then the following is exact in qcoh(M^) : 

e*(ng)o/e,g(T*Z)© 

-/*(Oh)o//.h(T*z) ne©n/ 
(ff o e)*{T*Z) — = — — ^ e*{T*X)®f*{T*Y) ~ " ^ T*W 0. 



3 The 2-category of d-spaces 

We will now define the 2-category of d-spaces dSpa, following [341 Chap. 2]. D- 
spaces are 'derived' versions of C°°-schemes. In iJHwe will define the 2-category 
of d-manifolds dMan as a 2-subcategory of dSpa. For an introduction to 2- 
categories, see i iA.3l -i ^A.4l 
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3.1 The definition of d-spaces 

Definition 3.1. A d-space X is a quintuple X = {X,C>x,£x,ix,Jx) such 
that X = {X,Ox) is a separated, second countable, locally fair C°°-scheme, 
and O'^ , £x , *x , Jx ht into an exact sequence of sheaves on X 

£x O'x Ox 0, 

satisfying the conditions: 

(a) O'x is a sheaf of C°°-rings on X, with X' = {X, O'^) a C°°-scheme. 

(b) ix ■ Ox ^ Ox is a surjective morphism of sheaves of C°°-rings on X. 
Its kernel kx ■ Ix Ox is a sheaf of ideals Ix in O'x , which should be 
a sheaf of square zero ideals. Here a square zero ideal in a commutative 
M-algebra A is an ideal / with i • j = for all i,j e /. Then Ix is an 
O^-module, but as Ix consists of square zero ideals and ix is surjective, 
the O^-action factors through an Ox-action. Hence Ix is an Ojf-module, 
and thus a quasicoherent sheaf on X, as X is locally fair. 

(c) £x is a quasicoherent sheaf on X, and jx '■ £x ^ Ix is a surjective 
morphism in qcoh(X). 

As X is locally fair, the underlying topological space X is locally homcomorphic 
to a closed subset of K", so it is locally compact. But Hausdorff, second countable 
and locally compact imply paracompact, and thus X is paracompact. 

The sheaf of C°°-rings O'^ has a sheaf of cotangent modules ^o'^ : which is an 
Ojf-module with exterior derivative d : O'x i^o^ ■ Define Tx = Ox 
to be the associated Cx-module, a quasicoherent sheaf on X, and set tpx = 
"X" id : J'x T*X, a morphism in qcoh(X). Define (px ■ £x I'x to be 
the composition of morphisms of sheaves of abelian groups on X: 

£x^Ix^ f^oi = ^^oi ®oj, O'^ f^oi ®oj. Ox = Tx. 

It turns out that is actually a morphism of Ox-modules, and the following 
sequence is exact in qcoh(X) : 

£x — — ^ Tx 1^^^ T*X ^ 0. 

The morphism (j)x '■ £x — > ^x will be called the virtual cotangent sheaf of X, 
for reasons we explain in ij4.3l 

Let X, Y be d-spaces. A 1-morphism / : X — > Y is a triple / ~ (/, /', /"), 
where / = (/,/"): X ^ F is a morphism of C°°-schemes, /' : f-^{6{.) O'x 
a morphism of sheaves of C°°-rings on X, and /" : f*{£Y) £x a morphism 
in qcoh(X), such that the following diagram of sheaves on X commutes: 

r\£Y) ®f^.,o^)f-\OY) = r\£Y) — - r\o{.) — - r\OY) — o 



t{SY 



■£x ^O'x ^->Ox 



16 



Define morphisms p ^ Qf, (g)id: /*(J"y) ^ J"x and = % : f*(T*Y) 
T*X in qcoh(X). Then the fohowing commutes in qcoh(X), with exact rows: 

nSy) *- riJ'Y) *- f*(T*Y) ^ 

if" - if - if (3.1) 

<f>x 

Ex — ^ -Fx — ^ T*X ^ 0. 

If X is a d-space, the identity 1-morphism idx : X ^ X la idx = 
{\Ax,5x(P'j^),5x{£x)) , where 5x{*) are the canonical isomorphisms of Remark 
12.171 Let X, y, Z be d-spaces, and f : X ^ g : Y ^ Z he 1-morphisms. 
Define the composition of \ -morphisms g o f : X ^ Z to he 

5 ° / = (g ° /, /' ° r'ig') ° IfAO'z), /" o /* (5") o IfJEz)) , (3.2) 

where /*.*(*) are the canonical isomorphisms of Remark 12 .171 

Let /,g : X — s> y be 1-morphisms of d-spaces, where / = (/,/',/") and 
g = {g,g',g")- Suppose f = g- A 2-morphism 77 : / g is a morphism 
77 : f*{J-Y) £x in qcoh(X), such that 

g' ^ r +3X01^0 (/« o /-l(zy))) o (/-1(d)) 

and g" = f" + r^or{,pY). 

Then g"^ — P + <j>x ° V and g^ — P , so (|3.ip for /, g combine to give a diagram 

risy) — r (-Fy) — f*{T*Y) — - 



'"ir f\\9^-f+^XO, (3.3) 

Sx — ^ Fx — ^ T*X ^ 0. 

That is, ?7 is a homotopy between the morphisms of complexes p. II) from f,g. 

li f : X ^ Y is a 1-morphism, the identity 2-morphism id/ : / =^ / is the 
zero morphism : f*{J-Y) ^x- Suppose X, Y are d-spaces, f,g,h:X^Y 
are 1-morphisms and t] . f ^ g, C, . g ^ h are 2-morphisms. The vertical 
composition of 2-morphisms ( Q r/ : f ^ h as in (|A.1I) is Q r] — ( -\- rj. 

Let X, Y, Z he d-spaces, f,f:X^Y and g,g : Y —> Z he 1-morphisms, 
and rj : f ^ f , : g ^ g he 2-morphisms. The horizontal composition of 
2-morphisms C, * rj : g o f ^ g o f as in (jA.2| is 

C * ,7 - (ry o /* + /" o /* (C) + ?? o /* (0^ ) o /* (C)) o IfJJ^z). 

This completes the definition of the 2-category of d-spaces dSpa. 

Regard the category C°°Sch'gj, of separated, second countable, locally fair 
C°°-schemes as a 2-category with only identity 2-morphisms idy for (l-)mor- 

phisms f : X ^Y. Define a 2-functor J^c-'s^ch ■ C°°Sch^f^ dSpa to map 

X to X = (X,Ox,0,ido^,0) on objects X, to map / to / = (/,/", 0) on 
(l-)morphisms f '■ X ^ Y , and to map identity 2-morphisms id/ : / =^ / to 
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identity 2-morphisms id/ ■ f ^ f- Define a 2-functor : Man — > dSpa 

Write C°°Schggj. for tire full 2-subcategory of objects X in dSpa equivalent 
to -Fc~'s'ch(^) some X in C°°Sch^f^^, and Man for the full 2-subcategory 
of objects X in dSpa equivalent to ^Marr("''^) some manifold X. When 
we say that a d-space X is a C°° -scheme, or is a manifold, we mean that 
X G C°°Sch^^g^, or X e Man, respectively. 

In [31 §2.2] we prove: 

Theorem 3.2. (a) Definition 13.11 defines a strict 2-category dSpa, in which 
all 2-morphisms are 2 -isomorphisms. 

(b) For any l-morphism f : X ^ Y in dSpa the 2-morphisms rj : f ^ f form 
an abelian group under vertical composition, and in fact a real vector space. 

(c) ^"c^sch '^'^'^ ^m&n Definition \3.1\ are full and faithful strict 2-functors. 
Hence C°°Schggp, Man and C°°Schggp, Man are equivalent 2-categories. 

Remark 3.3. (i) One should think of a d-space X = {X,0'x,£x,ix,jx) as 
being a C°°-scheme X, which is the 'classical' part of X and lives in a 1- 
category rather than a 2-category, together with some extra 'derived' informa- 
tion Ox,£x,tx,Jx- 2-morphisms in dSpa are wholly to do with this derived 
part. The sheaf £x may be thought of as a (dual) 'obstruction sheaf on X- 

(ii) Readers familiar with derived algebraic geometry may find the following 
(oversimplified) explanation of d-spaces helpful; more details are given in |34[ 
§14.4]. In conventional algebraic geometry, a K-scheme {X, Ox) is a topological 
space X equipped with a sheaf of K-algebras Ox ■ In derived algebraic geometry, 
as in Toen and Vezzosi [56 l l57 ] and Lurie |39ti4T] . a derived K-scheme {X,Ox) 
is (roughly) a topological space X with a (homotopy) sheaf of (commutative) 
dg-algebras over K. Here a (commutative) dg-algebra (A,,d) is a nonpositively 
graded K-algebra ®;,<o^A:i with differentials d : Ak Ak+i satisfying d^ = 
and ab = (-l)'''6a, d{ab) = {da)b + (-l)*'a(d6) for aU a G Ak and b G Ai. 

We call a dg-algebra (A, ,d) square zero if Ak = for fc ^ 0, — 1 and A-i ■ 
d{A-i) = 0. This implies that d(A_i) is a square zero ideal in Aq. General 
dg-algebras form an oo-category, but square zero dg-algebras form a 2-category. 
Ignoring C°°-rings for the moment, we can think of the data £x O'^ in a d- 
space X as a sheaf of square zero dg-algebras A^i — > Aq on X. The remaining 
data Ox,ix can be recovered from this, since O'^ --^ Ox is the cokernel of 
£x -^^O'x. Thus, a d-space X is like a special kind of derived M-scheme, in 
which the dg-algebras are all square zero. 

3.2 Gluing d-spaces by equivalences 

Next we discuss gluing of d-spaces and 1-morphisms on open d-subspaces. 

Definition 3.4. Let X = {X,0'x,£x,ix,Jx) be a d-space. Suppose U C X is 
an open C°°-subscheme. Then U = {U,0'x\u,£x\u,ix\u,jx\u) is a d-space. 
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We call U an open d-subspace of X. An open cover of a d-space X is a family 
{Ua : a G A} of open d-subspaces Ua of X with X = UaeA^a- 

As in [34t §2.4], we can glue l-morphisms on open d-subspaces which are 
2-isomorphic on the overlap. The proof uses partitions of unity, as in ^2.2\ 

Proposition 3.5. Let X.Y be d-spaces, U ,V X be open d-subspaces with 
X ~ U U V , f . U ^ Y and g : V ^ Y be l-morphisms, and rj : f\unv ^ 
g\unv 0, 2-morphism. Then there exist a 1-morphism h : X ^ Y and 2- 
morphisms ^ : h\u ^ f, 6 : h\v g such that 9\unv ~ rj Q C|[/nv '■ 
h\ur\V ^ g\ur\V ■ This h is unique up to 2-isomorphism, and independent 
up to 2-isomorphism of the choice of rj. 

Equivalences f : X ^ Y in a. 2-category are defined in ^^iSl and are 
the natural notion of when two objects X,Y are 'the same'. In [34] §2.4] we 
prove theorems on gluing d-spaces by equivalences. See Spivak [SH Lem. 6.8 & 
Prop. 6.9] for results similar to Theorem 13.61 for his 'local C°°-ringed spaces', 
an oo-categorical analogue of our d-spaces. 

Theorem 3.6. Suppose X,Y are d-spaces, U C X, V Y are open d- 
subspaces, and f : U ^ V is an equivalence in dSpa. At the level of topological 
spaces, we have open U C C y with a homeomorphism f '■ U V, so we 

can form the quotient topological space Z .= X Uf Y = (X UK)/ ~, where the 
equivalence relation ^ on X WY identifies u G U X with f(u) G V <^Y . 

Suppose Z is Hausdorff. Then there exist a d-space Z with topological space 
Z, open d-subspaces X,Y in Z with Z — X U Y , equivalences g : X ^ X 
and h : Y ^ Y in dSpa such that g\u and h\v are both equivalences with 
X r\Y , and a 2-morphism rj : g\u h o f : U ^ X HY . Furthermore, Z is 
independent of choices up to equivalence. 

In Theorem 13.61 Z is a. pushout X llidu,u.f Y in the 2-category dSpa. 

Theorem 3.7. Suppose I is an indexing set, and < is a total order on I, and 
Xi for i G I are d-spaces, and for all i < j in I we are given open d-subspaces 
Uij C Xi, Uji C Xj and an equivalence Sij : Uij ~> Uji, such that for all 
i < j < k in I we have a 2-commutative diagram 



for some 7]ijk, where all three l-morphisms are equivalences. 

On the level of topological spaces, define the quotient topological space Y = 
(Uig/ -^i)/ where ^ is the equivalence relation generated by Xi ~ Xj if i < j, 
Xi S Uij C Xi and Xj G Uji C Xj with eij{xi) — Xj. Suppose Y is Hausdorff 
and second countable. Then there exist a d-space Y and a 1-morphism fi : 
Xi — S> Y which is an equivalence with an open d-subspace Xi C Y for all i E I, 
where Y = [Ji^j Xi, such that fi\uij "is an equivalence Uij Xi fl Xj for all 
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i < j in /, and there exists a 2-morphism rjij : fj oe^ fi\uij ■ The d-space Y 
is unique up to equivalence, and is independent of choice of 2-morphisms rjijk- 
Suppose also that Z is a d-space, and : Xi — >■ Z are 1-morphisms for all 
i G /, and there exist 2-morphisms Qj : o eij =^ Oiluij for all i < j in I. 
Then there exist a 1-morphism h .Y ^ Z and 2-morphisms Q : ho g^ for 
all i ^ I. The 1-morphism h is unique up to 2-isomorphism, and is independent 
of the choice of 2-morphisms Qj . 

Remark 3.8. In Proposition 13.51 it is surprising that h is independent of rj 
up to 2-isoniorphisni. It holds because of the existence of partitions of unity 
on nice C'^-schemes, as in Proposition 12.81 Here is a sketch proof: suppose 
r],hX,0 and T]',h',(',9' are alternative choices in Proposition 13.51 Then we 
have 2-niorphisnis (C')~^ © C : h\u h'\u and {O'y^ : h\v h'\v 
Choose a partition of unity {a, 1 — a} on X subordinate to {U,V}, so that 
a : X — > R is smooth with a supported on C/ C X and 1 ~ a supported on 
vex. Then a ■ {{C)'^ C) + (1 - a) ■ ((6*')"^ 6*) is a 2-morphism h h\ 
where a ■ ((C')~^ © C) makes sense on all of X (rather than just on U where 
(C')"""^ C is defined) as a is supported on U, so we extend by zero on X\U. 

Similarly, in Theorem 13.71 the compatibility conditions on the gluing data 
Xi, Uij, Eij are significantly weaker than you might expect, because of the ex- 
istence of partitions of unity. The 2-morphisms rjijk on overlaps Xi H Xj Cl Xk 
are only required to exist, not to satisfy any further conditions. In particular, 
one might think that on overlaps Xi n Xj Cl Xk r\ Xi we should require 

Vrki (id/^^, * Vijk)\Ui,nu,^nUu = Vtji © iVjki * ^df^.)\ui^nu,knUu, (3-4) 

but we do not. Also, one might expect the Qj should satisfy conditions on triple 
overlaps Xi D Xj H Xk, but they need not. 

The moral is that constructing d-spaces by gluing together patches Xi is 
straightforward, as one only has to verify mild conditions on triple overlaps 
Xi n Xj nXk- Again, this works because of the existence of partitions of unity 
on nice C°°-schemes, which are used to construct the glued d-spaces Z and 1- 
and 2-morphisms in Theorems 13.61 and 13.71 

In contrast, for gluing d-stacks in i jl0.31 we do need compatibility conditions 
of the form p.4[) . The problem of gluing geometric spaces in an cx)-category C 
by equivalences, such as Spivak's derived manifolds [52], is discussed by Toen 
and Vezzosi ^6] §1.3.4] and Lurie [39l §6.1.2]. It requires nontrivial conditions 
on overlaps Xi-^ n • • • n Xi^ for all n = 2, 3, . . .. 

3.3 Fibre products in dSpa 

Fibre products in 2-categories are explained in ^AA\ In [331 §2.5-§2.6] we discuss 
fibre products in dSpa, and their relation to transverse fibre products in Man. 

Theorem 3.9. (a) All fibre products exist in the 2-category dSpa. 

(b) Let g : X ^ Z and h : Y ^ Z be smooth maps of manifolds, and write 

X = F^ani-^)' '^'^'^ similarly for Y, Z,g,h. If g,h are transverse, so that a 
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fibre product X Xg_z,h Y exists in Man, then the fibre product X Xg z.h Y in 
dSpa is equivalent in dSpa to F^^^{X Xg^z,h Y)- If g,h are not transverse 
then X Xg z.h Y exists in dSpa, but is not a manifold. 

To prove (a), given 1-morphisms g . X ^ Z and h . Y ^ Z, we write down 
an explicit d-space W = {W,OIy;£w,'>-w,Jw), l-morphisms e = (e, e',e") : 
W ^ X and / = (/, /', /") : W — Y and a 2-morphism rj: goe^hof, and 
verify the universal property for 

W ^Y 

X 

to be a 2-Cartesian square in dSpa. The underlying C°°-schenie W is the fibre 
product W = X Xg,z,h Y in C°°Sch, and e : li" ^ X, / : ^ F are the pro- 
jections from the fibre product. The definitions of 0{^, iw,Jw, e' , f in [Ml §2.5] 
are complex, and we will not give them here. The remaining data £\y, e", /", 77, 
as well as the virtual cotangent sheaf (pw : £\\r — >■ jFwi is characterized by the 
following commutative diagram in qcoh(]y), with exact top row: 

e*{£x)® 

(5 ° i)*{£z) = (5 ° i)*{^z) ■■ ■ - £w 

-e*(0x) e*(32)o/,_g(.Fz) \ i 

-S_'{4>y) -r(h^)oIi,K(Tz)) i'^"' 



e*(J-x)© 

f*{^Y) 




-r(h")oij^h(Sz) 



3.4 Fixed point loci of finite groups in d-spaces 

If a finite group T acts on a manifold X by diffeomorphisms, then the fixed 
point locus X^ is a disjoint union of closed, embedded submanifolds of X. In a 
similar way, if T acts on a d-space X by 1-isomorphisms, in 1341 §2-7] we define a 
d-space X^ called the fixed d-subspace of F in JC, with an inclusion 1-morphism 

r ■ ^ ^> whose topological space X^ is the fixed point locus of F in X. 

Note that by an action r :T ^ Aut(-X') of T on X we shall always mean 
a strict action, that is, t'(7) : X ^ X in a, 1-isomorphism for all 7 G F and 
r(7(5) = r{'^)r{5) for all 7,(5 £ F, rather than r(7(5) only being 2-isomorphic to 
r(7)r((5). The next theorem summarizes our results. 

Theorem 3.10. Let X be a d-space, F a finite group, and r : F — > Aut(X) 
an action of T on X by 1-isomorphisms. Then we can define a d-space X^ 
called the fixed d-subspace of F in X , with an inclusion 1-morphism j ^ r ■ 
X^ X . It has the following properties: 
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(a) Let X,r,r and 3 x.r '■ ^ — ^ above. Suppose f : W — > X 
is a l-morphism in dSpa. Then f factorizes as f — j x r ° 9 some 
1-morphism g : W — ?> X^ in dSpa, which must be unique, if and only if 
rh) ° f ^ f for all J e T. 

(b) Suppose X, Y are d-spaces, T is a finite group, r : F — ^ Aut(X), s : F — 
Aut(l^) are actions of F on X,Y, and f : X ^ Y is a T-equivariant 
1-morphism in dSpa, that is, f o r{-j) — 5(7) o / for 7 G F. Then there 
exists a unique 1-morphism : X^ — > Y^ such that jYY°f^ = f°3x r- 

(c) Let f,g : X ^ Y be T-equivariant 1-morphisms as in (b), and rj : 
f ^ g be a T-equivariant 2-morphism, that is, 77 * id^^^) = ids(-),) * 77 
for 7 G F. Then there exists a unique 2-morphism r]^ ■ ^ g^ such 
that idj^ ^ *?7^ = r]*idj^ ^. 

Note that (a) is a universal property that determines X^ ,j x r W canonical 
1-isomorphism. 

We will use fixed d-subspaces X^ in Theorem 110.141 below to describe orb- 
ifold strata of quotient d-stacks X = [X/G]. If X is a d- manifold, as in [|4l 
then in general the fixed d-subspaces X^ are disjoint unions of d-manifolds of 
different dimensions. 



4 The 2-category of d-manifolds 

We can now define and discuss d-manifolds, our derived version of smooth man- 
ifolds (without boundary), following [Ml Chap.s 3 & 4]. Note that Spivak (52] 
also defined an 00-category DerMan of 'derived manifolds'; as we explain briefly 
in i jl6l and in more detail in [331 §14-6], our 2-category of d-manifolds dMan is 
roughly a 2-category truncation of Spivak's 00-category DerMan. 

4.1 The definition of d-manifolds 

Definition 4.1. A d-space U is called a principal d-manifold if is equivalent in 
dSpa to a fibre product X Xg,z.h Y with X,Y,Z G Man. That is, 

for manifolds X, Y, Z and smooth maps g : X ^ Z and h : Y ^ Z. The virtual 
dimension vdimU of U is defined to be vdimU — dim A" + diml" — dimZ. 
Proposition I4.1ir b) below shows that if {7 7^ then vdim U depends only on 
the d-space U, and not on the choice of X, Y, Z,g, h, and so is well defined. 

A d-space W is called a d-manifold of virtual dimension n G Z, written 
vdim W — n, if W can be covered by nonempty open d-subspaces U which are 
principal d-manifolds with vdim U = n. 

Write dMan for the full 2-subcategory of d-manifolds in dSpa. If X G Man 
then X ~ X X* *, so X is a principal d-manifold, and thus a d-manifold. 
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Therefore Man in ij3.1l is a 2-subcategory of dMan. Wc say that a d-manifold 
X is a manifold if it lies in Man. The 2-functor F^^^ : Man — > dSpa maps 
into dMan, and we will write F^^'' = F^^^ : Man dMan. 

Here, as in |34] §3.2], are alternative descriptions of principal d-manifolds: 

Proposition 4.2. The following are equivalent characterizations of when a d- 
space W is a principal d-manifold: 

(a) W^X Xg^z.h Y for X,Y,Z e Man. 

(b) W ~ X Xi z,j Y, where X, Y, Z are manifolds, i : X ^ Z, j : Y ^ Z are 
embeddings, X — F^^{X), and similarly for Y, Z,i,j. That is, W is an 
intersection of two submanifolds X, Y in Z, in the sense of d-spaces. 

(c) W ~ V Xs.E,o where V is a manifold, E V is a vector bundle, 
s : V ^ E is a smooth section, : V E is the zero section, V = 
F^J^{V), and similarly for E,s,0. That is, W is the zeroes s~^(0) of a 
smooth section s of a vector bundle E, in the sense of d-spaces. 

Example 4.3. Let X C R" be any closed subset. By a lemma of Whitney's, 
we can write X as the zero set of a smooth function / : M" — > M. Then 
X = X /,K,o * is a principal d-manifold, with topological space X. 

This example shows that the topological spaces X underlying d-manifolds 
X can be fairly wild, for example, X could be a fractal such as the Cantor set. 

4.2 'Standard model' d-manifolds, 1- and 2-morphisms 

The next three examples, taken from [34l §3.2 & §3.4], give explicit models for 
principal d-manifolds in the form V £ o V from Proposition |42Jc) and their 
1- and 2-morphisms, which we call standard models. 

Example 4.4. Let ^ be a manifold, E ^ V a vector bundle (which we 
sometimes call the obstruction bundle), and s G C°°{E). We will write down 
an explicit principal d-manifold S — {S,0'g,Es,is, ]s) which is equivalent to 
V Xs^E,o V in Proposition I4.2f c) . We call S the standard model of {V,E,s), 
and also write it Sy.E.s- Proposition 14.21 shows that every principal d-manifold 
W is equivalent to Sv,e,s for some V, E, s. 

Write C°°(y) for the C°°-ring of smooth functions c : V ^ M, and C°°(£'), 
C°°{E*) for the vector spaces of smooth sections of E, E* over V. Then s lies in 
C°^iE), and C°^{E),C°°{E*) are modules over C°°(y), and there is a natural 
bilinear product • : C°°{E*) x C°°{E) C°°(y). Define C C°°(y) to be 
the ideal generated by s. That is, 

Is^ {a-s:aeC°°iE*)} CC°°{V). (4.1) 

Let = {fg : /, g G /s}k be the square of Ig. Then is an ideal in C°°{V), 
the ideal generated by s ® s e C°°{E ® E). That is, 

/| = {/3 • (s ® s) : /3 e C°°{E* ® E*)} C C°^{V). 
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Define C°°-rings £ = C°°{V)/Is, € = C°°(F)/72, and let tt : £' -> £ be 
the natural projection from the inclusion C 1^. Define a topological space 
S — \y ^ V : s(v) — 0}, as a subspace of V . Now s(y) = if and only if 
(s (8) s){v) = 0. Thus S is the underlying topological space for both Spec£ 
and Spec£'. So SpecC = = (5,Os), SpecC' = 5' = (5,0^), and SpecTr = 
Is = (ids, is) '■ S' S, where S,S' are fair affine C°°-scheines, and Os,0'g 
are sheaves of C°°-rings on S, and is ■ Og —i' Os is a morphism of sheaves of 
C°°-rings. Since tt is surjective with kernel the square zero ideal Is/l'^, is is 
surjective, with kernel Xs a sheaf of square zero ideals in O'g. 

From (|4.ip we have a surjective C°° (T^)-module morphism C°°{E*) Is 
mapping a a ■ s. Applying (Eic°°{v)^ gives a surjective ^-module morphism 

a : C^iE*)/{Is ■ C°^{E* j) hUl a : a + (/, • C°^{E*)) ^ a ■ s + ll 

Define £s = MSpec(C°° (£;*)/(/« • C°° (£;*))). Also MSpec(/s//2) = Is, so 
js = MSpeccr is a surjective morphism js ■ £s ^ Is in qcoh(S'). Therefore 
<S'v,B,s = S ^ {S,0'g,£s,is,js) is a d-space. 

In fact £s is a vector bundle on S naturally isomorphic to £*\s, where 
£ is the vector bundle on Y = ^Man'^^i^) corresponding to E ^ V. Also 
J's ^ T*V\s- The morphism (ps ■ £s J'S can be interpreted as follows: 
choose a connection V on E ^ V. Then Vs G C°°{E ® T*V), so we can regard 
Vs as a morphism of vector bundles E* T*V on V . This lifts to a morphism 
of vector bundles Vs : £* T*V on the C°°-scheme V, and 0s is identified 
with Vs|s : i?*|s ^ T*V\s under the isomorphisms £s = £*\si J'S — T*V\s- 

Proposition 14.21 implies that every principal d-manifold W is equivalent to 
<S'y,B,s for some V,E,s. The notation 0(s) and O(s^) used below should be 
interpreted as follows. Let Y be a manifold, E ^ V a vector bundle, and 
s e C°^{E). If F ^> is another vector bundle and t e C°°{F), then we write 
t = 0(s) if i = a - s for some a G C°°{F(g)E*), and t = 0{s^) if t = /3 ■ (s ® s) 
for some /3 G C°°{F ® E* ® E*). Similarly, if is a manifold and f,g:V^W 
are smooth then we write f = g + 0{s) ii c o f — c o g — 0{s) for all smooth 
c : ^. R, and / = g + 0{s^) if co f -cog ^ 0{s^) for all c. 

Example 4.5. Let V, W be manifolds, E ^ V, F W he vector bundles, 
and s£C°°{E),t€ C°°(F). Write X = Sv,e,s, Y = Sw,F,t for the 'standard 
model' principal d-manifolds from Example l4.4l Suppose / : F — ?> is a smooth 
map, and f : E ^ f*iF) is a morphism of vector bundles on V satisfying 

/os = r(t) + 0(s2) inC°°(r(F)). (4.2) 

We will define a 1-morphism g = {g,g',g") : X — ;> 1^ in dMan using /, /. 
We will also write g : X ^ Y a.s S fj : Sv,e,s "> Sw.F.t, and call it a standard 
model 1-morphism. If a; G X then x € V with s{x) — 0, so (|4.2p implies that 

i(/(^)) = (r = /(s(^)) + - 0, 

so f{x) eY CW. Thus g := f\x maps X ^ F. 
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Define morphisms of C°° -rings 

4> : C°°{W)/It C°"{V)/Is, 0' : C°°iW)/lf C°°(F)//,^ 
by 0:c + /t^co/ + /„ cj)' -.c + lf^cof + ll 

Here (j) is well-defined since if c G It then c = j ■ t for some 7 G C°°(i^*), so 

co/ = (7.i)o/ = r(7).r(t) = r(7).(/o,s + 0(.2)) = (/o/*(7)).s + 0(s2) e/,. 

Similarly if c G /('^ then c o / g , so 0' is well-defined. Thus we have C°°- 
scheme morphisms g — {g,g^) — Spec0 ■ X ^ Y, and {g,g') = Spec0' : 
{X,0'x) -> {Y,0{.), both with underlying map g. Hence g^ : ^ 
and 5' : (^"^(C'y) — )■ Oj^ are morphisms of sheaves of C°°-rings on X . 

Since 5*(fy) = MSpec(C°°(/*(i^*))/(/, • C°°(/*(i^*))) , we may define g" : 
fiSy) -> £x by .g" = MSpec(G"), where 

G" : C°°{f*{F*))/{Is ■ C°°(/*(F*)) C°°{E*)/{I, ■ C"°{E*)) 
is defined by G" : 7 + • ^ ^ o f + I, ■ C°^{E*). 

This defines gr — {g,g',g")- One can show it is a 1-morphism g : X — > 1^ in 
dMan, which we also write as SfJ : Sv,e,s Sw,F,t- 

Suppose V CV is open, with inclusion iy : V ^ V. Write E — E\y ~ i*y{E) 
and s — s\y. Define iv.v = Si^^idg, ■ Sv^e^s Sv,e,s- If s^^(O) C V then 
iv,v is a 1-isomorphism, with inverse i^V- That is, making V smaller without 
making s~^(0) smaller does not really change Sv,e,s] the d-manifold Sv,e,s 
depends only on E, s in an arbitrarily small open neighbourhood of s^^(O) in V. 

Example 4.6. Let V, W be manifolds, E ^ V, F —i' W he vector bundles, and 
sGC'^{E),te C°"{F). Suppose f,g:V-^Wa.Te smooth and f : E ^ f*{F), 
g : E ^ g*{F) are vector bundle morphisms with f o s — f*{t) + 0{s'^) and 
g o s = g*{t) + 0{s'^), so we have 1-morphisms S fj, Sg g : Sv,e,s S\Y,F,t- It 
is easy to show that SfJ = Sg^g if and only ii g = f + O(s^) and g = f + 0{s). 

Now suppose A : E ^ f*{TW) is a morphism of vector bundles on V. 
Taking the dual of A and hfting to V gives A* : f*{T*W) £* . Restricting to 
the C°°-subscheme X = s-\0) in F gives A = A*|x ■ tiFy) = r{T*W)\x ^ 
£*\x — £x- One can show that A is a 2-morphism 5'/,/ =^ Sg_g if and only if 

g^ f + Aos + 0{s^) and g = / + /*(di) o A + 0(s). 

Then we write A as Sa ■ '^f.f^ ^g,g^ ^^"^ '^^^^ a standard model 2-morphism. 
Every 2-morphism rj : SfJ ^ Sg^g is S'a for some A. Two vector bundle 
morphisms A,A' :E f*{TW) have 5a = Sa' if and only if A = A' -I- 0(s). 

If X is a d-manifold and x E X then x has an open neighbourhood U in 
X equivalent in dSpa to Sv,e,s for some manifold V, vector bundle E V 
and s G C°°{E). In [SU §3.3] we investigate the extent to which X determines 
V,E^s near a point in X and V ^ and prove: 
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Theorem 4.7. Let X be a d-manifold, and x ^ X. Then there exists an open 
neighbourhood U of x in X and an equivalence U ~ Sv,e,s in dMan for some 
manifold V, vector bundle E V and s e C°°{E) which identifies x d U with 
a point V such that s{v) = ds(v) — 0, where Sv,e,s is as in Examvle 14.41 
These V,E,s are determined up to non-canonical isomorphism near v by X 
near x, and in fact they depend only on the underlying C°° -scheme X and the 
integer vdim X . 

Thus, if we impose the extra condition ds{v) = 0, which is in fact equivalent 
to choosing V, E, s with dim V as smah as possible, then V, E, s are determined 
uniquely near v by X near x (that is, V, E, s are determined locally up to 
isomorphism, but not up to canonical isomorphism). If we drop the condition 
ds(i;) = then V, E,s are determined uniquely near v hy X near x and dimV. 

Theorem 14.71 shows that any d-manifold X — {X,0'x,£x,ix,Jx) is de- 
termined up to equivalence in dSpa near any point x E X hy the 'classical' 
underlying C°°-scheme X and the integer vdimX. So we can ask: what extra 
information about X is contained in the 'derived' data 0^,£x, «x, Jx? One can 
think of this extra information as like a vector bundle £ over X. The only local 
information in a vector bundle £ is rank£ G Z, but globally it also contains 
nontrivial algebraic-topological information. 

Suppose now that f : X ^ Y is a 1-morphism in dMan, and x E X 
with f{x) — y Y. Then by Theorem 14.71 we have X c± Sv,e,s near x and 

Y ~ Sw,F,t near y. So up to composition with equivalences, we can identify / 
near x with a 1-morphism g : Sy.E.s Sw,F,t- Thus, to understand arbitrary 
1-morphisms / in dMan near a point, it is enough to study 1-morphisms g : 
Sv.E.s Sw,F,t- Our next theorem, proved in [34j §3.4], shows that after 
making V smaller, every 1-morphism g : Sv,e,s — > Sw,F,t is of the form S fj. 

Theorem 4.8. Let V, W be manifolds, E —i' V, F ^ W be vector bundles, and 
s G C°°{E), t G C°^{F). Define principal d-manifolds X — Sv,e,s, Y = Sw,F,t, 
with topological spaces X = {v € V : s{v) — 0} and Y = {w £ W : t{w) = 0}. 
Suppose g : X ^ Y is a 1-morphism. Then there exist an open neighbourhood 

V of X in V, a smooth map f : V ^ W, and a morphism of vector bundles 
f : E ^ f*{F) with f o s — f*{t), where E = E\y, s = s\y, such that g = 
S fJ o i^^y, where iy y — •S'idj, ,id^ : Sv,e,s ^V,e,s is a 1 -isomorphism, and 
S fj : Sy^E^s Sw,F,t is as in Example 14.51 

These results give a good differential-geometric picture of d-manifolds and 
their 1- and 2-morphisms near a point. The 0{s) and O(s^) notation helps keep 
track of what information from V, E, s and /, / and A is remembered and what 
forgotten by the d-manifolds Sy.E.s, 1-morphisms Sfj and 2-morphisms Sa. 

4.3 The 2-category of virtual vector bundles 

In our theory of derived differential geometry, it is a general principle that 
1-categories in classical differential geometry should often be replaced by 2- 
categories, and classical concepts be replaced by 2-categorical analogues. 
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In classical differential geometry, if X is a manifold, the vector bundles 
E X and their morphisms form a category vect(X). The cotangent bundle 
T*X is an important example of a vector bundle. If / : X — > F is smooth then 
pullback /* : vect(y) vect(X) is a functor. There is a natural morphism 
d/* : f*{T*Y) — )■ T*X. We now explain 2-categorical analogues of all this for 
d-manifolds, following [Ml §3.1-§3.2]. 

Definition 4.9. Let X be a C°°-scheme, which will usually be the C°°-scheme 
underlying a d- manifold X. We will define a 2-category vqcoh(X) of virtual 
quasicoherent sheaves on X. Objects of vqcoh(X) are morphisms (j) : £^ ^ S'^ 
in qcoh(X), which we also may write as {£^,£'^,(j)) or {£',(/)). Given objects 
(j) : £^ ^ £^ and ip : J'^ ^ J'^ , a l-morphism {f\f^) : {£',(!)) (T^ip) 
is a pair of morphisms f^:£^^T^,f^:£^-^ in qcoh(X) such that 
^ o /I = /2 o (/). We write /* for {f\P). 

The identity l-morphism of (£',0) is (id£i,id£2). The composition of 1- 
morphisms /* : {£',(!>) {F* ,ip) and q* : {J^*,'ijj) {G*,S,) is g' ° f = 

{9'of\g^op):{£\^)^{g\0- 

Given f*,g* : {£',4') {T*,ip), a 2-morphism 77 : /* is a morphism 

T] : £^ ^ in qcoh(X) such that ~ f^+''l°4' and g^ ~ p+iporj. The identity 
2-morphism for /* is id/. — 0. li f',g',h' : {£',((>) -> {T',^) are 1-morphisms 
and rj : f* ^ g* , C, : g* =^ h* are 2-morphisms, the vertical composition of 
2-morphisms C Q rj : f =^ h* is ( G V = C + V- K /* : i£\ <f) ^ V') and 
g'^g' : — ^ ^'^'^ 1-morphisms and rj : f* ^ f , ( : g* ^ g' are 

2-morphisms, the horizontal composition of 2-morphisms ^*r] : g*of* g* o f* 
is(*r] = g^ori-\-(of^-\-(o^por]. This defines a strict 2-category vqcoh(X), 
the obvious 2-category of 2-term complexes in qcoh(X). 

If t/ C X is an open C°°-subscheme then restriction from X to U defines a 
strict 2-functor \u : vqcoh(X) vqcoh([/). An object {£',4>) in vqcoh(X) is 
called a virtual vector bundle of rank d G Z if X may be covered by open U ^ X 
such that {£* , (j))\u is equivalent in vqcoh(t/) to some {J-* , ip) for vector 
bundles on U with rank J^^ — rank J"^ — d. We write rank(f *, (f) ~ d. If X ^ 
then rank(f , 0) depends only on f ^, f ^, 0, so it is well-defined. Write vvect(X) 
for the full 2-subcategory of virtual vector bundles in vqcoh(X). 

li f : X isa C°°-scheme morphism then pullback gives a strict 2-functor 
/* : vqcoh(y) — > vqcoh(X), which maps vvect(F) — > vvect(X). 

We apply these ideas to d-spaces. 

Definition 4.10. Let X = O^, fx, Jx) be ad-space. Define the virtual 
cotangent sheaf T*X of X to be the morphism '■ £x — ^ in qcoh(X) 
from Definition 13. 1[ regarded as a virtual quasicoherent sheaf on X. 

Let /=(/,/', /") : X F be a l-morphism in dSpa. Then T*X = 
{£x,J^x,<Px) and /*(r*F) = (/*(fY), /*(7V), are virtual quasicoher- 
ent sheaves on X, and (/",/^) is a l-morphism f*(T*Y) T*X in 
vqcoh(X), as p.ip commutes. 

Let f,g:X^Yhc 1-morphisms in dSpa, and rj : f ^ g a 2-morphism. 
Then T] : ^ £x with g" = /" + r? o and g^ = f^ + <px o r], 



27 



as in p.3p . It follows that 77 is a 2-morpliism ftf ^ ftg in vqcoli(X). Thus, 
objects, 1-morphisms and 2-niorphisnis in dSpa lift to objects, 1-morphisms 
and 2-niorphisnis in vqcoh(X). 

The next proposition justifies the definition of virtual vector bundle. Because 
of part (b), if is a d-manifold we call T*X the virtual cotangent bundle of 
X, rather than the virtual cotangent sheaf. 

Proposition 4.11. (a) Let V be a manifold, E ^ V a vector bundle, and 
s e C°°{E). Then Example 14.41 defines a d-manifold Sv,e.s- Its cotangent 
bundle T*Sv,e,s is a virtual vector bundle on Sy ^ ^ of rank diuvV — rank_B. 

(b) Let X be a d-manifold. Then T* X is a virtual vector bundle on X of rank 
vdimX. Hence if X then vdimX is well-defined. 

The virtual cotangent bundle T*X of a d-manifold X is a d-space analogue 
of the cotangent complex in algebraic geometry, as in Illusie |28 . It contains only 
a fraction of the information in X — {X, Ox,£x,ix,Jx), but many interesting 
properties of d-manifolds X and 1-morphisms f : X ^ Y can be expressed 
solely in terms of virtual cotangent bundles T*X,T*Y and 1-morphisms Vlf : 
f*{T*Y) -^T*X. Here is an example of this. 

Definition 4.12. Let X be a C°°-scheme. We say that a virtual vector bundle 
(f ^, f ^, 4>) on X is a vector bundle if it is equivalent in vvect(X) to (0, £, 0) for 
some vector bundle S on X. One can show {£^,£^ , (p) is a vector bundle if and 
only if (j) has a left inverse in qcoh(X). 

Proposition 4.13. Let X be a d-manifold. Then X is a manifold (that is, 
X € Man^ if and only if T*X is a vector bundle, or equivalently, if (px '■ 
£x — ^ J^x has a left inverse in qcoh(X). 

4.4 Equivalences in dMan, and gluing by equivalences 

Equivalences in a 2-category are defined in ^A.3\ Equivalences in dMan are the 
best derived analogue of isomorphisms in Man, that is, of diffeomorphisms of 
manifolds. A smooth map of manifolds f : X Y is called etale if it is a local 
diffeomorphism. Here is the derived analogue. 

Definition 4.14. Let / : X — V be a 1-morphism in dMan. We call / etale 
if it is a local equivalence, that is, if for each x € X there exist open x ^ U ^ X 
and f{x) G y C y such that f{U) = V and f\u V is an equivalence. 

If / : X — > y is a smooth map of manifolds, then / is etale if and only if 
d/* : f*[T*Y) T*X is an isomorphism of vector bundles. (The analogue is 
false for schemes.) In [MJ §3.5] we prove a version of this for d-manifolds: 

Theorem 4.15. Suppose f : X ^ Y is a 1-morphism of d-manifolds. Then 
the following are equivalent: 

(i) / is etale; 
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(ii) rif : J*{T*Y) T*X is an equivalence in vqcoh(X); and 

(iii) the following is a split short exact sequence in qcoh(X) : 

O^nSy) Ex^tiTy) : ^.^0. (4.3) 

// in addition f : X ^ Y is a bijection, then f is an equivalence in dMan. 

Here a complex 0-^E-^F~^G-^Oinan abelian category A is called 
a split short exact sequence if there exists an isomorphism F = E (B G in A 
identifying the complex with ^ E (B G 0. 

The analogue of Theorem 14 . 1 5 1 for d-spaces is false. When / : X — > 1^ is a 
'standard model' 1-morphism S fj : Sv,e,s Sw,F,t, as in §4.21 we can express 
the conditions for S fj to be etale or an equivalence in terms of /, /. 

Theorem 4.16. Let V,W be manifolds, E V, F W be vector bundles, 
s e C°°{E), t e C°°(F), f : V ^ W be smooth, and f : E ^ be a 

morphism of vector bundles on V with f o s — f*{t) + 0{s^). Then Example 
14.51 defines a l-morphism Sfj : Sv,e,s ~^ Sw,F,t dMan. This S fj is etale 
if and only if for each v d V with s{v) = and w = f{v) G W, the following 
sequence of vector spaces is exact: 

^ nV — E, ® T^W —-^ F^ 0. (4.4) 

Also S fJ is an equivalence if and only if in addition /|s-i(o) '■ s^^{0) ^t^^{0) 
is a bijection, where s^^{0) = {v £ V : s{v) = 0}, t^^{0) = {w G W : t{w) = 0}. 



Section 13.21 discussed gluing d-spaces by equivalences on open d-subspaces. 
It generalizes immediately to d-manifolds: if in Theorem 13.71 we fix n G Z and 
take the initial d-spaces Xi to be d-manifolds with vdimX^ — n, then the glued 
d-space Y is also a d-manifold with vdim y — n. 

Here is an analogue of Theorem 13.71 taken from [34l §3.6], in which we 
take the d-spaces Xi to be 'standard model' d-manifolds Svi,Ei,si^ and the 
1-morphisms e^j to be 'standard model' 1-morphisms Se^j^eij- We also use 
Theorem 14. 161 in (ii) to characterize when e^j is an equivalence. 

Theorem 4.17. Suppose we are given the following data: 

(a) an integer n; 

(b) a Hausdorff, second countable topological space X; 

(c) an indexing set I, and a total order < on I; 

(d) for each i in I, a manifold Vi, a vector bundle Ei — )■ Vi with dimV^^ — 
ranki?i — n, a smooth section Si : Vi ^ Ei, and a homeomorphism ipi : 
Xi Xi, where Xi = {vi e Vi : Si{vi) — 0} and Xi C_ X is open; and 

(e) for all i < j in I, an open submanifold Vij QVi, a smooth map Cij : Vij — >■ 
Vj, and a morphism of vector bundles Cij : Ei\vij ~^ ^iji^j)- 

Using notation 0{si),0{sf) as in §4.21 let this data satisfy the conditions: 
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(i) x = Ue/^»; 

(ii) if i < j inl then eij0 3^\v^. = e*j{sj) + 0{sf), tpi{XinVij) = XiDX-j, and 
i'i\x,nVij = '^j°eij\xinVij, and if v, G Vij with Si^v^) = and = e^jivi) 
then the following is exact: 

dsi{vi)Bdeii(vi) , fiij (-Ui )© -ds^ (tij ) 

^ T,, E,U^ ®T,^ Vj ^— '-^ E, ^ 0; 

(iii) if i < j < k in I then 

eikW^jHV.k = e^-fe o etjlvi^nv.k + 0{sf) and 
eik\v,jnv,k = eij\v^.rtv,ki^ok) ° eij\v,^nv,k + 0{si). 

Then there exist a d-manifold X with vdiniX = n and underlying topolog- 
ical space X, and a 1-morphism xp^ : Svi.Ei,si X with underlying continuous 
map ipi, which is an equivalence with the open d-submanifold Xi C X corre- 
sponding to Xi C_ X for all i G I, such that for all i < j in I there exists a 
2-morphism rji^ : ipj o Se^^^ei, =^ tpi °ivi,,Vi, where Se^^^ei, ■ Svij,Ei\vi^,si\v^. 
Svj,Ej,sj and iv,j,Vi '■ ■^v,j,Ei\v,- ,si\vi- Sv,,Ei,s, are as in Example\T^ This 
d-manifold X is unique up to equivalence in dMan. 

Suppose also that Y is a manifold, and gi : Vi Y are smooth maps for 
all i G I, and gj o aj — gi\vi- + 0(sj) for all i < j in /. Then there exist a 
1-morphism h . X ^ Y unique up to 2-isomorphism, where Y = F^^^'^{Y) = 
Sy.Qfl, and 2-morphisms Q : h o ^ ^gi.o for all i £ L Here >S'y.o,o is 
from Example 14.41 with vector bundle E and section s both zero, and Sg.fl : 
Svi,Ei,si Syflfi = Y is from Examvle 14.51 with gi — 0. 



The hypotheses of Theorem 14.171 are similar to the notion of good coordinate 
system in the theory of Kuranishi spaces of Fukaya and Ono [HI Def. 6.1], as 
discussed in i jll.9l The importance of Theorem 14.171 is that ah the ingredients 
are described whohy in differential-geometric or topological terms. So we can 
use the theorem as a tool to prove the existence of d-manifold structures on 
spaces coming from other areas of geometry, for instance, on moduli spaces. 



4.5 Submersions, immersions and embeddings 

Let / : X ^ y be a smooth map of manifolds. Then d/* : f*{T*Y) T*X is 
a morphism of vector bundles on X, and / is a submersion if d/* is injective, 
and / is an immersion if d/* is surjective. Here the appropriate notions of 
injective and surjective for morphisms of vector bundles are stronger than the 
corresponding notions for sheaves: d/* is injective if it has a left inverse, and 
surjective if it has a right inverse. 

In a similar way, if / : X — >■ 1^ is a 1-morphism of d-manifolds, we would like 
to define / to be a submersion or immersion if the 1-morphism ^If : j*{x*Y) 
T* X in vvect(X) is injective or surjective in some suitable sense. It turns out 
that there are two different notions of injective and surjective 1-morphisms in 
the 2-category vvect(X), a weak and a strong: 
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Definition 4.18. Let X be a C"^-scheme, , S'^, 4>) and (J^^, J-"^, f/') be virtual 
vector bundles on X, and {f^ , P) ■ {£*,4>) ^ be a l-morphism in 

vvect(X). Then we have a complex in qcoh(X): 

f^®-<t> 

^ ^ r;. J"^ ® 5^ ^ r;. J"^ 0. (4.5) 

One can show that /* is an equivalence in vvect(X) if and only if (j4.5l) is a spZii 
short exact sequence in qcoh(X). That is, /* is an equivalence if and only if 
there exist morphisms 7, 5 as shown in (|4.5p satisfying the conditions: 

705 = 0, 7o(/i©-,/)) = id£i, 

07 + (V-e =id^le£2, (V'©/2)o5 = id^2. 

Our notions of /' injective or surjective impose some but not all of (j4.6p : 

(a) We call /* weakly injective if there exists 7 : ® £^ S"^ in qcoh(X) 
with 7 o (/I © -0) = idfi . 

(b) We caU /' injective if there exist 7 : J"^ © f ^ ^ £^ and (5 : J"^ ^ J"^ © f ^ 
with70(5 = 0, 7o(/i©-(?!)) = idgi and (/^ ©-</>) 07+^0 (■(/)©/2) = id;rtg)£2. 

(c) We call /' weakly surjective if there exists 6 : J-"^ — s> © f ^ in qcoh(X) 
with {ij]® p)o5 = idjr2. 

(d) We call /' surjective if there exist 7 : J"^ ©£^ f ^ and 5 : T'^ ^ ® S"^ 
with 7 o 5 = 0, 7 o (/I © -0) = idgi and (?/; © /2) o 5 = idjr2 . 

If X is separated, paracompact, and locally fair, these are local conditions on X. 

Using these we define weak and strong forms of submersions, immersions, 
and embeddings for d-manifolds. 

Definition 4.19. Let / : X — )■ Y be a l-morphism of d-manifolds. Definition 
[mdefines a l-morphism Vtf : f*(T*Y) T* X in vvect(X). Then: 

(a) We call / a w-suhmersion if f2/ is weakly injective. 

(b) We call / a submersion if i^/ is injective. 

(c) We call / a w-immersion if ri/ is weakly surjective. 

(d) We call / an immersion if i^/ is surjective. 

(e) We call / a w-embedding if it is a w-immersion and / : X — > f{X) is a 
homeomorphism, so in particular / is injective. 

(f) We call / an embedding if it is an immersion and / is a homeomorphism 
with its image. 

Here w-submersion is short for weak submersion, etc. Conditions (a)-(d) all 
concern the existence of morphisms 7, 6 in the next equation satisfying identities: 

/"©-rwv) ^^Bf^ 

^ riSy) :.. £x © riJ^y) ^ J'x ^ 0. 

— 'y — r 
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Parts (c)-(f) enable us to define d-submanifolds of d-manifolds. Open d- 
submanifolds are open d-subspaces of a d-manifold. More generally, we call i : 
X ^ Y a w-immersed, or immersed, or w-embedded, or embedded d-submanifold 
of y, if X,Y are d-manifolds and i is a w-immersion, immersion, w-embedding, 
or embedding, respectively. 

Here are some properties of these, taken from \34^, §4.1-§4.2]: 

Theorem 4.20. (i) Any equivalence of d-manifolds is a w-submersion, sub- 
mersion, w-immersion, immersion, w-embedding and embedding. 

(ii) // f,g:X^Y are 2-isomorphic 1-morphisms of d-manifolds then f is a 
w-submersion, submersion, . . . , embedding, if and only if g is. 

(iii) Compositions of w- submersions, submersions, w-immersions, immersions, 
w-embeddings, and embeddings are 1-morphisms of the same kind. 

(iv) The conditions that a 1-morphism of d-manifolds f : X ^ Y is a w- 
submersion, submersion, w-immersion or immersion are local in X and Y. 
That is, for each x G X with f{x) = y G Y, it suffices to check the conditions 
for f\u : U ^ V with V an open neighbourhood of y in Y, and U an open 
neighbourhood of x in f^^{V) C X. The conditions that f : X ^ Y is a 
w-embedding or embedding are local in Y, but not in X. 

(v) Let f : X ^ Y be a submersion of d-manifolds. Then vdimX ^ vdimy, 
and if vdim X = vdim Y then f is Stale. 

(vi) Let f : X ^ Y be an immersion of d-manifolds. Then vdmiX ^ vdiml^, 
and if vdim X = vdim Y then f is etale. 

(vii) Let f : X ^ Y be a smooth map of manifolds, and f ~ ^M^n"(/)- 
Then f is a submersion, immersion, or embedding in dMan if and only if f 
is a submersion, immersion, or embedding in Man, respectively. Also f is a 
w-immersion or w-embedding if and only if f is an immersion or embedding. 

(viii) Let f : X ^ Y be a l-morphism of d-manifolds, with Y a manifold. 
Then f is a w-submersion. 

(ix) Let X ,Y be d-manifolds, with Y a manifold. Then tvx : X x Y ^ X is 
a submersion. 

(x) Let f : X ^ Y be a submersion of d-manifolds, and x ^ X with f{x) = 
y G Y. Then there exist open x U C X and y € V ^ Y with f{U) ~ V , 
a manifold Z, and an equivalence i : U ^ V x Z, such that f\u : U ^ V is 
2-isomorphic to ttv ° i, where ttv : V x Z ^ V is the projection. 

(xi) Let f : X ^ Y be a submersion of d-manifolds with Y a manifold. Then 
X is a manifold. 

4.6 D-transversality and fibre products 

From H3.3[ ii g : X ^ Z and h : Y ^ Z arc 1-morphisms of d-manifolds then 
a fibre product W = Xg z.hY exists in dSpa, and is unique up to equivalence. 
We want to know whether W is a d-manifold. We will define when g, h are 
d-transverse, which is a sufficient condition for W to be a d-manifold. 
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Recall that ii g : X ^ Z, h :Y ^ Z are smooth maps of manifolds, then a 
fibre product W = X Xg^z,h Y in Man exists if g,h are transverse, that is, if 
T,Z = dg\^{T^X) + dh\y(TyY) for all x e X and y e Y with g{x) = h{y) = z€ 
Z. Equivalently, dg\l®dh\l : T^Z* -)■ T*X®T*Y should be injective. Writing 
W = X XzY for the topological fibre product and e : W ^ X , f : W ^ Y for 
the projections, with g o e = ho we see that g, h are transverse if and only if 

e*{dg*) ® f*{dh*) : [g o e)*{T*Z) ^ e*{T*X) © f*{T*Y) (4.7) 

is an injective morphism of vector bundles on the topological space W , that is, 
it has a left inverse. The condition that (|4.8|) has a left inverse is an analogue 
of this, but on (dual) obstruction rather than cotangent bundles. 

Definition 4.21. Let X, y, Z be d-manifolds and g : X ^ Z , h : Y ^ Z he 
1-morphisms. Let W = X Xg.z,hY be the C°°-scheme fibre product, and write 
e:W^X, f : W ^ Y for the projections. Consider the morphism 

/ e*{g")oI,,g{£z) \ 
a = -r{h")oll,^{£z) : {g_oen£z) (4.8) 
V {goerO^z) ) e*{£x)®r{£Y)®{goe)*{Fz) 

in qcoh(]y). We call g, h d-transverse if a has a left inverse. Note that this is 
a local condition in W, since local choices of left inverse for a can be combined 
using a partition of unity on W to make a global left inverse. 

In the notation of §4.3l and M.5\ we have 1-morphisms ilg : g*{T* Z) T*X 
in vvect(X) and ■ h*{T*Z) -> T*Y in vvect(r). Pulling these back to 
vvect(Mf) using e*, /* we form the 1-morphism in vvect(W^): 

(e*(173) o4,(T*Z)) ® (r(170 o/^.,,(T*Z)) : (goe)*(T*Z) 

— >e*{T*X)® 1*{T*Y). 

For (|4.8p to have a left inverse is equivalent to (14. 9p being weakly injective, as 
in Definition 14.181 This is the d-manifold analogue of (|4.7|) being injective. 

Here are the main results of [34, §4.3]: 

Theorem 4.22. Suppose X, Y, Z are d-manifolds and g : X ^ Z , h : Y ^ Z 

are d-transverse 1-morphisms, and let W = X Xg z,h Y be the d-space fibre 
product. Then W is a d-manifold, with 

vdim W = vdim X + vdim Y — vdim Z. (4- 10) 



Theorem 4.23. Suppose g : X ^ Z, h : Y ^ Z are 1-morphisms of d- 
manifolds. The following are sufficient conditions for g, h to be d-transverse, so 
that W = X Xg z,h Y is a d-manifold of virtual dimension (|4.10p : 
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(a) Z is a manifold, that is, Z € Man; or 

(b) g or h is a w-submersion. 

The point here is that roughly speaking, g, h are d-transverse if they map the 
direct sum of the obstruction spaces of X, Y surjectively onto the obstruction 
spaces of Z. If 2 is a manifold its obstruction spaces are zero. If g is a w- 
submersion it maps the obstruction spaces of X surjectively onto the obstruction 
spaces of Z. In both cases, d-transversality follows. See [S2} Th. 8.15] for the 
analogue of Theorem 14. 23r a') for Spivak's derived manifolds. 

Theorem 4.24. Let X, Z be d-manifolds, Y a manifold, and g : X Z , 
h . Y ^ Z be 1-morphisms with g a submersion. Then W = X Xgz,h Y is a 
manifold, with dim W — vdim X + dim Y — vdim Z . 

Theorem 14.241 shows that we may think of submersions as 'representable 1- 
morphisms' in dMan. We can locally characterize embeddings and immersions 
in dMan in terms of fibre products with in dMan. 

Theorem 4.25. (i) Let X be a d-manifold and g . X ^ M."' a 1-morphism in 
dMan. Then the fibre product W = X Xg R" q * exists in dMan by Theorem 
I4.23r a) , and the projection ttx '■ W X is an embedding. 
(ii) Suppose f : X ^ Y is an immersion of d-manifolds, and x G X with 
f{x) = y E Y. Then there exist open d-submanifolds x E U Q X and y £ 
V ^Y with f{U) C Y, and a l-morphism g . V ^ with g{y) — 0, where 
n = vdiml^— vdimX ^ 0, fitting into a 2-Cartesian square in dMan : 

U ^ * 

\f\u f o\ 

V ^E". 

// / is an embedding we may take U = f'^{V). 

Remark 4.26. For the applications the author has in mind, it will be crucial 
that if g : X — > Z and h .Y ^ Z are 1-morphisms with X, Y d-manifolds and 
Z a manifold then W ~ X XzY is a. d-manifold, with vdim W = vdim X + 
vdiml^— dimZ, as in Theorem I4.23f a'). We will show by example, following 
Spivak 52, Prop. 1.7], that if d-manifolds dMan were an ordinary category 
containing manifolds as a full subcategory, then this would be false. 

Consider the fibre product * Xo,r,o * in dMan. If dMan were a 1-category 
then as * is a terminal object, the fibre product would be *. But then 

vdini(* Xo,R,o *) = vdim* = 7^ — 1 = vdim* + vdim* — vdimR, 

so equation (|4.10p and Theorem I4.23f a) would be false. Thus, if we want fibre 
products of d-manifolds over manifolds to be well behaved, then dMan must 
be at least a 2-category. It could be an cx)-category, as for Spivak's derived 
manifolds [52] , or some other kind of higher category. Making d-manifolds into 
a 2-category, as we have done, is the simplest of the available options. 
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4.7 Embedding d-manifolds into manifolds 

Let y be a manifold, E ^ V a. vector bundle, and s G C°°{E). Then Example 
14.41 defines a 'standard model' principal d- manifold Sv,e,s- When E and s are 
zero, we have Sv.o,q = V = E^^^'^{V), so that Sv.o,q is a manifold. For 
general V, E, s, taking / — idy : V V and / = : i? — > in Example 14.51 
gives a 'standard model' 1-morphism Sidv,o ■ Sv,e,s — > Sv,o.o = V'. One can 
show S'idv.,0 is an embedding, in the sense of Definition 14.191 Any principal 
d-manifold U is equivalent to some Sv.e,s- Thus we deduce: 

Lemma 4.27. Any principal d-manifold U admits an embedding i : U ^ V 
into a manifold V. 

Theorem 14.321 below is a converse to this: if a d-manifold X can be em- 
bedded into a manifold Y, then X is principal. So it will be useful to study 
embeddings of d-manifolds into manifolds. The following classical facts are due 
to Whitney [55] . 

Theorem 4.28. (a) Let X be an nn-manifold and n ^ 2m. Then a generic 
smooth map / : X — > M" is an immersion. 

(b) Let X he an m-manifold and n ^ 2m + 1. Then there exists an embedding 
f : X M", and we can choose such f with f{X) closed in R". Generic 
smooth maps / : X — > R" are embeddings. 

In 1331 §4.4] we generalize Theorem 14.281 to d-manifolds. 

Theorem 4.29. Let X he a d-manifold. Then there exist immersions and/or 
embeddings f : X R" for some n ^ if and only if there is an upper bound 
for dim T*X for all x G X ■ If there is such an upper bound, then immersions 
f . X exist provided n 2dimT*X for all x £ X, and embeddings 

f . X ^ R" exist provided n ^ 2dimT*X -|- 1 for all x £ X. For embeddings 
we may also choose f with f{X) closed in M". 

Here is an example in which the condition does not hold. 

Example 4.30. R*" XQjjie g * is a principal d-manifold of virtual dimension 0, 
with C°°-scheme M'', and obstruction bundle M''. Thus X = Ufc^o^'" Xo,R'=,o * 
is a d-manifold of virtual dimension 0, with C°°-scheme X = lJfc>oM'^- Since 
T*X ^ R" for x G R" C Ufc^o^''' dimr*X realizes ah values n ^ 0. Hence 
there cannot exist immersions or embeddings / : X — > R" for any n ^ 0. 

As X n> dim T*X is an upper semicontinuous map AT — > N, if X is compact 
then dimT*A is bounded above, giving: 

Corollary 4.31. Let X be a compact d-manifold. Then there exists an embed- 
ding / : X — > R" for some n 3> 0. 

If a d-manifold X can be embedded into a manifold Y , we show in [34] §4.4] 
that we can write X as the zeroes of a section of a vector bundle over Y near 
its image. See [52] Prop. 9.5] for the analogue for Spivak's derived manifolds. 
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Theorem 4.32. Suppose X is a d-manifold, Y a manifold, and f : X ^ Y 
an embedding, in the sense of Definition I4.19[ Then there exist an open subset 
V in Y with f{X) C V, a vector bundle £'—>!/, and s £ C°°{E) fitting into a 
2- Cartesian diagram in dSpa: 



V "-^E. 

Here Y = F^^'^iY), and similarly for V,E,s,0, with : V E the zero 
section. Hence X is equivalent to the 'standard model' d-manifold Sy.E.s of 
Example 14.41 and is a principal d-manifold. 

Combining Theorems 14. 291 and 14.321 Lemma [4. 2 71 and Corollary 14.311 yields : 

Corollary 4.33. Let X be a d-manifold. Then X is a principal d-manifold if 
and only if dimT^X is bounded above for all x £ X. In particular, if X is 
compact, then X is principal. 

Corollary 14.331 suggests that most interesting d-manifolds are principal, in 
a similar way to most interesting C°°-schemes being afhne in Remark I2.9r ii) . 
Example 14.301 giyes a d-manifold which is not principal. 

4.8 Orientations on d-manifolds 

Let X be an n- manifold. Then T*X is a rank n yector bundle on X , so its top 
exterior power A"T*X is a line bundle (rank 1 vector bundle) on X. In algebraic 
geometry, A"T*X would be called the canonical bundle of X. We define an 
orientation cj on X to be an orientation on the fibres of A"T*X. That is, w 
is an equiyalence class [r] of isomorphisms of line bundles r : Ox A"r*X, 
where Ox is the trivial line bundle M x X — X, and r, r' are equivalent if 
t' = T ■ c for some smooth c : X — > (0, oo). 

To generalize all this to d-manifolds, we will need a notion of the 'top exterior 
power' of a virtual vector bundle {£',(/)) in ^14. 31 As the definition 

in [341 §4.5] is long, we will not give it, but just state its important properties: 

Theorem 4.34. Let X be a C°° -scheme, and (£*,</)) a virtual vector bundle 
on X. Then in [341 §4.5] we define a line bundle (rank 1 vector bundle) £(£«,<^) 
on X, which we call the orientation line bundle of {E*,<j}). This satisfies: 

(a) Suppose £^,£^ are vector bundles on X with ranks fci, ^2, and (/> : f ^ — > f ^ 
is a morphism. Then {£* ,(j)) is a virtual vector bundle of rank fc2 — fci, 
and there is a canonical isomorphism = K^'^[£^)* ® K^^£'^. 

(b) Let /* : (£*,0) — (J-',^) be an equivalence in yvect(X). Then there is a 
canonical isomorphism £/• : >C(£*,0) — ^ ,^-) in qcoh(X). 

(c) // e vvect(X) then dd^ = id£(£..^) : ^(£\cp} C{£\4,). 

(d) // /* : — !■ {J-*,ip) and g' : {J-* ,ijj) {Q*,£,) are equivalences in 
vyect(X) then Cg'of — Cg- ° J^f ■ ^{£'.,4>) ^(G'-.i)- 
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(e) // f*,g* : (T'^ip) are 2-isomorphic equivalences in vvect(X) 
then Lf = >Cg. : >C(f,0) C[jr'^,i,). 

(f) Let f ■ X ~^ Y be a morphism of C°° -schemes, and {£*,(/)) £ vvect(y). 
Then there is a canonical isomorphism If^{s*.<ji) '■ f*i^{S',4>)) ~^ ^f*{E',4>)- 

Now we can define orientations on d-manifolds. 

Definition 4.35. Let X be a d-manifold. Tlien tlie virtual cotangent bundle 
T*X is a virtual vector bundle on X by Proposition 14. 1 1 f b) . so Theorem 14.341 
gives a line bundle Ct'X on X. We call Ct'X the orientation line bundle of X . 

An orientation a; on X is an orientation on Ct*x- That is, lo is an equiv- 
alence class [t] of isomorphisms t : Ox Ct*x in qcoh(X), where t, r' are 
equivalent if they are proportional by a smooth positive function on X. 

li LO — [r] is an orientation on X, the opposite orientation is — w = [— t], 
which changes the sign of the isomorphism t : Ox ^T'X- When we refer to 
X as an oriented d-manifold, X will mean X with the opposite orientation, 
that is, X is short for {X,bj) and —X is short for {X, — w). 

Example 4.36. (a) Let X be an n-manifold, and X = F^^'^{X) the associ- 
ated d-manifold. Then X = F^'^^'^^iX), £x ^ and Tx = T*X. So fx, 
are vector bundles of ranks 0,n. As A'^Ex = Ox, Theorem I4.34f a) gives a 
canonical isomorphism Ct*x — A"T*X. That is, Ct'X is isomorphic to the 
hft to C°°-schemes of the line bundle A"r*X on the manifold X. 

As above, an orientation on X is an orientation on the line bundle A"T*X. 
Hence orientations on the d-manifold X = ^Man'"(^) sense of Definition 

14.351 are equivalent to orientations on the manifold X in the usual sense, 
(b) Let V be an n-manifold, E ^ V a vector bundle of rank k, and s G C°°{E). 
Then Example 14.41 defines a 'standard model' principal d-manifold S — Sv,e,s, 
which has £s = £*\s, J^S = T*V\s, where £,T*V are the lifts of the vector 
bundles E, T*V on V to V. Hence Ss, J^s are vector bundles on Sy ^ ^ of ranks 
k,n, so Theorem 14. 34f a) gives an isomorphism Ct*Sv.e,, — (A'^f ® A"T*Y)|5- 

Thus Ct'Sv.e.s is the lift to Sy ^ ,, of the line bundle A'=£;(8)A"r*l/ over the 
manifold V. Therefore we may induce an orientation on the d-manifold Sv,e,s 
from an orientation on the line bundle A''E A"T*V over V. Equivalently, we 
can induce an orientation on Sy.E.s from an orientation on the total space of 
the vector bundle E* over V, or from an orientation on the total space of E. 

We can construct orientations on d-transverse fibre products of oriented d- 
manifolds. Note that ()4.1ip depends on an orientation convention: a different 
choice would change (|4.1ip by a sign depending on vdim JC, vdimy, vdim.Z. 
Our conventions follow those of Fukaya et al. 18 , §8.2] for Kuranishi spaces. 

Theorem 4.37. Work in the situation of Theorem \A.22\ so that W,X,Y,Z 
are d-manifolds with W = X Xg z.h Y for g,h d-transverse, where e : W — > 
X, f : W Y are the projections. Then we have orientation line bundles 
Ct'W, ■ ■ ■ , Ct'z on W, . . . ,Z, so CT'W,e*{CT'x),f*iCT'Y),{goe)*{CT'z) 
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are line bundles on W . With a suitable choice of orientation convention, there 
is a canonical isomorphism 

$ : Ct'W e*[CT-.x) ®o,y tiCr^Y) ®o„ igoenCT-z)*- (4.11) 

Hence, if X,Y,Z are oriented d-manifolds, then W also has a natural 
orientation, since trivializations of Ht'X^I^T'Y^I^t-z induce a trivialization 
of Ct^w by 611]). 

Fibre products have natural commutativity and associativity properties. 
When we include orientations, the orientations differ by some sign. Here is 
an analogue of results of Fukaya et al. [HI Lem. 8.2.3] for Kuranishi spaces. 

Proposition 4.38. Suppose Y , . . . , Z are oriented d-manifolds, e, . . . ,h are 
l-morphisms, and all fibre products below are d-transverse. Then the following 
hold, in oriented d-manifolds: 

(a) For g . X ^ Z and h : Y ^ Z we have 

X,, V ^, i -1 \ (vdim X — vdim 2) (vdim V— vdim .Z) , , -\r 

In particular, when Z = * so that XxzY=XxYwe have 
(h) For e:V -^Y, f -.W^Y, g -.W-^ Z, and h:X ^ Z we have 

V Xe,y,/o77w >^g.Z,h X) ~ {V Xe,YJ Xgo-^w.ZM X. 

(c) For e:V ^Y, f -.V ^ Z, g -.W^Y, and h: X ^ Z we have 

V X(^ej)^YxZ.gxh (VF X X) ~ 

f 1 wdim Zfvdim "y+vdim W) /T/ „ ti/\ ^ y 

(. — tj (V Xe,Y,g ) X fo-Kv,Z,h ^ ■ 



5 Manifolds with boundary and corners 

So far we have discussed only manifolds without boundary (locally modelled 
on R"). One can also consider manifolds with boundary (locally modelled on 
[0, oo) X M"^^) and manifolds with corners (locally modelled on [0, oo)'^ x R"^'''). 
The author [31] studied manifolds with corners, giving a new definition of 
smooth map f : X ^ Y between manifolds with corners X, Y, satisfying ex- 
tra conditions over d'^X, d^Y . This yields categories Man*', Man° of manifolds 
with boundary and with corners with good properties as categories. 

In [33] Chap. 5] we surveyed [3T], changing some notation, and including 
some new material. This section summarizes [31], [34] Chap. 5], following the 
notation of [34] Chap. 5]. See [31] and [34l Chap. 5] for further references on 
manifolds with corners. 
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5.1 Boundaries and smooth maps 

The definition of an n-manifold witfi corners X in [211 §2] involves an atlas 
of charts {U, cj)) on X with U C [0, oo)'= x M""'' open and (j) : U ^ X a. 
homeomorphism with an open set in X. Apart from taking U C[0,cx3)''xE"~'^ 
rather than U C R", there is no difference with the usual definition of n- 
manifold. The definitions of the boundary dX of X in |31[ §2], and of smooth 
map f : X ^ Y between manifolds with corners in |31[ §3], may be surprising 
for readers who have not thought much about corners, so we give them here. 

Definition 5.1. Let X be a manifold with corners, of dimension n. Then there 
is a natural stratification X — Yik=o '^'^(^)j where S''{X) is the depth k stratum 
of X, that is, the set of points x G X such that X near x is locally modelled on 
[0, 00)^= X R"-'= near 0. Then S^{X) is an {n — fc)-manifold without boundary, 
and S^{X) = Ur=fc S^i^)- The interior of X is X° = S°{X). 

A local boundary component /3 of X at x is a local choice of connected com- 
ponent of S^{X) near x. That is, for each sufficiently small open neighbourhood 
V oi X in X, (3 gives a choice of connected component of ^ fl S^{X) with 
X S W, and any two such choices V, W and V' , W must be compatible in the 
sense that x G {W fl W). As a set, define the boundary 

dX ^ {{x,l3) -.xeX, 13 is a local boundary component for X at x}. 

Then dX is an [n — l)-manifold with corners if n > 0, and dX = if n = 0. 
Define a smooth map ix '■ dX X hy ix '■ {x, /3) i— >■ x. 

Example 5.2. The manifold with corners X = [0, oo)^ has strata = 
{0,cx))2, S\X) = ({0} X (0,00)) n ((0,00) X {0}) and S^iX) = {(0,0)}. A 
point (a, b) in X has local boundary components {x = 0} if a = and {y — 0} 
if 6 = 0. Thus 

aX= {((a:,0),{t/ = 0}) :xe [0,«))}n{((0,y),{x = 0}) lyG [0,^)} 

^ [0,00) n [0,00). 

Note that ix : dX X maps two points ((0,0), {a; = 0}), ((0,0), 0}) 
to (0,0). In general, if a manifold with corners X has d'^X ^ then ix is not 
injective, so the boundary dX is not a subset of X. 

Definition 5.3. Let X, Y be manifolds with corners of dimensions m, n. A 
continuous map f : X ^ Y is called weakly smooth if whenever {U,(j)), (V, V') 
are charts on X, Y then 

^-^ o f o cf> : {f o c^y\i:{V)) ^ V 

is a smooth map from (/ o </))-! (V'(F)) C M" to ^ C K". 

Let (x,/3) e dX. A boundary defining function for X at {x,/3) is a pair 
(V,b), where V is an open neighbourhood of x in A" and b : V ^ [0, 00) is 
a weakly smooth map, such that d6|„ : TyV rf,(^)[0, 00) is nonzero for all 
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V € V, and there exists an open neig hbourhood U of (x,/3) in ix^{V) C dX, 
with b o ix\u = 0, and ix\u '■ U — > {v € V : b{v) = O} is a homeomorphism. 

A weakly smooth map of manifolds with corners f : X Y is called smooth 
if it satisfies the following additional condition over dX, dY. Suppose x ^ X 
with f[x) = y gY, and /3 is a local boundary component of Y at y. Let {V, b) 
be a boundary defining function for Y at {y, f3). We require that either: 

(i) There exists an open x G V C f^^{V) C X such that {V,b o f\y) is a 
boundary defining function for X at (a;, for some unique local boundary 
component (5 of X at x; or 

(ii) There exists an open x €W C /^^(V) C X with b o f\w = 0. 
Form the fibre products of topological spaces 

dXxfo^^^Y.,^ dY = {{{x, /3), {y, /?)) GdXxdY: foix{x, fi)^y^iY{y, /?)} , 
X Xf,Y,,^ dY = {{x, G X X : /(x) = y = lyiy^P)]- 

Define subsets 5/ C dXxydY imdTf C XxydY hy {{x,P),{y, (3)) e S*/ in case 
(i) above, and [x, (y,/3)) G 1/ in case (ii) above. Define maps Sf : Sf ^ dX, 
tf : Tf ^ X, Uf : Sf ^ dY, Vf : Tf dY to be the projections from the 
fibre products. Then Sf,Tf are open and closed in dX Xy dY,X Xy dY and 
have the structure of manifolds with corners, with dimS*/ = dimX — 1 and 
diniT/ = dimX, and st,tf,Uf,Vf are smooth maps with s/,i/ etale. 

We write Man'' for the category of manifolds with corners, with morphisms 
smooth maps, and Man*^ for the full subcategory of manifolds with boundary. 

5.2 (Semi) simple maps, submersions, immersions, 
and embeddings 

In [331 §5.4 & §5.7] we define some interesting classes of smooth maps: 

Definition 5.4. Let f : X ^ Y he a, smooth map of manifolds with corners. 

(a) We call / simple if s/ : S*/ — > dX in Definition 15.31 is bijective. 

(b) We call / semisimple if : Sf dX is injective. 

(c) We call / flat if T/ = in Definition [Oj 

(d) We call / a diffeomorphism if it has a smooth inverse f^^:Y^X. 

(e) We call / a submersion if for aU x e S'^{X) C Y with f{x) = y G S\Y) C 
y, then d/U : T^X ^ Tft^^^Y and d/U : T,(5'=(X)) ^ T/(,)(^'(y)) 
are surjective. Submersions are automatically semisimple. We call / an 
s-submersion if it is a simple submersion. 

(f) We call / an immersion if d/|j. : T^X — > Tf(^^-^Y is injective for all x Cz X. 
We call / an s-immersion (or sf-immersion) if / is also simple (or simple 
and flat). We call / an embedding (or s-embedding, or sf-embedding) if / 
is an immersion (or s-immersion, or sf-immersion), and f : X ~> f{X) is 
a homeomorphism with its image. 
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For manifolds without boundary, one considers immersed or embedded sub- 
manifolds. Part (f) gives six different notions of submanifolds X of manifolds 
with corners Y: immersed, s-immersed, sf-immersed, embedded, s-embedded and 
sf-embedded submanifolds. 

Example 5.5. (i) The inclusion i : [0, oo) M is an embedding. It is semisim- 
ple and flat, but not simple, as : S'i — > 9[0,oo) maps {0}, and is not 
surjective, so i is not an s- or sf-embedding. Thus [0, oo) is an embedded sub- 
manifold of M, but not an s- or sf-embedded submanifold. 

(ii) The map / : [0, oo) — [0, oo)^ mapping f : x t-^ (x, x) is an embedding. It is 
flat, but not semisimple, as Sf : Sf d[0, oo) maps two points to one point, and 
is not injective. Hence / is not an s- or sf-embedding, and {{x,x) : a; G [0, oo)} 
is an embedded submanifold of [0, oo)^, but not s- or sf-embedded. 

(iii) The inclusion i : {0} ^ [0, oo) has di|o injective, so it is an embedding. It is 
simple, but not fiat, as = { (O, (0, {x = 0})) } 0. Thus i is an s-embedding, 
but not an sf-embedding. Hence {0} is an s-embedded but not sf-embedded 
submanifold of [0, oo). 

(iv) Let X be a manifold with corners with dX ^ 0. Then ix ■ dX — s> X 
is an immersion. Also Si^ : Si^ — ?> d^X is a bijection, so ix is simple, but 
Ti^ = dX 7^ 0, so ix is not flat. Hence ix is an s-immersion, but not an 
sf-immersion. If d^X = then ix is an s-embedding, but not an sf-embedding. 

(v) Let / : [0, oo) — s> M be smooth. Define g : [0, oo) -> [0, oo) x R by g{x) = 
{x,f{x)). Then g is an sf-embedding, and F/ ~ {(x,f{x) : x e [0, oo)} is an 
sf-embedded submanifold of [0, oo) x R. 

Simple and semisimple maps have a property of lifting to boundaries: 

Proposition 5.6. Let f : X ^ Y be a semisimple map of manifolds with 
comers. Then there exists a natural decomposition dX — d^X U dLx with 
d^X open and closed in dX, and semisimple maps /+ = f °ix\d'^x '■ d^_^X — Y 
and /_ : d^X dY, such that the following commutes in Man'^ : 

OLX ^ dY 

X ^Y. 

If f is also flat, then (jS.ip is a Cartesian square, so that d^X X Xy dY . If 
f is simple then d{_X = (li and dLx = dX. If f is simple, flat, a submersion, 
or an s-submersion, then f± are also simple, . . . , s- submersions, respectively. 

In fact we define d^_X = Sf{Sf), so that s/ : S*/ — > d^X is a bijection since 
Sf is injective as / is semisimple, and then /_ = Uf o sj^, using the notation 
of Definition 15.31 li f : X ^ Y is simple then /„ : dX dY is also simple, so 
f_k : d^X d'^Y is simple for k — 1,2, . . .. If / is also flat then f_k is flat and 
d''X ^ X Xyd^Y. A smooth map / : X ^- F is flat if and only if f{X°) C Y° , 
or equivalently, ii f : X ^Y and iy ■ dY Y are transverse. 

(S-)submersions are locally modelled on projections ttx : X x Y ^ X: 
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Proposition 5.7. (a) Let X,Y be manifolds with corners. Then the projection 
TTx : X xY ^ X is a submersion, and an s- submersion if dY ~ 0. 

(b) Let f : X ^ Y be a submersion of manifolds with corners, and x £ X 
with f{x) = y (z Y . Then there exist open neighbourhoods V of x in X and W 
of y in Y with f{V) ~ W, a manifold with comers Z, and a diffeomorphism 

V ^ W X Z which identifies f\v : V ^ W with ttw '-WxZ^W. If f is an 
s-submersion then dZ = 0. 

S-immersions and sf-immersions are also locally modelled on products: 

Proposition 5.8. (a) Let X be a manifold with corners and ^ k ^ n. Then 
idx X : X ^ X X ([0,oo)''' x R"^'"') mapping x {x,0) is an s-embedding, 
and an sf- embedding if k = 0. 

(b) Let f : X ^ Y be an s-immersion of manifolds with corners, and x X 
with f{x) = y eY . Then there exist open neighbourhoods V of x in X and W 
of y in Y with f{V) C W, an open neighbourhood Z of in [0, oo)'^ x R"'"'^, 
and a diffeomorphism W = V x Z which identifies f\v-V^W with idy x : 

V ^ V X Z . If f is an sf-immersion then k — 0. 

Example 15. 5f ii) shows general immersions are not modelled on products. 
5.3 Corners and the corner functors 

As in |31] §2], [34j §5.5], we define the k-corners Ck{X) of a manifold with 
corners X. 

Definition 5.9. Let X be an n-manifold with corners. Applying d repeatedly 
gives manifolds with corners dX, d^X, .... There is a natural identification 

d'^X ^ {{x,f3i,...,l3k) : X e X, I3i,...,f3k are distinct 

, \5-^j 
local boundary components for X at x\. 

Using (15. 2p . we see that the symmetric group Sk of permutations of {1, . . . , fc} 
has a natural, free action on d^X by diffeomorphisms, given by 

a : {x,f3i,..., Pk) I — )■ {x, . . . , P„(k))- 

Define the k-corners of X, as a set, to be 

Ck{X) = {{x, {Pi, . . .,13k]) : X e X, Pi,. . . ,l3k are distinct 
local boundary components for X at x} . 

Then Ck{X) is naturally a manifold with corners of dimension n ~ k, with 
Ck{X) ^ d^X/Sk. The interior Ck{X)° is naturally diffeomorphic to S^(X). 
We have natural diffconiorphisms Co{X) = X and Ci{X) = dX. 

A surprising fact about manifolds with corners X is that the disjoint union 
C{X) := IJfe^^^fc(^) has strong functorial properties. Since C{X) is not a 
manifold with corners, it is helpful to enlarge our category Man'^: 
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Definition 5.10. Write Man*^ for the category whose objects are disjoint 
unions Om=o"'^™' where is a manifold with corners of dimension m, and 
whose morphisms are continuous maps / : lJm=o"^™ ~^ IJJ^o^"' such that 
/|jc,nn/-i(^ii) ■ {-^"i ^ f~^{Yn)) — > is a smooth map of manifolds with cor- 
ners for all 171,71 ^ 0. 

Definition 5.11. Define corner functors C,C : Man'^ — > Man"^ by C{X) = 
C{X) = Uj.^ Ck{X) on objects, and on morphisms f : X Y in Man'^, 

C{f) : (x,{/3i,...,A}) ^ (y,{/3i,..., /?,}), where y ^ f{x), 
{/3i,...,/3,} = {/3: ((a;,/30,(y,/3)) ^ Sf, some / = 1, . . . , i}, 
Cif) : (x,{/3i,...,A}) ^ (y,{/3i,...,/3,}), where y ^ f{x), 
{/3i,...,/3,} = {/3: ((x,/30,(y,/3)) e / = 1, ...,«} U {/3 : (x, (y, gT/}. 

Write C^'^iX) = C,{X) n C{f)-\Ck{Y)) and C^{f) = : 
C/'''(X) ^ Cfc(y) for aU j,k, and similarly for Cj^''{X),C'^{f). Then C^^(/) 
and Cj{f) are smooth maps of manifolds with corners. Note that Cl'°{X) = 
Co{X) = X and Co{Y) ^ Y, and these isomorphisms identify Co(/) : Co(X) 
Co{Y) with f : X ^Y. 

It turns out that C, C* are both functors Man° Man°. Furthermore: 

(i) For each X e Man*^ we have a natural diffeomorphism C{dX) = dC{X) 
identifying C{ix) : C{dX) C(X) with ic(x) ■ dC{X) ^ C{X) 

(ii) For all X, Y in Man*^ we have a natural diffeomorphism C{X x Y) = 
C{X) X C{Y). These diffeomorphisms commute with product morphisms 
and direct product morphisms in Man'', Man''. 

(iii) li g : X ^ Z and h : Y ^ Z are strongly transverse maps in Man" 
then C maps the fibre product X Xg^zji Y in Man" to the fibre product 
C{X) Xc(g),ciz)Mh) CiY) in Man".' ' 

(iv) If / : X ^ r is semisimple, then C(/) maps Cfc(X) -> ULo^^iC^) 

all fc ^ 0. The natural diffeomorphisms Ci{X) ^ dX, Co(r) 9^ Y and 
Ci{Y) = dY identify C('°{X) = d{x, C^{f) = /+, Cp(X) = d[x and 
Ci (/) ^ /-• If / is simple then C(/) maps Cfc(X) ^ Cfe(r) for all fc ^ 0. 

The analogues hold for C, except for (iv) and the last part of (i). 

5.4 (Strong) transversality and fibre products 

In (211 §6], [211 §5.6] we discuss conditions for fibre products to exist in Man". 

Definition 5.12. Let g : X ^ Z , h : Y Z he smooth maps of manifolds with 
corners. We call g,h transverse if whenever x G {X) C X, y £ S''{Y) C Y 
and z e C Z with g{x) = h{y) = z, then T^Z = dg\^{T^X) + dh\y{TyY) 

and T,{S'{Z)) = dgUT,{SHX))) + dh\y{Ty{SHY))). 
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We call g, h strongly transverse if they are transverse, and whenever there 
are points in Cj{X),Ck{Y),CiiZ) with 

C{g){x, {/?!,..., 13,}) - C{h){y, {^i, . . . , ^k}) - {z, . . . , 

we have either j + k>l or j = k = l = 0. 

If one of 5, /i is a submersion then g, h are strongly transverse. It is well 
known that transverse fibre products of manifolds without boundary exist. Here 
is the (more difficult to prove) analogue for manifolds with corners. 

Theorem 5.13. Let g : X ^ Z, h : Y ^ Z be transverse smooth maps of 
manifolds with corners. Then a fibre product W — X Xg,z,h Y exists in Man*^. 

As a topological space, the fibre product in Theorem 15.131 is just the topo- 
logical fibre product W = {{x,y) € X x Y : g{x) = In general, the 
boundary dW is difficult to describe explicitly: it is the quotient of a subset of 
{dX X zY)II{X X z dY) by an equivalence relation. Here are some special cases 
in which we can give an explicit formula for dW. 

Proposition 5.14. Let g : X ^ Z, h : Y ^ Z be transverse smooth maps in 
Man'^, so that X Xg_z,h Y exists by Theorem 15.131 Then: 

(a) Lf dZ = 9 then 

d{X Xg^zM Y) = {dX Xgo^^^z.h Y) H {X Xg^z.ho^Y SY). (5.3) 

(b) // g is semisimple then 

d{X Xg^z.h Y) ^ {d\X Xg^^z,h Y) H {X Xg,z,ho^^ dY). (5.4) 

(c) // both g, h are semisimple then 
d{X Xg^zMY) = 

{d'+X Xg^,z,h Y) H {X Xg^z.M d'+Y) U {d^X Xg_,az.h^ d'lY). 
Here all fibre products in (j5.3p - (j5.5p are transverse, and so exist. 

For strongly transverse smooth maps, fibre products commute with the cor- 
ner functors (7,(7 : Man'= Man". Since Ci{W) = dW, equation with 
i = 1 gives another explicit description of dW in this case. 

Theorem 5.15. Let g : X ^ Z, h : Y ^ Z be strongly transverse smooth maps 
of manifolds with corners, and write W for the fibre product X Xg^z,h Y given 
by Theorem 15.131 Then there is a canonical diffeomorphism 

a{W)9, [] Wxc^(,),c,(z),ciw^^^(>^) (5.6) 

j,kj^0:i=j+k-l 

for all i ^ 0, where the fibre products are all transverse and so exist. Hence 
C{W) - C{X) xc(g)^c(z),c(h) C{Y) m Man^ 



(5.5) 
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5.5 Orientations on manifolds with corners 

In [3T| §7], [311 §5.8] we discuss orientations on manifolds with corners. 

Definition 5.16. Let X be an n-manifold with corners. An orientation uj on 
X is an orientation on the fibres of the real line bundle A"T*X over X. That 
is, oj is an equivalence class [r] of isomorphisms r : Ox ~> A"T*A, where 
Ox = R X X — > X is the trivial line bundle on AT, and r, r' are equivalent if 
t' = T ■ c for some smooth c : A — (0, oo). 

If cj = [r] is an orientation, we write — w for the opposite orientation [— r]. 

We call the pair (A, w) an oriented manifold. Usually we suppress the ori- 
entation (jj, and just refer to A as an oriented manifold. When A is an oriented 
manifold, we write —A for A with the opposite orientation. 

If A, Y, Z are oriented manifolds with corners, then we can define orientations 
on boundaries dX , products A x y, and transverse fibre products XxzY . To do 
this requires a choice of orientation convention. Our orientation conventions are 
given in [341 §5.8]. Having fixed an orientation convention, natural isomorphisms 
of manifolds with corners such asAx^F^yx^A lift to isomorphisms of 
oriented manifolds of corners, modified by signs depending on the dimensions. 
For example, ii g : X Z and h : Y ^ Z are transverse maps of oriented 
manifolds with corners then 

V V f 1 \ (dim X — dim ^) (dim "K— dim "V^ 

^ ^g,Z.h = [ — ^) X/i,Z,g , 

and with orientations equations (I5.3p - (I5.5I) become 

d{XXg^ZMY)- {dX X go,, ^z,hY) n (-1 ^+^'- ^(A X g^zMo^. dY) , 

d{xxg^zMY) ^ {dix x5+,z,„y) n(-i)d™^+'i™^(A Xg^zM^^ oy) , 

d{X Xg,z,k Y)^{dlX Xg^,z.hY)U{~lf^^^''+'''^%Xxh,z,h+dlY) 
U{diX Xg_MZM-d^Y). 

5.6 Fixed point loci in manifolds with corners 

In [34', §5.5] we study the fixed point locus A'" of a group F acting on a manifold 
with corners A. These are related to orbifold strata X'" of orbifolds with corners 
X, which we will discuss in ijl2.5l Here is our main result. 

Proposition 5.17. Suppose X is a manifold with corners, F a finite group, 
and r : F — >■ Aut(A) an action of T on X by difjeomorphisms. Applying the 
corner functor C of t j5.3l gives an action C{r) : F — >■ Aut(C(A)) of F on C(A) 
hy difjeomorphisms. Write A'",C(A)'" for the subsets of A, C(A) fixed by F, 
and jx.r ■ X^ — > A for the inclusion. Then: 

(a) a'" has the structure of an object in Man*^ (a disjoint union of manifolds 
with corners of different dimensions, as in |J5T3|) in a unique way, such 
that jx.r '■ X^ X is an embedding. This jx,r "is fiat, but need not be 
(semi) simple. 
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(b) By (a) we have a smooth map C{jx,r) '■ C{X^) C{X). This C{jx.r) is 
a diffeomorphism C{X^) C{XY . As jx,r need not be simple, C{jx,r) 
need not map Ck{X^) — >■ Ck{X) for k > 0. 

(c) By (b), Cijxs) identifies CiiX^) d{X^) with a subset of C{Xf C 
C{X). This gives the following description of d{X^): 

dix^) ^ {(x, . . . , Pk}) e Ck{x) -.xex^, k^i, Pu---.Pk 

are distinct local boundary components for X at x, 
and r acts transitively on {/3i, . . . , /3fe}}. 

(d) Now suppose Y is a manifold with corners with an action of F, and f : 
X ^ Y is a T -equivariant smooth map. Then X^ , Y^ are objects in Man'^ 
by (a), and f^ := f\x^ ■ ~^ is a morphism in Man'^. 

Example 5.18. Let T = {l,cr} with (t^ = go that V = Z2, and let T 

act on X = [OjCxd)^ by a : (xi,a;2) 1— )■ {x2,xi). Then X'^ = {(a;, a;) : x G 
[0, 00)} = [0, 00), a manifold with corners, and the inclusion jxx • — > X is 
jx,T ■ [0,00) [0,00)^, jx.r ■ X I— >■ (a;, a;), a smooth, fiat embedding, which is 
not semisimple. We have dX = 9([0,oo)^) = [0,oo)n[0,cxD), where V acts freely 
on dX by exchanging the two copies of [0, 00). Hence {dXY — 0, but d{X^) is 
a point *, so in this case {dXY ^ d{X^). Also C2{X) = {(O, {{a;i = 0}, {x2 = 
0}})} is a single point, which is F-invariant, and C(jx.r) : C{X^) — > C{XY 
identifies (0, {{a; = 0}}) G Ci{X^) ^ dX with this point in C'alX)^. 

If a finite group F acts on a manifold with corners X then as in Proposition 
I5.17r b') we have C{X)^ = C{X^), but as in Example 15.181 in general we do 
not have {dXf ^ d{X^), but only (dX)^ C d{X^). Thus for fixed point loci, 
corners have more functorial behaviour than boundaries. 

6 D-spaces with corners 

The goal of Chap.s 6 & 7] is to construct a well-behaved 2-category dMan*^ 
of d-manifolds with corners, a derived version of Man'^. It is tempting to define 
dMan*^ as a 2-subcategory of d-spaces dSpa, but this turns out not to be a 
good idea. For example, the natural functor : Man*^ — > dSpa is not 

full, as 1-morphisms / : F^^j^{X) — > -fMari^(^) correspond to weakly smooth 
rather than smooth maps f : X ^ Y, in the notation of i j5.ll 

Therefore we begin in [34, Chap. 6] by defining a 2-category dSpa*^ of d- 
spaces with corners, and then define dMan*^ in [34, Chap. 7] as a 2-subcategory 
of dSpa'^. Many properties of manifolds with corners in ij5]work for d-spaces 
with corners, e.g. boundaries dX, simple, semisimple and flat maps f : X ^ Y, 
decompositions dX — d^X YL d^X and semisimple maps /+ : dlx Y and 
/„ : dLx dY when / is semisimple, and the corner functors C, C. 
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6.1 Outline of the definition of the 2-category dSpa'^ 

The definition of the 2-category of d-spaces with corners dSpa° in [3U §6.1] is 
long and complicated. So here we just sketch the main ideas. 

Let X be a manifold with corners. Then it has a boundary dX with a proper 
smooth map ix ■ dX X. On dX we have an exact sequence 

>-Mx ^i*j^{T*X) ^'^'''^ - T*{dX) ^0, (6.1) 

where Nx is the conormal bundle of dX in X . The line bundle N x has a natural 
orientation ojx induced by outward-pointing normal vectors to dX in X. 

Thus, for each manifold with corners X we have a quadruple (X, dX^ ix, (j-ix)- 
D-spaces with corners are based on this idea. A d-space with corners X is a 
quadruple X = (X, dX, ix, wx) where X, dX are d-spaces, and ix : dX — > X 
is a proper 1-morphism, and we have an exact sequence in qcoh(9X): 

■ 2 

-AAx ^^^^2x(-^x) ^J'ax -0, (6.2) 

with A/'x a line bundle, and wx is an orientation on TVx- These X, dX, ix, wx 
must satisfy some complicated conditions in |34i §6.1], that wc will not give. 
They require dX to be locally equivalent to a fibre product X x [o,oo) * in dSpa. 

If X = (Jf , c?X, ix, i^x) and Y = {Y,dY,iy,Lu^) are d-spaces with cor- 
ners, a 1-morphism / : X — Y in dSpa'^ is a 1-morphism f : X ^ Y in dSpa 
satisfying extra conditions over dX, dY, which are analogous to the extra con- 
ditions for a weakly smooth map of manifolds with corners / : A" — >■ y to be 
smooth in Definition 15.31 

If / : X ^ Y is a 1-morphism in dSpa*^, we can form the C°°-scheme fibre 
products dX x foiy^,Y,i^dY and X x f.Y^w^Y. As for Sf, Tf in Definition l5.3l we 
can define open and closed C°°-subschemes Sj, C dX XydY and Tj, C X XydY, 
and define C°°-scheme morphisms Sf : Sj: — > dX, tf : Tj, ~> X, Uf ■ 5"^ dY 
and Vf : — > dY to be the projections from the fibre products. Then Sf,tf 
are etale. 

If /,g : X — !■ Y arc 1-morphisms in dSpa*^, a 2-morphism rj : f ^ g in 
dSpa*^ is a 2-niorphisni rj : f ^ g in dSpa such that Sf ~ Sg, — Tg and 
extra vanishing conditions hold on 77 over S^^T^. Identity 1- and 2-morphisms 
in dSpa'^, and the compositions of 1- and 2-morphisms in dSpa*^, are all given 
by identities and compositions in dSpa. 

A d-space with corners X = {X, dX , ix, i^x) is called a d-space with bound- 
ary if ix : dX X is injective, and a d-space without boundary if dX = 0. We 
write dSpa*' for the full 2-subcategory of d-spaces with boundary, and dSpa 
for the full 2-subcategory of d-spaces without boundary, in dSpa°. There is 
an isomorphism of 2-categories F^^^^ : dSpa — s> dSpa mapping X h- > X = 
{X, 0, 0, 0) on objects, / 1— > / on 1-morphisms and t-^ rj on 2-morphisms. So 
we can consider d-spaces to be examples of d-spaces with corners. 

Remark 6.1. If A is a manifold with corners then the orientation ujx on Afx 
is determined uniquely by X, dX,ix- But there are examples of d-spaces with 
corners X = (JC, cJX, ix, i^x) in which wx is not determined by X , dX 
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and really is extra data. We include wx in the definition so that orientations 
of d-manifolds with corners behave well in relation to boundaries. If we had 
omitted ujx. from the definition, then there would exist examples of oriented 
d-manifolds with corners X such that 9X is not orientable. 

For each d-space with corners X = {X , 9X,ix,i^x), in [311 §6.2] we define 
a d-space with corners 9X = igx, '^ax) called the boundary of X, 

and show that ix : 9X — > X is a 1-morphism in dSpa'^. Motivated by (|5.2p 
when k — 2, the d-spacc in 9X is given by 



where Aqx ■ dX — )■ dX x x dX is the diagonal 1-morphism. The 1-morphism 
*ax : — > dX is projection to the first factor in the fibre product. There 
is a natural isomorphism TVgx — ix(-^x), and the orientation wgx on A/'ax is 
defined to correspond to the orientation ix(cjx) on i^l-^x)- 

6.2 Simple, semisimple and flat 1-morphisms 

In [341 §6.3] we generalize the material on simple, semisimple, and flat maps of 
manifolds with corners in §5.2l to d-spaces with corners. Here are the analogues 
of Definition I5.4f a)~fc) and Proposition [SUl 

Definition 6.2. Let / : X Y be a 1-morphism of d-spaces with corners. 

(a) We call / simple if Sf : Sf ^ dX is bijective. 

(b) We call / semisimple if s/ : 5^ — dX is injective. 

(c) We caU / flat if Tf = 0. 

Theorem 6.3. Let / : X — !■ Y 6e a semisimple 1-morphism of d-spaces with 
corners. Then there exists a natural decomposition 9X = d'^X.Ud^^ with a£x 
open and closed in 9X, such that: 

(a) Define /+ = / o 

^xlg/x • ^+-^ ~^ ^ ■ Then /_|_ is semisimple. If f is flat 
then /_|_ is also flat. 

(b) There exists a unique, semisimple 1-morphism f : 3:^X — > d~Y with 
f ° ^x|g/x = ■^Y o /-• If f is simple then d^X. = 0, 9:^X = 9X, and 
f_ : 9X — > 9Y is also simple. If f is flat then f is flat, and the 
following diagram is 2- Cartesian in dSpa*^ : 



d^X ~ {dX Xi^,x,ix dX) \ Aax{dX), 



(6.3) 



3' 




f 



dY 




(6.4) 



X 



Y. 
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(c) Let g : X — > Y he another 1-morphism, and rj : f ^ g a 2-morphism in 
dSpa°. Then g is also semisimple, with 9f.X = c);^X. If f is simple, or 
flat, then g is simple, or flat, respectively. Part (b) defines 1-morphisms 
f ,q : d^X dY. There is a unique 2-morphism ?]_ : /_ => g in 
dSpa*^ suc/i t/iat id^Y * = ^ * idix I f ■ iY°f - ^ iY°g-- 

We also show that the maps / i— > /_, ?7 i— > ?7- in Theorem 16.31 are functo- 
rial, in that they commute with compositions of 1- and 2-morphisms, and take 
identities to identities. For simple 1-morphisms, this implies: 

Corollary 6.4. Write dSpagj for the 2-subcategory of dSpa*^ with arbitrary 
objects and 2-morphisms, but only simple 1-morphisms. Then there is a strict 
2-functor d : dSpa^; dSpa^; mapping X i— >■ 9X on objects, f i— ?■ /_ on 
(simple) 1-morphisms, and rj M> r;_ on 2-morphisms. 

Thus, boundaries in dSpa*^ have strong functoriality properties. 

Remark 6.5. According to the general philosophy of working in 2-categories, 
when one constructs an object with some property in a 2-category, it is usually 
unique only up to equivalence. When one constructs a 1-morphism with some 
property in a 2-category, it is usually unique only up to 2-isomorphism. When 
one considers diagrams of 1-morphisms in a 2-category, they usually commute 
only up to (specified) 2-isomorphisms. 

From this point of view. Theorem IB.Bf b) looks unnatural, as it gives a 1- 
morphism /_ which is unique, not just up to 2-isomorphism, and a 1-morphism 
diagram ()6.4p which commutes strictly, not just up to 2-isomorphism. 

In fact, this unnaturalness pervades our treatment of boundaries. In our 
definition of d-space with corners X = {X, dX, ix, wx), the conditions on the 

1- morphism ix : dX — )■ X depend on dX up to 1-isomorphism in dSpa, 
rather than up to equivalence, and depend on ix up to equality, not just up to 

2- isomorphism. Boundaries 9X are natural up to 1-isomorphism in dSpa*^, not 
up to equivalence, and 1-morphisms ix : 9X — ?> X natural up to equality. 

The author chose this definition of dSpa*^ for its (comparative!) simplicity. 
In defining objects X,Y, 1-morphisms /, and 2-morphisms r] in dSpa°, we 
must impose extra conditions, and possibly include extra data, over 9X, dY . 
If these conditions/extra data are imposed weakly, up to equivalence of objects 
or 2-isomorphism of 1-morphisms, things rapidly become very complicated and 
unwieldy. For instance, 1-morphisms in dSpa° would comprise not just a 1- 
morphism / : X — ^ Y in dSpa, but also extra 2-morphism data over S^^T^. 

So as a matter of policy, we generally do constructions involving boundaries 
or corners in dSpa*^ strictly, up to 1-isomorphism of objects, and equality of 
1-morphisms. One advantage of this is that 1-morphisms / : X — > Y and 2- 
morphisms 77 : / => g in dSpa'^ are special examples of 1- and 2-morphisms 
in dSpa of the underlying d-spaces X,Y, rather than also containing further 
data over 9X, dY . Another advantage is that boundaries in dSpa*^ behave in 
a strictly functorial way, as in Corollary [631 rather than weakly functorial. 
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6.3 Manifolds with corners as d-spaces with corners 

In [331 §6.4] we define a (2-)functor F^^^ ■ Man'' — ^ dSpa'^ from manifolds 
with corners to d-spaces witfi corners. 

Definition 6.6. Let X be a manifold with corners. Then the boundary dX is 
a manifold with corners, with a smooth map igx ■ dX X. We will define a d- 
space with corners X = {X, dX, ix, t^^x)- Set X, dX, ix = FMar^i-^' ^-^^ ^x)- 
Then the conormal bundle A/'x in (|6.2p is the lift to the C°°-scheme dX of the 
conormal line bundle Mx of dX in X, as in (|6.ip . Let wx be the orientation on 
A/'x corresponding to that on M x induced by outward-pointing normal vectors 
to dX in X. Then X is a d-space with corners. Set F^f^° {X) = X. 

Let / : X ^ F be a morphism in Man'', and set X,Y = F^J'r^^ iX,Y). 
Write / = F^^^^ (/) : X ^ Y, as a 1-morphism of d-spaces. Then / : X ^ Y 
is a 1-morphism of d-spaces with corners. Define F^^ (/) = /. 

The only 2-morphisms in Man'', regarded as a 2-category, are identity 2- 
morphisms idy : / => / for smooth f : X Y. We define F^^J^^ (id/) = id/. 

Define i^^an" ■ Man ^ dSpa and F^^J^ : Man'' ^ dSpa'' to be the 
restrictions of F^^^ to the subcategories Man, Man*^ C Man". 

Write Man, Man*^, Man" for the full 2-subcategories of objects X in dSpa" 
equivalent to F^^^ (X) for some manifold X without boundary, or with bound- 
ary, or with corners, respectively. Then Man C dSpa, Man'' C dSpa'' and 
Man" C dSpa". When we say that a d-space with corners X is a manifold, we 
mean that X G Man". 

In [31 §6.4] we show that F^^^ : Man ^ dSpa, F^^^^ : Man'' ^ dSpa'' 

and F^^ : Man" dSpa" arc full and faithful strict 2-functors. We also 
prove that if AT is a manifold with corners, then there is a natural 1-isomorphism 
^Man^ ^ dF^^ {X), and if / : X ^ F is a smooth map of manifolds 

with corners and / = F^^^ (/), then / is simple, semisimple or fiat in Man" 
if and only if / is simple, semisimple or fiat in dSpa", respectively. 

6.4 Equivalences, and gluing by equivalences 

In [341 §6.5 & §6.6] we discuss equivalences in dSpa". First we characterize 
when a 1-morphism / : X — > Y in dSpa" is an equivalence, in terms of the 
underlying 1-morphism in dSpa: 

Proposition 6.7. (a) Suppose / : X Y is an equivalence in dSpa". Then 
f is simple and flat, and f : X ^ Y is an equivalence in dSpa, where X = 
(X,aX,ix,wx) and Y = (Y, ^F, iy, wy)- Also f_:dX^ dY m Theorem 
I6.3f b) is an equivalence in dSpa". 

(b) Let f : yi ^ Y be a simple, flat 1-morphism in dSpa" with f : X ^ Y 
an equivalence in dSpa. Then f is an equivalence in dSpa". 

Then we consider gluing d-spaces with corners by equivalences, as for d- 
spaces in §3.21 The story is the same. Here is the analogue of Definition 13.41 
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Definition 6.8. Let X = {X, dX, ixi^^x) be a d-space with corners. Suppose 
U C X is an open d-subspacc in dSpa. Define dU = i^{U), as an open 
d-subspace of dX, and iu : dU — > U hy ijj = ix\au- Tlien dU C dX 
is an open C°°-subscheme, and th.e conormal bundle of dU in U is J\fjj = 
A/"x|at/ in QCoh(dU). Define an orientation cuu on TVu by wu = i^xlac/- Write 
U = {U, dU, iu,LUu). Then U is a d-space with, corners. We call U an open d- 
subspace of X. An open cover of X is a family {Uq : a G A} of open d-subspaces 
U, ofXwithX = Uae^C/a- 

Theorem 6.9. Provosition 13.51 and Theorems 13.61 and 13.71 hold without change 
in the 2-category dSpa*^ of d-spaces with corners. 

6.5 Corners and the corner functors 

In [331 §6.7] we extend the material of iJ5.3l on corners and the corner functors 
from Man'^ to dSpa'^. The next theorem summarizes our results. 

Theorem 6.10. (a) Let be a d-space with corners. Then for each k = 
0,1,..., we can define a d-space with corners Cfe(X) called the k-corners of 
X, and a 1-morphism Tl^ : Cfc(X) — > X m dSpa*^. It has topological space 

Ck{X)^{{x,{x[,...,x'k}):xeX, x[,...,x'kedX, 

ix{x'a) — X, a = 1, . . . , fc, x'l, . . . ,x'f. are distinct^ 

There is a natural, free action of the symmetric group Sk on d'^H-, and a 1- 
isomorphism Cfe(X) = d^'K./Sk. We have 1-isomorphisms Co(X) = X and 
Ci(X) = ax m dSpa^ Write C(X) = IJ^oCfc(X) nx = U^onx, so 
that C(X) is a d-space with corners and IIx : C(X) — > X is a 1-morphism. 

(b) Let f : 'K. ^ Y be a 1-morphism of d-spaces with corners. Then there is 
a unique 1-morphism C{f) : C(X) — ?> C(Y) in dSpa'^ such that TIy o C{f) = 
f o IIx '■ C(X.) Y, and C{f) acts on points as in (j6.5l) by 

C{f) : {x,{x'i,...,x'f.]) I — > {y,{y[,...,y[}), where 

{v'i-,----,v'i}^{y' ■ {x[,y') ^Sf, some i^l,...,k}. 

For all k,l ^ 0, write (X) = Cfe(X) D C{f)-^Ci{Y)), so that Cf''(X) 
is open and closed in Cfc(X) with Cfe(X) = lJ;^o ^fc ''(■^)' '^'^'^ write C\.{f) = 
C'(/)|pj'.!(x)' so that Cl{f) : C^''(X) -> C;(Y) is a 1-morphism in dSpa"^. 

(c) Let /,g : X — >■ Y be 1-morphisms and r] : f ^ g a 2-morphism in dSpa"^. 
Then there exists a unique 2-morphism C{rj) : C{f) =^ C{g) in dSpa*^, where 
C{f),C{g) are as in (b), such that 

idnv * C{t]) =t]* idnx : Hy o C{f) = / o IIx =^ IIy o C{g) =go IIx. 

(d) Define C : dSpa° dSpa'^ by C : X ^ C(X) on objects, C : f ^ C{f) 
on 1-morphisms, and C : rj div) on 2-morphisms, where C{'X.),C{f),C{r]) 
are as in (a)— (c) above. Then C is a strict 2-functor, called a corner functor. 
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(e) Let f -.X^Y be semisimple. Then C{f) maps Cfc(X) Uf=o for 
all k ^ 0. The natural 1 -isomorphisms Ci(X) = 9X, Co(Y) = Y, Ci(Y) = 9Y 
zdeni*/2/ Cf '"(X) = a^X, Cf'i(X) 5^ 5^X, C0(/) - /+ arid CUf) - 

// / is simple then C{f) maps Cfe(X) — )> Cfc(Y) /or k ^ 0. 

(f) Analogues of (b)-(d) also hold for a second corner functor C : dSpa"^ — >■ 
dSpa'^, which acts on objects by C : X t-^ C'(X) in (a), and for 1-morphisms 
/ : X ^ Y m (b), C{f) : C(X) C(Y) acts on pomts by 

C{f) : {x,{x[,. . . ,x'^}) I — > {y,{y[,. . . ,yl}), where 
{y[,...,y'i}^{y' : {x-,y')£Sf, some i = l, . . . ,k}u{y' : ix,y')eTf}. 

// / : X ^ Y IS flat then C{f) = C(/). 

The comments of Remark 16. 51 also apply to Theorem l6.10l our construction 
characterizes Cfc(X) up to 1-isomorphism in dSpa'', not just up to equivalence, 
the 1-morphisms C(/),C(/) are characterized up to equality, not just up to 
2-isomorphism, and in IIy ° C{f) = f o IIx we require the 1-morphisms to be 
equal, not just 2-isomorphic. This may seem unnatural from a 2-category point 
of view, but it has the advantage that corners are strictly 2-functorial rather 
than weakly 2-functorial. 

6.6 Fibre products in dSpa'^ 

In [331 §6.8-§6.9] we study fibre products in dSpa". Here the situation is more 
complex than for d-spaces. As in all fibre products exist in dSpa, but this 
fails for dSpa*^. The problem is that in a fibre product W = X Xg.z,h Y in 
dSpa*^, the boundary 9W depends in a complicated way on X, Y, Z, 9X, dY, 
dZ, and sometimes there is no good candidate for 9W. Here is an example. 

Example 6.11. Let X = Y = [0, oo) xM and Z — [0, oo)^ xM, as manifolds with 
corners, and define smooth maps g : X ^ Z and h : Y ^ Z hy giu, v) = (u, u, v) 
and h{u,v) = {u,e''u,v). Set X,Y ,Z, g,h = F^p^\x,Y, Z, g, h). 

In [331 §6.8.6] we show that no fibre product W = X Xg z.h Y exists in 
dSpa*^. We do this by showing that 9W would have to have exactly one point, 
lying over (0,0) £ X and (0,0) G Y, which is the only point in X XzY where 
normal vectors to dX,dY in X,Y project under dg,dh to parallel vectors in 
TZ. But this would contradict other properties of 9W. 

So, we would like to find useful sufficient conditions for existence of fibre 
products X Xg z,h Y in dSpa'^; and these conditions should be wholly to do 
with boundaries, since we already know that fibre products exist in dSpa. In [331 
§6.8.1] we define two such sufficient conditions on g, h, called b-transversality 
and c-transversality. 

Definition 6.12. Let g : X — )• Z and h : Y ^ Z he 1-morphisms in dSpa"^. 
As in t|6.1l we have line bundles A/'x,A/'z over the C°° -schemes dX,dZ, and a 



52 



C°°-subschenie Sg C dX XzdZ. As in [331 §7-1], there is a natural isomorphism 
Xg : u*g{Afz) -)> s*f{J\fx) in qcoh(S'g). The same holds for h. 

We say that g, h are b-transverse if whenever x €z X and y E Y with 
5(2;) = h{y) = z ^ Z, the following morphism in qcoh(*) is injective: 

W(x',z')® ^h\(y',z')- 

{x' ,z')(ESg:ix{x')=x iv' ■.z')eSf^:i-Y{y')=y 

N-zU'^ A/-XU'® J^Yly. 

2'eiz^(^) a:'eix^(a:) V'^i^^iv) 

Roughly speaking, this says that the corners of X,Y are transverse to the 
corners of Z. In Example 16. Ill this condition fails at x = ^ X and y = € Y , 
so g, h are not b-transverse. 

We call g, h c-transverse if the following two conditions hold, using the 
notation of Theorem 16.101 

(a) whenever there are points in (X), Cfc(Y), C; (Z) with 

C{g){x, W, . . . , x^-}) = C{h){y, {y[, . . . , y^) = i^, Wi, • • ■ , 4}), 

we have either j + k > I or j = k = I = 0; and 

(b) whenever there are points in Cj (X), Cfe(Y), C; (Z) with 

C{g){x, {x\,..., x^}) = C{h)iy, {y[, . . . , y^) = Wi, ■ • ■ , ^/'l), 
we have j + k ^ I. 

Here b-transversality is a continuous condition on g, h, and c-transversality 
is a discrete condition. Also c-transversality implies b-transversality (though 
this is not obvious). Part (a) corresponds to the condition in Definition 15 . 1 2 1 for 
transverse g, h in Man'^ to be strongly transverse. We can show: 

Lemma 6.13. Let g : X — > Z and h : Y ^ Z be 1-morphisms in dSpa°. 
The following are sufficient conditions for g, h to be c-transverse, and hence 
b-transverse: 

(i) g or h is semisimple and flat; or 
(ii) 7i is a d-space without boundary. 

We summarize the main results of [34l §6.8] on fibre products in dSpa'^: 
Theorem 6.14. (a) All b-transverse fibre products exist in dSpa'^. 

(b) The 2-functor of < j6.3l takes transverse fibre products in Man'^ to 

b-transverse fibre products in dSpa*^. That is, if 

W ^Y 

X ^z 
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is a Cartesian square in Man'^ with g,h transverse, and W, X, Y, Z, e, /, g, 
h = F^^S {W, X, Y, Z, e, /, 5, h), then 

W ^ Y 

X z 

is 2-Cartesian in dSpa'', with g,h b-transverse. If also g,h are strongly trans- 
verse in Man"^, then g,h are c-transverse in dSpa"^. 

(c) Suppose we are given a 2-Cartesian diagram in dSpa*^: 

W Y 

X ^z, 

with g,h c-transverse. Then the following are also 2-Cartesian in dSpa'' : 
C(W) ^ C(Y) 

|C(e) '^'-^^ C{ri)f C{h)\ (6.6) 

C{X) ^^(9^ ^(2), 

C(W) — C(Y) 

|c(e) ci^)f C(h)\ (6.7) 

C{X) C(Z). 

^/so (|6.6p - (j6.7p preserve gradings, in that they relate points in Ci(W), Cj(X), 
C/£(Y), Cfc(Z) wit/i i ^ j + k — I. Hence (j6.6p implies equivalences in dSpa"^ : 

Ci(W):^ U Wxcj(,),c,(z),ciW^^(Y), (6.8) 

j,k,l^O:i=j+k-l 

dW^ U (X) x^,(^),^,(2)^c,(^) C,^-'(Y). (6.9) 

j,k,l'^0:j+k=l + l 



Part (a) takes some work to prove. For fibre products in dSpa, as in H'd.'Sl 
we gave an explicit global construction. But for fibre products in dSpa'^, we 
first prove that local fibre products X Xg z.h^ exist in dSpa'^ near each x G X, 
y G Y with g{x) — h{y) G Z, and then we use the results of ij6.4l to glue these 
local fibre products by equivalences to get a global fibre product. 

For general b-transverse fibre products W — X Xg z.h Y in dSpa"^, the 
description of 9W can be complicated. For c-transverse fibre products, we do 
at least have a (still complicated) explicit formula (|6.9p for 9W. Here are some 
cases when this formula simplifies, an analogue of Proposition 15.141 

Proposition 6.15. Let g : X — > Z and /i : Y — Z be 1-morphisms of d-spaces 
with corners. Then: 
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(a) // 9Z = then there is an equivalence 

d{X Xg,z.h Y) ~ (ax Xgoix,z,h Y) n (X Xg^z,how dY). (6.10) 

(b) // g is semisimple and flat then there is an equivalence 

a(Xxg,z,hY) ^ (5^XXg^,z,hY)n(Xxg,z,hoi^aY). (6.11) 

(c) // both g and h are semisimple and flat then there is an equivalence 

5(X x^,z,h Y) ^ (a^X x,^,z,^ Y) n (X x^,z,h, dXY) 

n(a«xxg_.az,^_a^Y). 

Here all fibre products in (j6.10l) - (j6.12p are c-transverse, and so exist. 

6.7 Fixed point loci in d-spaces with corners 

Section 13.41 discussed the fixed d-subspace of a finite group T acting on a 



d-space X, and §5.61 considered fixed point loci of a finite group F acting on 
a manifold with corners X. In [Ml §6.10] we generalize these to d-spaces with 
corners. Here is the analogue of Theorem 13. 101 

Theorem 6.16. Let "X. be a d-space with corners, T a finite group, and r : F — >■ 
Aut(X) an action of T on X by 1- isomorphisms. Then we can define a d-space 
with corners X'" called the fixed d-subspace of F in X, with an inclusion 
1-morphism j-^ p : X'" — > X. has the following properties: 

(a) Let X, F, r and j-^ p : X'" — > X 6e as above. Suppose f : W — > X is 
a l-morphism in dSpa*^. Then f factorizes as f = Jx r °9 f^'"' some 
l-morphism g : W — !> X'" in dSpa*^, which must be unique, if and only if 

o f ^ f for all J e F. 

(b) Suppose X, Y are d-spaces with corners, T is a finite group, r : F — >■ 
Aut(X), s : F — Aut(Y) are actions of F on X, Y, and / : X — > Y is 
a T-equivariant l-morphism in dSpa'^, that is, f o r{'-f) = 5(7) o / for 
all 7 e F. Then there exists a unique l-morphism : XJ" — > Y'" such 
that jY,r ° = / ° Jx,r- 

(c) Let /,g : X — > Y fee T-equivariant 1-morphisms as in (b), and rj : 
f ^ g be a T-equivariant 2-morphism, that is, rj * idj.(^-| = ids(-..y) * rj for 
all 7 G F. Then there exists a unique 2-morphism rf '■ f^ ^ g^ such 
that id,- * 77'" = 77 * id,- 

Note that (a) is a universal property that determines X^ ,j ^ p up to canonical 
1-isomorphism. 

As for manifolds with corners in a in general a(X^) 9^ [dXf, so fixed 
point loci do not commute with boundaries. But the following analogue of 
Proposition 15. 17f b) shows that fixed point loci do commute with corners. 
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Proposition 6.17. Let "X. he a d-space with corners, T a finite group, and 
r : r — >■ Aut(X) an action of T on yi. Applying the corner functor C of i )6.5l 
gives an action C(r) : T Aut(C(X)). Hence Theorem 16.161 defines fixed 
d-suhspaces X'",C(X)'" and inclusion 1-morphisms Jx r ■ ^ -^j 3c{x) r ■ 
C(X)r ^ C(X). Applying C to also gives C(jxj) : C!{X^) C(X). ' 

Then there exists a unique equivalence kx.,r '■ C(X.^) C(X)'" in dSpa*^ 
such that C^xj) = Jc(x),r ° ^x,r- 

We will use fixed d-subspaces X'" in ijl3.7l below to describe orbifold strata 
"X^ of quotient d-stacks with corners % ^ [K/G]. If X is a d-manifold with 
corners, as in [J71 then in general the fixed d-subspaces X'" are disjoint unions 
of d-manifolds with corners of different dimensions, that is, X'" lies in dMan'^. 

7 D-manifolds with corners 

We can now define the 2-categories dMan*^ of d-manifolds with boundary and 
dMan'^ of d-manifolds with corners, which are derived versions of manifolds 
with boundary and with corners, following [341 Chap. 7]. 

7.1 The definition of d-manifolds with corners 

In i j4.1l we defined a d-manifold to be a d-space covered by principal open d- 
submanifolds of fixed dimension, where Proposition 14.21 gave three equivalent 
definitions of principal d-manifolds, the first as a fibre product X 1^ in 
dSpa with X,Y,Z £ Man, and the third as a fibre product V ^s,e,o ^ in 
dSpa, where is a manifold, E ^ V a vector bundle, and s G C°°{E). 

When we pass to d-spaces and d-manifolds with corners in [Ml §7.1], the 
analogues of Proposition l4.2f aV(c) are no longer equivalent. So we have to 
choose which of them gives the best idea of principal d-manifold with corners. 
Defining principal d-manifolds with corners to be fibre products X Xz Y in 
dSpa'^ with X, Y, Z G Man'^ is unsatisfactory, since as in §6.61 fibre products 
X Xz Y may not exist in dSpa*^. So instead we define principal d-manifolds 
with corners to be fibre products V Xg e q V in dSpa"^. 

Definition 7.1. A d-space with corners W is called a principal d-manifold with 
corners if is equivalent in dSpa*^ to a fibre product V x^^e.o V, where is a 
manifold with corners, E ^ V is a. vector bundle, s : V E is a smooth section 
oi E, -.V E is the zero section, and V, E, s, = F^^^J {V, E, s, 0). Note 
that s,Q : V ^ E are simple, flat smooth maps in Man°, so s, : V — )■ E are 
simple, flat 1-morphisms in dSpa'^, and thus s,0 are b-transverse by Lemma 
I6.13f a). and the fibre product V Xs^e,o V exists in dSpa*^ by Theorem 16. 14r a). 

If W ~ V Xg E.o V then the virtual cotangent sheaf T*W of the d-space W 
is a virtual vector bundle with rank T*W = dimF — ranki?. Hence, if W ^ 
then the integer dim V — rank E depends only on W up to equivalence in dSpa, 
and is independent of the choice of V, E, s with W ~ V x^ ^.o V. Define the 
virtual dimension vdimW to be vdimW = rankr*W^= dimT^ — ranki?. 
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A d-space with comers X is called a d-manifold with corners of virtual dimen- 
sion n £ Z, written vdimX = n, if X can be covered by open d-subspaces W 
which are principal d-manifolds with corners with vdimW = n. A d-manifold 
with corners X is called a d-manifold with boundary if it is a d-space with bound- 
ary, and a d-manifold without boundary if it is a d-space without boundary. 

Write dMan, dMan*', dMan° for the full 2-subcategories of d-manifolds 
without boundary, and d-manifolds with boundary, and d-manifolds with cor- 
ners in dSpa'^, respectively. The 2-functor : dSpa dSpa° in WUis 
an isomorphism of 2-categories dSpa — s> dSpa, and its restriction to dMan C 
dSpa gives an isomorphism of 2-categories -FdMan • dMan dMan C 
dMan'^. So we may as well identify dMan with its image dMan, and con- 
sider d-manifolds in examples of d-manifolds with corners. 

If X = {X, dX, ix, wx) is a d-manifold with corners, then the virtual cotan- 
gent sheaf T*X of the d-space X from Definition 14. 101 is a virtual vector bundle 
on X, of rank vdimX. We will call T*X G vvect(X) the virtual cotangent 
bundle of X, and also write it T'*X. 

Much of ij6] on d-spaces with corners applies immediately to d-manifolds 
with corners. If X is a d-manifold with corners with vdimX — n then the 
boundary (3X as a d-space with corners from §6.11 is a d-manifold with cor- 
ners, with vdimSX — n — 1. The material on simple, semisimple, and flat 
1-morphisms in dSpa'' in H6.2I also holds in dMan'^. The functor : 
Man^ dSpa'= in ^63] maps to dMan*^ C dSpa*^, so we write F^^^' = 
^Man*^" • Man'^ dMan'=. The 2-categories Man, Man*^, Man'= in Definition 
16.61 are 2-subcatcgories of dMan, dMan*^, dMan*^, respectively. When we say 
that a d-manifold with corners X is a manifold, we mean that X g Man*^. 

In §6.4( if we make a d-space with corners Y by gluing together d-manifolds 
with corners X^ for z G / by equivalences, then Y is a d-manifold with corners 
with vdimY = n provided vdimX^ = n for all i € /. 

In i j6.5[ if X is a d-manifold with corners with vdim X = n then the A;-corners 
Cfe(X) is a d-manifold with corners, with vdimCfe(X) — n — k. Note however 
that C(X) — ^kO^) in Theorem l6.10l is in general not a d-manifold with 

corners, but only a disjoint union of d-manifolds with corners with different 
dimensions. As for Man*^ in §5.31 define dMan*^ to be the full 2-subcategory 
of X in dSpa*^ which may be written as a disjoint union X = lJ„gz 
X„ S dMan"^ with vdimX„ = n, where we allow X„ = 0. We call such X a d- 
manifold with corners of mixed dimension. Then (7,(7 in Theorem 16.101 restrict 
to strict 2-functors (7, C : dMan'^ dMan'^. 

Here are some examples. The fibre products we give all exist in dMan'^ by 
results in i i7. 51 below. 

Example 7.2. (i) Let X be the fibre product [0, oo) r o * in dMan"^, where 
i : [0, oo) ^ M is the inclusion. Then X = (X, 9X, ix, i^x) is 'a point with 
point boundary', of virtual dimension 0, and its boundary 9X is an 'obstructed 
point', a point with obstruction space R, of virtual dimension —1. 

The conormal bundle A/'x of dX in X is the obstruction space M of dX. In 
this case, the orientation wx on TVx cannot be determined from X, dX , ix, in 
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fact, there is an automorphism of X, dX, ix which reverses the orientation of 
Afx- So wx really is extra data. We include wx in the definition of d-manifolds 
with corners to ensure that orientations of d-manifolds with corners are well- 
behaved. If we omitted wx from the definition, there would exist oriented 
d-manifolds with corners X whose boundaries 9X are not orientable. 

(ii) The fibre product [0, oo) [o,oo),o * is a point * without boundary. The 
only difference with (i) is that we have replaced the target R with [0, oo) , adding 
a boundary. So in a fibre product W = X x z Y in dMan*^ , the boundary of Z 
affects the boundary of W. This does not happen for fibre products in Man*^. 

(iii) Let X' be the fibre product [0, oo) x^k j { — oo, 0] in dMan*^, that is, the 
derived intersection of submanifolds [0, cx)), (— cxd, 0] in M. Topologically, X' is 
just the point {0}, but as a d-manifold with corners X' has virtual dimension 
1. The boundary 9X' is the disjoint union of two copies of X in (i). The C°°- 
scheme X' in X' is the spectrum of the C°°-rmg C°° ([0, cxd)^) /{x + y), which is 
infinite-dimensional, although its topological space is a point. 

7.2 'Standard model' d-manifolds with corners 

In Examples 14. 41 and l4.5l of HA.'Zl we defined 'standard model' d-manifolds Sv,e,s 
and 1-morphisms Sfj : Sv,e,s — ^ Sw.F.t- In |34[ §7.1-§7.2] we show that all 
this extends to d-manifolds with corners in a straightforward way. 

Example 7.3. Let F be a manifold with corners, E V a vector bundle, and 
s : V ^ E a. smooth section of E. We will write down an explicit principal 
d-manifold with corners S = (S, dS ,is,(^s)- 

Define a vector bundle Eg — > dV by Eg — iy{E), and a section sg : dV — >■ 
Eg by sg = iy{s). Define d-spaces S = Sv.e.s and dS = Sgv,Eg,sg from the 
triples V,E,s and dV,Eg,sg exactly as in Example 14.41 although now V,dV 
have corners. Define a 1-morphism is : dS — J> S' in dSpa to be the 'standard 
model' 1-morphism Siy^idEg '■ Sgv,Eg,sg 'Sv,E,s from Example 14.51 

Comparing the analogues of (|6.ip for iy ■ dV — > V and (|6.2p for is : dS 
S, we see that the conormal bundle Afs of dS in S is canonically isomorphic 
to the lift to dS C dV of the conormal bundle Afy of dV in V. Define ws to be 
the orientation on A/'s induced by the orientation on J\fv by outward-pointing 
normal vectors to dV in V. Then S = (5, dS, is, i^s) is a d-space with corners. 
It is equivalent to V x^ e o V in Definition 1 7. 1[ and so is a principal d-manifold 
with corners. We call S the standard model of (V, E, s), and write it Sy^^;^^. 

There is a natural 1-isomorphism dSy.E.s — Sdv,Eg,sg in dMan'^. 

Example 7.4. Let V, W be manifolds with corners, E V, F W he vector 
bundles, and s : V E, t : W F he smooth sections. Then Example 
17.31 defines 'standard model' principal d-manifolds with corners Sv,E,s,^w,F,t, 
with underlying d-spaces Sv,e,s, Sw.F.t- Suppose f : V ^ W is a smooth 
map, and f : E f*{F) is a morphism of vector bundles on V satisfying 
/os = + 0(s2) in C°°{f*{F)), where f*{t) ^tof, and 0{s^) is as MM 
Define a 1-niorphism Sfj : Sv,e,s — ^ Sw,F,t in dSpa using /, / exactly as in 
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Example 14.51 Then S/,/ : Sy.s.s Sw,F.t is a l-morphism in dMan"^, which 
we call a 'standard model' l-morphism. 

Suppose V CV is open, with inclusion iy -.V ^V. Write E = E\y — i^{E) 

and s = s\y. Define iy.v — Siv,id^ ■ Sv,e,s Sv,e,s- If s^^(O) C V then iyy 
is a 1-isomorphism, with inverse i^^y 

In [31 §7.2 & §7.3] we prove analogues of Theorems K7\ and KE[ 

Theorem 7.5. Let Ji. be a d-manifold with corners, and x G X. Then there 
exists an open neighbourhood \J of x in ^ and an equivalence U ~ Sy^^;^^ in 
dMan'^ for some manifold with corners V, vector bundle E ^ V and smooth 
section s : V E which identifies x G XJ with a point v g S''{V) C V, where 
S''{V) is as in i J5.1[ such that s{v) = ds\sk(^y^{v) = 0. Furthermore, V,E, s and 
k are determined up to non- canonical isomorphism near v by li. near x. 

Theorem 7.6. Let V, W be manifolds with corners, E V, F W be vector 
bundles, and s : V ^ E, t : W ^ F be smooth sections. Suppose g : Sy^^i^s 
^W,F,t is a l-morphism in dMan''. Then there exist an open neighbourhood V 
of s~^(0) in V, a smooth map f : V ^ W, and a morphism of vector bundles 
f : E f*{F) with / o s = f*{t), where E = E\y, s = s\y, such that g = 
S fj o using the notation of Examples 17.31 and 17.41 

7.3 Equivalences in dMan*^, and gluing by equivalences 

In [331 §7.4] we study equivalences and gluing in dMan'', as for dMan in ij4.4l 
Here are the analogues of Definition 14.141 and Theorems 14.151 14.171 

Definition 7.7. Let / : X — > Y be a l-morphism in dMan°. We call / etale 
if it is a local equivalence, that is, if for each a; e X there exist open x G U C X 
and f{x) G V C Y such that /(U) = V and /|u : U — > V is an equivalence. 

Theorem 7.8. Suppose f : 'X. ^ Y is a l-morphism of d-manifolds with 
corners. Then the following are equivalent: 

(i) / is etale; 

(ii) / is simple and flat, in the sense of ij6.21 and flf : f*(T*Y) T*X is 
an equivalence mvqcoh(X); and 

(iii) / is simple and flat, and (14. 3p is a split short exact sequence in qcoh(X). 

If in addition f : X ^ Y is a bisection, then f is an equivalence in dMan'' . 

Theorem 7.9. Let V, W be manifolds with corners, E ^ V, F ^ W be vector 
bundles, s : V E, t : W ^ F be smooth sections, f : V ^ W be smooth, 
and f : E ^ f*{F) be a morphism of vector bundles on V with f o s = 
f*(t) -f O(s^). Then Examples 17.31 and 17.41 define principal d-manifolds with 
corners Sv,E,s,Sw,F.t and a l-morphism SfJ : Sy^ — > Sw,F,t- This Sfj is 
etale if and only if f is simple and flat near s^^(O) C V, in the sense of H5.2[ 
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and for each v € V with s{v) = and w = f{v) € W, equation (|4.4p is exact. 
Also SfJ is an equivalence if and only if in addition /|s-i(o) • s~^(0) — >i~^(0) 
is a bijection, where s~^{0) = {v e V : s{v) = 0}, t~^{0) = {w G W : t{w) — 0}. 

Theorem 7.10. Suppose we are given the following data: 

(a) an integer n; 

(b) a Hausdorff, second countable topological space X; 

(c) an indexing set I, and a total order < on I; 

(d) for each i in I, a manifold with corners Vi, a vector bundle Ei — > Vi with 
dim Vi— rank = n, a smooth section Si : Vi ~> Ei, and a homeomorphism 
ipi : Xi Xi, where Xi = {vi € Vi : Si{vi) — 0} and Xi Q X is open; and 

(e) for all i < j in /, an open submanifold Vij ^ Vi, a simple, flat map 
Cij : Vij Vj, and a morphism of vector bundles iij : Eily.. e*j(Ej). 

Let this data satisfy the conditions: 

(i) X = Uez^.; 

(ii) if i < j in I then iij o Si \ = e*^ (sj ) , and t/ji {Xi HVij) — Xi n Xj , and 
i'ilxtnVij = i'j ° fiijlxinv,, , and if v, G Vi with Si{vi) = and Vj = e^jivi) 
then the following sequence of vector spaces is exact: 

^ V ^ E,\,^ Vj '-^ E, I.,. ^ 0; 

(iii) if i<j<k m I then eik\v^^^e-^(^v,^) = ^jk o e^j |y^^ne-/(y,,) + ^(sf ) and 

Then there exist a d-manifold with corners X with vdimX — n and topolog- 
ical space X, and a 1-morphism i/jj : Svt.Ei.si — > X m dMan*^ with underlying 
continuous map ■0^ which is an equivalence with the open d-submanifold X^ C X 
corresponding to Xi C X for all i G /, such that for all i < j in I there exists a 
2-morphism rj^j : tp^ o Se.j.e^^ tp.^ oiy^.y^, where Se,j,e,j ■ Svij,E,\v^.,si\v,- ^ 
Svj,Ej,s.i and ivij,Vi ■ ^Vij,E.\vi- ,s,\v,- ~^ SVi,Ei,si are as in ExampleUIM This 
X is unique up to equivalence in dMan'^. 

Suppose also that Y is a manifold with corners, and gi : Vi Y are smooth 
maps for all i ^ I, and gj o Cij = gi\vij + 0(sf) for all i < j in I. Then 
there exist a 1-morphism : X ^ Y unique up to 2-isomorphism, where Y = 
^M^n" 0^) ~ and 2-morphisms Q : h o xp- ^ ^gi.o for all i £ I. Here 

Sf.0,0 is from Example 17.31 with vector bundle E and section s both zero, and 
Sg.^o '■ ^Vi,Ei,si — > Sy-,0,0 = Y is from Examvle Yl A\ with gi = 0. 

We can use Theorem l7.10l as a tool to prove the existence of d-manifold with 
corner structures on spaces coming from other areas of geometry. 
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7.4 Submersions, immersions and embeddings 

In H4.5I we defined two kinds of submersions (submersions and w-submersions), 
immersions, and embeddings for d-manifolds. In H5.2I we defined two kinds 
of submersions (submersions and s-submersions) , and three kinds of immersions 
(immersions, s- and sf-immersions) , and embeddings for manifolds with corners. 
In |34[ §7.5], we combine both alternatives for d-manifolds with corners, giving 
four types of submersions, and six types of immersions and embeddings. 

Definition 7.11. Let / : X — > Y be a 1-morphism in dMan*^. As in H4.3l and 
N7.11 T*X, f*{T*Y) are virtual vector bundles on X of ranks vdimX, vdim Y, 
and Qf : ~f*{T*Y) T*X is a 1-morphism in vvect(X). Also we have 
1-morphisms C{f),C{f) : C(X) ^ C(Y) in dMan'^ C dSpa'^ as in 313] 
and so we can form : CiO*{T*C{Y)) r*C(X) and r2c(/) : 

Clf)*(T*C(Y)) ^ r*C(X). Then: 

(a) We call / a w- submersion if / is semisimple and flat and fJ/ is weakly 
injective. We call / an sw- submersion if it is also simple. 

(b) We call / a submersion if / is semisimple and flat and ^c(f) is injective. 
We call / an s-submersion if it is also simple. 

(c) We call / a w-immersion if 51/ is weakly surjective. We call / an sw- 
immersion, or sfw-immersion, if / is also simple, or simple and flat. 

(d) We call / an immersion if ^c{f) is surjective. We call / an s-immersion 
if / is also simple, and an sf-immersion if / is also simple and flat. 

(e) We call / a w- embedding, sw- embedding, sfw- embedding, embedding, s- 
embedding, or sf-embedding, if / is a w-immersion, . . . , sf-immersion, re- 
spectively, and / : AT — >■ /(AT) is a homeomorphism, so / is injective. 

Here (weakly) injective and (weakly) surjective 1-morphisms in vvect(X) are 
defined in 23] 

Parts (c)-(e) enable us to define d-submanifolds X of a d-manifold with 
corners Y. Open d-submanifolds are open d-subspaces X in Y. For more 
general d-submanifolds, we call / : X ^ Y a w-immersed, sw-immersed, sfw- 
immersed, immersed, s-immersed, sf-immersed, w-embedded, sw-embedded, sfw- 
embedded, embedded, s-embedded, or sf-embedded d-submanifold of Y if X, Y 
are d-manifolds with corners and / is a w-immersion, . . . , sf-embedding, re- 
spectively. 

Here is the analogue of Theorem 14.201 proved in '34' §7.5]. 

Theorem 7.12. (i) Any equivalence of d-manifolds with corners is a w-sub- 
mersion, submersion, . . . , sf-embedding. 

(ii) If f,g '.IL ^Y are 2-isomorphic 1-morphisms of d-manifolds with corners 
then f is a w-submersion, . . . , sf-embedding, if and only if g is. 

(iii) Compositions of w-submersions, . . . , sf-embeddings are of the same kind. 
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(iv) The conditions that a 1-morphism f : "X. "Y in dMan*^ is any kind of 
submersion or immersion are local in X and Y . The conditions that f is any 
kind of embedding are local in Y, but not in X. 

(v) Let / : X — 5- Y be a submersion in dMan''. Then vdimX ^ vdiniY, and 
if vdim X = vdim Y then f is Stale. 

(vi) Let / : X — > Y be an immersion in dMan*^. Then vdimX ^ vdimY. // 
/ is an s-immersion and vdimX — vdimY then f is etale. 

(vii) Let f : X ^ Y be a smooth map of manifolds with corners, and f = 
-^Man" (/)• Then f is a submersion, s-submersion, immersion, s-immersion, 
sf-immersion, embedding, s-embedding, or sf-embedding, in dMan'^ if and only 
if f is a submersion, an sf-embedding in Man*^, respectively. Also f is 
a w-immersion, sw-immersion, sfw-immersion, w-embedding, sw-embedding, or 
sfw- embedding in dMan*^ if and only if f is an immersion, . . . , sf-embedding 
in Man", respectively. 

(viii) Let / : X Y &e a 1-morphism in dMan*^, with Y a manifold. Then 
f is a w-submersion if and only if it is semisimple and flat, and f is an sw- 
submersion if and only if it is simple and fiat. 

(ix) Let X, Y be d-manifolds with corners, with Y a manifold. Then ttx : 
X X Y — >■ X js a submersion, and ttx is an s-submersion if dY ~ 0. 

(x) Suppose f : ^ Y is a submersion in dMan'^, and a; G X with f{x) — 
y GY . Then there exist open d-submanifolds x S U C X and y G V C Y with 
f(\5) = V, a manifold with corners Z, and an eguivalence i : U — > V x Z, such 
that flu : U — !■ V is 2-isomorphic to ttv o i, where ttv : V x Z — >■ V is the 
projection. If f is an s-submersion then dZ ~ 0. 

(xi) Let / : X ^ Y &e a submersion of d-manifolds with comers, with Y a 
manifold with corners. Then X is a manifold with corners. 

Parts (ix)-(x) arc a d-manifold analogue of Proposition 15.71 
7.5 Bd-transversality and fibre products 

In [34l §7.6] we extend H4:.6\ to the corners case. Here are the analogues of 
Definition [4^ and Theorems [422H4251 

Definition 7.13. Let X,Y,Z be d-manifolds with corners and g : X — > Z, 
/i : Y — ^ Z be 1-morphisms. We call g, h bd-transverse if they are both b- 
transverse in dSpa*^ in the sense of Definition [6321 a-nd d-transverse in the sense 
of Definition 14.211 We call g,h cd-transverse if they are both c-transverse in 
dSpa*^ in the sense of Definition 16. 12[ and d-transverse. As in H6.61 c-transverse 
implies b-transverse, so cd-transverse implies bd-transverse. 

Theorem 7.14. Suppose X, Y, Z are d-manifolds with corners and g : X — >■ Z, 
/i : Y — > Z are bd-transverse 1-morphisms, and let W = X Xg.z.h^ be the fibre 
product in dSpa*^, which exists by Theorem I6.14r a) as g,h are b-transverse. 
Then W is a d-manifold with corners, with 

vdim W = vdim X + vdim Y — vdim Z. (7.1) 
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Hence, all bd-transverse fibre products exist in dMan^. 

Theorem 7.15. Suppose g : X — > Z and ; Y — > Z are 1-morphisms in 
dMan*^. The following are sufficient conditions for g,h to be cd-transverse, 
and hence bd-transverse, so that W — X Xg_z,/i Y is a d-manifold with corners 
of virtual dimension (|7.ip : 

(a) Z is a manifold without boundary, that is, Z G Man; or 

(b) g or h is a w-submersion. 

Theorem 7.16. Let X,Y, Z be d-manifolds with corners with Y a manifold, 
and giX^-Z, /i:Y— !>Z&e l-morphisms with g a submersion. Then 
W — X Xg z.h Y is a manifold, with dim W = vdimX + dim Y — vdimZ. 

Theorem 7.17. (i) Let X be a d-manifold with corners and g : X — > [0, oo)'^ x 

M"" a semisimple, fiat l-morphism in dMan''. Then the fibre product W = 
[0 oo)'°xR"-'» * exists in dMan*^, and ttx : W ^ is an s-embedding. 
When k = 0, any l-morphism g : X — > M" is semisimple and flat, and ttx : 
W is an sf-embedding. 

(ii) Suppose f : "K ^ Y is an s-immersion of d-manifolds with corners, and 
a; e X with f{x) = y G Y. Then there exist open d-submanifolds a; G U C X 
and y G V C Y with /(U) C V and a semisimple, flat l-morphism g : V — >■ 
[0, oo)'= xM""'" with g{y) = 0, where n = vdim Y-vdimX ^ and < A: < n, 
fitting into a 2-Cartesian square in dMan'' : 

s- * 

^ [0,00)'^ xR"-'=. 

// / is an sf-immersion then k — 0. Lf f is an s- or sf-embedding then we may 
take U = f^\V). 

For ordinary manifolds, a submanifold X in Y may be described focally 
either as the image of an embedding X ^ Y, 01 equivalently as the zeroes of a 
submersion Y — > R" , where n — dim Y — dim X . Theorem 17.171 is an analogue 
of this for d-manifolds with corners. It should be compared with Proposition 
15.81 for manifolds with corners. 

7.6 Embedding d-manifolds with corners into manifolds 

Section [4771 discussed embeddings of d-manifolds X into manifolds Y. Our two 
major results were Theorem l4.291 which gave necessary and sufficient conditions 
on X for existence of embeddings f : X ^ for n ^ 0, and Theorem 14.321 
which showed that if an embedding f : X ^ Y exists with X a d-manifold 
and Y = F^^'^iY), then X ~ Sv,e,s for open C y, so X is a principal 
d-manifold. 
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In [331 §7.7] we generalize these to d-manifolds with corners. As in ij7.41 
we have three kinds of embeddings in dMan*^, embeddings, s-embeddings and 
sf-embeddings. The analogue of Theorem 14.291 naturally holds for embeddings: 

Theorem 7.18. Let be a d-manifold with corners. Then there exist immer- 
sions and/or embeddings / : X — > for some n ^ Q if and only if there is 
an upper bound for AYniT*X for all x ^ X. If there is such an upper bound, 
then immersions / : X — > M" exist provided n ^ 2dimr*X for all x € X, and 
embeddings / : X — > exist provided n ^ 2dimT*X + 1 for all x Cz X- For 
embeddings we may also choose f with f{X) closed in R". 

Example 14.301 shows the hypotheses of Theorem 1 7. 181 need not hold, so there 
exist d-manifolds with corners X with no embedding into M" , or into any man- 
ifold with corners. The analogue of Theorem 14.321 holds for sf-embeddings: 

Theorem 7.19. Let ~K. be a d-manifold with corners, Y a manifold with corners, 
and / : X — > Y an sf- embedding, in the sense of Definition 17.111 Then there 
exist an open subset V in Y with /(X) C V, a vector bundle E ^ V, and a 
smooth section s : V E of E fitting into a 2- Cartesian diagram in dMan*^, 
where Q:V E is the zero section and Y, V, E, s, = F^^f (Y, V, E, s, 0) : 



V ^E. 

Hence X is equivalent to the 'standard model' Sy.E.s of Example 17.31 '"^'^ 
principal d-manifold with corners. 

Note that, unlike the d-manifolds case in §4.7) we cannot immediately com- 
bine Theorems 17.181 and 17.191 we have first to bridge the gap between embed- 
dings and sf-embeddings. For d-manifolds with boundary, we can do this. 

Theorem 7.20. Let ^ be a d-manifold with boundary. Then there exist sf- 
immersions and/or sf-embeddings / : X — > [0, oo) x M"""*" for some n 3> 
if and only if dimT^X is bounded above for all x G X- Such an upper 
bound always exists if X is compact. If there is such an upper bound, then 
sf-immersions / : X — > [0, oo) x M"""*" exist provided n ^ 2dimT*X -|- 1 
for all X G X, and sf-embeddings / : X — > [0, oo) x M."'~^ exist provided 
n ^ 2dinir^X-t-2 for all x G X. For sf-embeddings we may also choose f with 
f{X) closed in [0,oo) x R""\ 

Combining Theorems 17.191 and 17.201 shows that a d-manifold with boundary 
X is principal if and only if dimr*X is bounded above. 

Since (nice) d-manifolds with boundary can be embedded into [0, oo) x R""^ 
for n ^ 0, one might guess that (nice) d-manifolds with corners can be em- 
bedded into [0, oo)*^ X R""*^ for n ^ /c » 0. However, this is not true even for 
manifolds with corners, as the following example from [34j §5.7] shows: 
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Figure 7.1: The teardrop, a 2-manifold with corners. 

Example 7.21. Consider the teardrop T = {(a;, y) e : a; > 0, -x^}, 
shown in Figure [73] It is a compact 2-nianifold with corners. 

Suppose that f : T [0,cx))'= x R""'' is an sf-embedding. As / is simple 
and flat, it maps S^(T) ^ {[0, oo)'' x R""'') for j = 0, 1, 2, in the notation of 
iil5.ll The connected components of S^{jO,oo)'' x R"^*^) correspond to subsets 
I Q {Ij-'-i^} with |/| = J, with the component corresponding to / given 
by the equations a;^ = for i £ I and Xa > for a € {1, . . . , fc} \ /. As 
(0, 0) e S'2(T), we see that /(O, 0) Hes in the component of ([0, oo)*^ x R""'') 
given hy Xa = Xh = for 1 ^ a < b ^ k. 

Considering local models for / near (0, 0) G T, we see that / must map the 
two ends of S^{T) at (0,0) into different connected components a;Q = and 
Xb = of 51 ([0, 00)*^ x R"~'=). However, S^{T) ^ (0, 1) is connected, so / maps 
S^{T) into a single connected component of ([0, 00)*^ xR""*^) , a contradiction. 
Hence there do not exist sf-embeddings / : T — 5- [0, 00)*^ x R"^*^ for any n, k. 

Here are necessary and sufficient conditions for existence of sf-embeddings 
from a d-manifold with corners X into a manifold with corners Y. 

Theorem 7.22. Let "K. be a d-manifold with corners. Then there exist a mani- 
fold with corners Y and an sf-embedding / : X — > Y, where Y = J^^^arf" (^)' */ 
and only if dimT*X-|- |ix^(a;)| is bounded above for all x £ X ■ If such an upper 
bound exists, then we may take Y to be an embedded n-dimensional submanifold 
of R" for any n with n ^ 2 (dim 

Such an upper bound always exists if X is compact. Thus, every compact 
d-manifold with corners admits an sf-embedding into a manifold with corners. 

The idea of the proof of Theorem l7.22l is that we first choose an embedding g : 
X using Theorem [THHI and then show that we can choose a submanifold 

Y C R" which is the set of points in an open neighbourhood U of g{X) in 
R" satisfying local transverse inequalities of the form Ci{x) ^ ioi i — 1, . . . , k, 
where Ci : J7 — >■ R are local smooth functions which lift under g to local boundary 
defining functions for 9X. 

Combining Theorems 17.191 and 17.221 vields: 

Corollary 7.23. Let X 6e a d-manifold with comers. Then X is principal, 
that is, X is equivalent in dMan"^ to some Sv,e,s in Example 17.31 o,nd only if 
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dimT^X and \i-^{x)\ are bounded above for all x £ X- This holds automatically 
if X is compact. 

7.7 Orientations 

In |34| §7.8] we study orientations on d-manifolds with corners, following the 
d-manifold case in H4.8[ Here is the analogue of Definition 14.351 

Definition 7.24. Let X be a d-manifold with corners. Then the virtual cotan- 
gent bundle r*X = {£x,J'x, <Px) is a virtual vector bundle on X, so Theorem 
14.341 gives a line bundle Ct*:k on X- We call Ct*:k the orientation line bundle 
of X. 

An orientation a; on X is an orientation on Ct'x., in the sense of Definition 
14.351 An oriented d-manifold with corners is a pair (X, w) where X is a d- 
manifold with corners and uj an orientation on X. Usually we refer to X as 
an oriented d-manifold, leaving uj implicit. We also write —X for X with the 
opposite orientation, that is, X is short for (X, w) and —X short for (X, —lu). 

Example l4.361 Theorem l4.37l and Proposition l4.38l now extend to d-manifolds 
with corners without change. We can also orient boundaries of oriented d- 
manifolds with corners. Theorem 17. 251 is the main reason for including the data 
wx in a d-manifold with corners X — {X , dX , ix, ijJx)- 

Theorem 7.25. Let X fee a d-manifold with corners. Then 9X is also a d- 
manifold with corners, so we have orientation line bundles Ct*'x. on X and 
^T*(dx) ondX. There is a canonical isomorphism of line bundles on dX : 

«':^T*(ax) -^ix('CT.x)«)A/'x, (7.2) 

where A/'x is the conormal bundle of dX in X from i j6.1[ 

Now J\f-s_ comes with an orientation wx inH. = {X, dX, ix; ^x). Hence, if 
X is an oriented d-manifold with corners, then 9X also has a natural orienta- 
tion, by combining the orientations on Cx'yi and A/'x to get an orientation on 
^T'idX) using (17^ . 

As for Proposition 14.381 natural equivalences of d-manifolds with corners 
generally extend to natural equivalences of oriented d-manifolds with corners, 
with some sign depending on the orientation conventions. Here are two such 
results, which include signs in Theorem 16. 3r b) and Proposition 16. 151 

Proposition 7.26. Suppose X,Y are oriented d-manifolds with corners, and 
/ : X — )■ Y is a semisimple, flat 1-morphism. Then the following holds in 
oriented d-manifolds with corners, with fibre products cd-transverse: 

~ dY XiY_Y,/ X ~ (_l)vdimX-HvdimYx X f dY . 

If f is also simple then 3:^X = 9X. 
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Proposition 7.27. Let g : X — >■ Z and /i : Y — > Z be l-morphisms of oriented 
d-manifolds with corners. Then the following hold in oriented d-manifolds with 
comers, where all the fibre products are cd-transverse, and so exist: 

(a) // Z is a manifold without boundary then there is an equivalence 

a(xxg,z,hY) ^ (axxgoix,z,hY)n(-ir'i""^+d™2(xxg,z,^oi^aY). 

(b) If g is a w-submersion then there is an equivalence 

a(Xxg,z.hY) 2. (a^Xx3^,z,hY)n(-ird™™™2(Xxg,z,hoiv9Y). 

(c) // both g and h are w- submersions then there is an equivalence 

5(Xxg,z,f.Y) ~ (asXxg^,z,hY) 

8 Deligne— Mumford C°°-stacks 

Next we discuss Deligne-Mumford C°° -stacks, which are related to C°°-schemes 
in the sanie way that Dehgne-Mumford stacks in algebraic geometry are related 
to schemes, and will be the foundation of our theories of orbifolds, d-stacks 
and d-orbifolds. C°°-stacks were introduced by the author in [32^ §7~§9], and 
developed further in [31 App. C]. Broadly, ^O-^ survey [31 §7-§9] , and 
gSl-aO summarize [31 §C.7-§C.9]. 

8.1 C°°-stacks 

The next few definitions assume a lot of standard material from stack theory, 
which is summarized in |321 §7]. 

Definition 8.1. Define a Grothendieck topology J on the category C°°Sch of 
C°°-schemes to have coverings {ia ■ — > U}aeA where Va = ia{Ua) is open in 
U with ia ■ ^ {Va, Ou\va) an isomorphism for aU a e A, and U = UqgA^- 
Up to isomorphisms of the U^, the coverings {ia : IZjaeA of |7 correspond 

exactly to open covers {Va : a G A} of U. Then (C°°Sch, J') is a site. 

The stacks on (C°°Sch, form a 2-category Sta(c!o=sch,j)i with all 2- 
morphisms invertible. As the site (C°°Sch, J^) is subcanonical, there is a nat- 
ural, fully faithful functor C°°Sch — Sta(c!oosch, j) i defined explicitly below, 
which we write as X H' X on objects and / i-t- / on morphisms. A C°°- stack is 
a stack X on (C°°Sch, J) such that the diagonal 1-morphism lS.x : X ^ X y. X 
is representable, and there exists a surjective 1-morphism li :U ^ X called an 
atlas for some C°°-scheme U. Write C°°Sta for the full 2-subcategory of C°°- 
stacks in Sta((;;=osch,j)- The functor C°°Sch — > Stajcoog^jj above maps 
into C°°Sta, so we also write it as F^Z^^ : C°°Sch ^ C°°Sta. 
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Formally, a C°°-stack is a category X with a functor px ■ X C°°Sch, 
where X,px must satisfy many complicated conditions, including sheaf- like con- 
ditions for all open covers in C°°Sch. A l-morphism f : X y of C°°-stacks 
is a functor f : X y with py o f = px ■ X C°°Sch. Given 1-morphisms 
f,g:X^y,a, 2-morphism 77 : / ^ g is an isomorphism of functors rj : f ^ g 
with idpy *f] = idp^ ■ Py ° f ^ Py ° 9- _ ^ 

If X is a C°°-scheme, the corresponding C°°-stack X = -Fc~lch(^) is 
the category with objects {U,u) for u : U ^ X & morphism in C°°Sch, and 
morphisms h : {U,u) {V,v) ioi h : U V a. morphism in C°°Sch with 
voh = u. The functor : X C°°Sch mapspx ■ {U,u) >->■ U andpx h h. 

If f ■ X ^ Y is a, morphism of C°°-schemes, the corresponding l-morphism 

/ = Fg^ichif) ■■ X maps / : {U,u) ^ {UJou) on objects (C/,m) and 

f : h 1-^ h on morphisms h in X- This defines a functor f '■ X ^ Y with 
PYof=px-X^ C°°Sch, so / is a l-morphism f : X ^ Y in C°°Sta. 

We define some classes of morphisms of C°°-schemes: 

Definition 8.2. Let f : X Y he a, morphism in C°°Sch. Then: 

• We call / an open embedding if it is an isomorphism with an open C°°- 
subscheme of Y. 

• We call / etale if it is a local isomorphism (in the Zariski topology). 

• We call / proper if f : X ^ Y is a proper map of topological spaces, that 
is, if S* C F is compact then f^^{S) C X is compact. 

• We call / universally closed if whenever g : W ^ Y is a morphism then 
TT\Y : X X f^Y,g — > is a closed map of topological spaces. 

Each one is invariant under base change and local in the target in (C°°Sch, J'). 
Thus, they are also defined for representable 1-morphisms of C°°-stacks. 

Definition 8.3. Let A" be a C°°-stack. We say that X is separated if the 
diagonal l-morphism Ax : X —i' X x X is universally closed. If A" ~ X for some 
C°°-scheme X then X is separated if and only if X is separated (Hausdorff). 

Definition 8.4. Let A" be a C°°-stack. A C°°-substack 3^ in A" is a strictly 
full subcategory y in X such that py ■= px\y : y ^ C°°Sch is also a C°°- 
stack. It has a natural inclusion l-morphism iy : y ^ X. We call y an 
open C°° -substack of X if iy is a representable open embedding. An open 
cover {ya : a ^ A} of X is a family of open C°°-substacks 3^a in X with 
UaeA ■■ UaeA ya^X surjcctivc. 

8.2 Topological spaces of C°°-stacks 

By [3H §8.6], a C°°-stack X has an underlying topological space Xtop- 
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Definition 8.5. Let A" be a C°°-stack. Write * for the point Spec R in C°°Sch, 
and i for tire associated point in C°°Sta. Define Xtop to be the set of 2- 
isomorphism classes [x] of 1-morphisms x : * — > A". If W C A" is an open C°°- 
substack then any 1-morphism x : i U is also a 1-morphism x : i X, and 
Utop is a subset of Xtop- Define T'^'top = {^top : W C A" is an open C°°-substack 
in X]. Then Txtap is ^ set of subsets of Xtop which is a topology on Xtop, 
so (^top , Ta'iop ) is a topological space, which we call the underlying topological 
space of X, and usually write as Xtop- li X = {X, Ox) is a C°°-scheme, so that 
X is a C°°-stack, then Xtop is naturally homeomorphic to X. 

li f : X y is a. 1-morphism of C°°-stacks then there is a natural continuous 
map /top : Xtop Vtop defined by ftop{[x]) = [f o x]. If f, g : X ^ y are 1- 
morphisms and 77 : / => 17 is a 2-morphism then /top = 5top- Mapping X M> ^Ytop, 
/ '—^ /top and 2-morphisms to identities defines a 2-functor ^"c~sta • C°°Sta — 
Top, where the category of topological spaces Top is regarded as a 2-category 
with only identity 2-morphisms. 

We call a Deligne-Mumford C°°-stack X second countable, compact, locally 
compact, or paracompact, if the underlying topological space A'top is second 
countable, compact, locally compact, or paracompact, respectively. 

Definition 8.6. Let X he a. C°°-stack, and [x] e A'top. Pick a representative 
X for [x\, so that x : ± ^ X is & 1-morphism. Define the orbifold group (or 
isotropy group, or stabilizer group) Iso([x]) or Iso;t([a;]) of [x] to be the group 
of 2-morphisms rj : x ^ x. It is independent of the choice of x e [x] up to 
isomorphism, which is canonical up to conjugation in IsoA'([a;]). 

If / : A" — J> y is a 1-morphism of C°°-stacks and [x] £ Xtop with /top ([a;]) = 
[y] £ J^top, for y = fox, then we define a group morphism /, : Iso;t' ( [a^] ) 
lsoy{[y]) by /*(?y) — idf * r]. It is independent of choices of a; £ [x], y e [y] up 
to conjugation in Iso;f ([x]), Isoj;([y]). 

8.3 Quotient C°°-stacks 

An important class of examples of C°°-stacks X are quotient C°° -stacks [X/G], 
for X a C°°-scheme acted on by a finite group G. The next three examples define 
quotient C°°-stacks [X/G], quotient 1-morphisms [f,p] : [X/G] [Y/H], and 
quotient 2-morphisms [6] : [f,p] ^ [g,cr]. 

In fact Examples I8.7H8.9I are simplifications of more complicated definitions 
given in [34l §C.4]. The construction of [Ml §C.4] gives equivalent C°°-stacks 
[X/G], but has the advantage of being strictly functorial, that is, quotient 1- 
morphisms compose as [5, c] o [/, p] = [g o f , a o p], whereas in Example 18.81 we 
only have a 2-isomorphism [g,o'] o [f,p] = [g o f,a o p]. We will occasionally 
assume this strict functoriality below, for instance, in Definition 111.261 

Example 8.7. Let X be a separated C°°-scheme, G a finite group, and r : 
G Aut{X) an action of G on X by isomorphisms. We will define the quotient 
-stack X = [X/G]. 

Define a category X to have objects quintuples {T,U,t,u,v), where T,U 
are C°°-schemes, t : G ^ Aut(T) is a free action of G on T by isomorphisms. 
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u : T ^ X is a morphism with u o t{'y) = r{'j) o u : T — ?> X for all 7 6 G, and 
y : T ^ U is a morphism which makes T into a principal G-bundle over [/, that 
is, y is proper, etale and surjective, and its fibres are G-orbits in T under t. 

A morphism (a, 6) : {T,U,t,u,y) — > {T' ,U\t' ,u' ,y') in A' is a pair of mor- 
phisms a:U^U' and h:T^T' such that h o t{"f) = t'(7) o 6 for 7 e G, and 
u = u' ob, and ao y = y' ob. Composition is (c, d) o (a, b) — (c o a, d o 6) , and 
identities are id(T, ...,,;) = (idy,id^). 

This defines the category X. The functor px ■ X C°°Sch acts by px ■ 
{T,U,t,u,y) I— i> U on objects, and px ■ (a, 6) H> a on morphisms. Then A:" is a 
G°°-stack, which we write as [X/G]. 

Example 8.8. Let X^Y be separated G°°-schemes acted on by finite groups 
G, H with actions r : G Aut(X), s : — Aut(Y'), so that we have quotient 
G°°-stacks [X/G] and [Y/H] as in Example 18.71 Suppose we have morphisms 
f ■ X oi G°°-schemes and p : G ^ H oi groups, with f or{-f) = s{p{-f)) o / 
for all 7 e G. Define a functor [/,/?] : [X/G] [Y/H] on objects in [X/G] by" 

[Lp] ■■ iT,U,t,u,y) ^ ((T X H)/G,U,lu,y). 

Here for each S ^ H, write Ls, Rs : H ^ H for left and right multiplication by 6. 
Then to define (T x H)/G, each 7 e G acts by 1(7) x Rp(^)-i -.TxH^TxH. 
For each S & H, the morphism i{6) : (T x H)/G ^ {T x H) /G is induced by the 
morphism idT^ x Ls -.TxH^TxH. The morphisms u : {TxH)/G-^Y and 
y : {TxH)/G U are induced by fouo^j, -.TxH—^Y and wottj. -.TxH^U. 

On morphisms {a,b) : {T,U,t,u,y)~^ {T\U' ,t\u\y') in"[X/G], define 
[/,p] to map (a, 6) ^ (a, 6), where b : {T x H)/G (T' x H)/G is induced by 
b X idn ■■ T X H ^ T' X H. Then [/,/?] : [X/G] [Y/H] is a f-morphism of 
G°°-stacks, which wc call a quotient 1-morphism. 

U p : G H is injective, then [/, p] : [X/G] — > [IT/i?] is representable. 

Example 8.9. Let [f,p] : [X/G] [Y/H] and [g, cr] : [X/G] -> [J/i?] be 
quotient 1-morphisms, so that f,g'-X^Y a-nd p,a : G ^ H are morphisms. 
Suppose S & H satisfies (7(7) = S p{'-f) for all 7 £ G, and g = s(J) o /. 
For each object {T,U,t,u,y) in [X/G], define an isomorphism in [Y/H]: 

[6]{{T,U,t,u,y))^{iAu,is)-ALp]{{T.U,t,u,y)) = {{TxH)/r^ 

[9,^]{{T,U,t,u,y)) = ((T X H)/ ry.B,^_,G,U,lu,y), 

wherein : (T'xiJ)/rx_Rp_i G^ (Txi7)/rxi?.^_i G is induced iArpxR^^i -.T x H ^ 
T X H. Then [5] : [f,p] =^ [Sj"'] is a natural isomorphism of functors, and a 
2-morphism of G°°-stacks, which we call a quotient 2-morphism. 

8.4 Deligne— Mumford C°°-stacks 

Deligne-Mumford stacks in algebraic geometry are locally modelled on quotient 
stacks [X/G] for X an affine scheme and G a finite group. This motivates: 
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Definition 8.10. A Deligne-Mumford C°° -stack is a C°°-stack X which admits 
an open cover : a G A} with each ya equivalent to a quotient stack \U^/Ga\ 
in Example 18.71 for [/^ an affine C°°-scheme and Ga a finite group. We call 
X locally fair if it has such an open cover with each a fair affine C°°- 
scheme. Write DMC°°Sta, DMC°°Sta'f , and DMC°°Sta^f^^ for the full 
2-subcategories of Deligne-Mumford C°°-stacks, and of locally fair Deligne- 
Mumford C°°-stacks, and of separated, second countable, locally fair Deligne- 
Mumford C°°-stacks in C°°Sta, respectively. 

If A" is a Deligne-Mumford C°°-stack then Iso;^ ([a;]) is finite for all [x] in 
Xtop. From [SI §8] and [34, §C.l], we have: 

Theorem 8.11. (a) All fibre products exist in the 2-category C°°Sta. 

(b) DMC°°Sta,DMC°°Sta'f and DMC°°Staif ^ are closed under fibre prod- 
ucts and under taking open C°° -substacks in C°°Sta. 

Proposition 8.12. Let X be a Deligne-Mumford C°°-stack and [x] G Xtop, so 
that IsOA'([a;]) == H for some finite group H. Then there exists an open C°° - 
substack U in X with [x] G Utop ^ Xtop o,nd an equivalence lA ~ \Y / H], where 
Y = {Y,Oy) is an affine C'°° -scheme with an action of H, and [x] £ Utop — 
Y/ H corresponds to a fixed point y of H in Y . 

Theorem 8.13. Suppose X is a Deligne-Mumford C°°-stack with lsox{[x]) = 
{1} for all [x] G Xtop. Then X is equivalent to X for some C°° -scheme X- 

In conventional algebraic geometry, a stack with all stabilizer groups trivial 
is (equivalent to) an algebraic space, but may not be a scheme, so the category 
of algebraic spaces is larger than the category of schemes. Here algebraic spaces 
are spaces which are locally isomorphic to schemes in the etale topology, but 
not necessarily locally isomorphic to schemes in the Zariski topology. 

In contrast, as Theorem 18.131 shows, in C°°-algebraic geometry there is no 
difference between C°°-schemes and C°°-algebraic spaces. This is because in 
(7°°-geometry the Zariski topology is already fine enough, as in Remark l2.9f iii). 
so we gain no extra generality by passing to the etale topology. 

8.5 Quasicoherent sheaves on C°°-stacks 

In [221 §9] and [Ml §C.2] we study sheaves on Deligne-Mumford C°°-stacks. 

Definition 8.14. Let X he a Deligne-Mumford C°°-stack. Define a category 
Cx to have objects pairs {U, u) where C/ is a C°°-scheme and u : U ^ X is an 
etale 1-morphism, and morphisms {f,ri) : {U,u) — > {V,v) where f '■ U ^ V is 
an etale morphism of C°°-schemes, and rj : u ^ v o f is a 2-isomorphism. If 
{f,r]) : {U,u) — {V,v) and {g,C) '■ {W,w) are morphisms in Cx then 

we define the composition {g, C) o (/, i]) to be {g o f,9) : ([/, u) {W, w), where 
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9 is the composition of 2-morphisms across the diagram: 




Define an Ox-module £ to assign an ©[/-module £{U, u) on U = {U, Ojj) for 
ah objects {U,u) in Cx, and an isomorphism £"(/,,,) : f*{£iY,v)) £{U,u) for 
all morphisms (/,??) : (U,u) (Yi^) in Cx, such that for all (f^ri), {g,C), {g o 
f, 9) as above the following diagram of isomorphisms of ©[/-modules commutes: 



is ° /)* {£{W, w)) ^— £{U, u) 



for If,g{£{W,w)) as in RemarkUTT] 

A morphism of Ox -modules <f> : £ ^ !F assigns a morphism of ©[/-modules 
4>{U,u) : £{U,u) —7' J-{U,u) for each object (C/, m) in Cx, such that for all 
morphisms (/, rf) : {U, u) — ?> (V, v) in Cx the following commutes: 

r{s{v,v))— ^£{u,u) 

/ (0(Y,«))| " \'t>(u,u) 

r{HY,v)) . Hu,u). 

We call £ quasicoherent, or a vector bundle of rank n, if £{U, u) is quasico- 
herent, or a vector bundle of rank n, respectively, for all {U,u) G Cx- Write 
©A'-mod for the category of ©^'-modules, and qcoh(A'), vect(A:') for the full 
subcategories of quasicoherent sheaves and vector bundles, respectively. Then 
©A'-mod is an abelian category, and qcoh( A') an abelian subcategory of ©^-mod. 
If X is locally fair then qcoh(A:') = ©;t'-mod. 

Note that vector bundles £ on X are locally trivial in the etale topology, but 
need not be locally trivial in the Zariski topology. In particular, the orbifold 
groups Iso;t([a;]) of X can act nontrivially on the fibres £\x oi £■ 

As in [SU §C.3], as well as sheaves of ©^^-modules, we can define other 
kinds of sheaves on Deligne-Mumford C°°-stacks X by the same method. In 
particular, to define d-stacks in iJTOl we will need sheaves of abelian groups and 
sheaves of C°° -rings on Deligne-Mumford C°°-stacks. 

Example 8.15. Let X he a, Deligne-Mumford C°°-stack. Define a quasicoher- 
ent sheaf Ox on X called the structure sheaf of X by Ox {U, u) = Ou for all 
objects {U,u) in Cx, and (©a')(/,,,) : /*(©v) Ou is the natural isomorphism 
for all morphisms (/, 77) : {U, u) — ^ {V, v) in Cx- 

Wc may also consider Ox as a sheaf of C°°-rings on X. 
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Example 8.16. Let X he a Deligne-Mumford C°°-stack. Define an C';t'-niodule 
T*X called the cotangent sheaf of X by {T*X){U,u) = T*U for all objects 
{U,u) in Cx and (T*A')(/,^) = % : 1*{T*V) ->■ T*U for all morphisms : 
(C/,it) -> in Ca-, where T*U and 17/ are as in [gH 

Example 8.17. Let X be a C°°-scheme. Then X — X \s & Deligne-Mumford 
C°°-stack. We will define an inclusion functor Xx ■ Cjc-mod Ox-^od. Let 
£ be an object in Ox-mod. If {U, u) is an object in Cx then u : U —i' X = X 
is 2-isomorphic to u : U X for some unique morphism u : U ^ X. Define 
^'iU,u) = If (/,?7) : {U,u) — ?► (Yi t') is a morphism in Cx and u,u are 

associated to u, v as above, so that u = u o /, then define 

£[f.,,^ = If.A^y '■■!*{£'{¥, v)) ^ r{v*{£)) {v o [)*{£) ^E'iU^u). 

Then (|8.ip commutes for aU {f,ri), (gX): so f' is an O^'-module. 

If (/) : f — 7- is a morphism of Ox-modules then we define a morphism 
(j)' : £' ^ T' in O^'-mod by (j)'{U,u) — u*{(j)) for u associated to u as above. 
Then defining Tx £ ^ £' , Tx : ^ H> gives a functor Ox-mod O;f-mod, 
which induces equivalences between the categories Ox-mod, qcoh(X) defined in 
ii|2.4l and 0;t'-mod, qcoh(A') above. 

Definition 8.18. Let f : X ^ y he a. 1-morphism of Deligne-Mumford C°°- 
stacks, and J- be an Oj;-module. A pullback of to <Y is an 0;i'-module f , 
together with the following data: if U, V are C°°-schemes and u : U ^ X and 
V : V ^ y are etale 1-morphisms, then there is a C°°-scheme W and morphisms 
Hu ■ W ^ U, TTy : W ^ V giving a 2-Cartesian diagram: 

W— 

Eu\ |„ (8.2) 



Then an isomorphism i{J^, f,u,vX) '■ TIij{£{U,u)) Hvi^iYiV)) of Ow- 
modules should be given, which is functorial in (C/, u) in Cx and {V, v) in Cy and 
the 2-isomorphism C in (|8.2p . We usually write puUbacks £ as f*{T)- Fullbacks 
f*{J^) exist, and are unique up to unique isomorphism. Using the Axiom of 
Choice, we choose a pullback f*{T) for all such f,J-. 

Let f : X ^ y he a 1-morphism, and (j) : £ T he a morphism in Oj;-mod. 
Then f*{£),f*{F) € O^r-mod. The pullback morphism f*{4>) : f*{£) f*{F) 
is the unique morphism in O;^ -mod such that whenever u -.U ^ X, v :V ^ y^ 
W lEiiT^v ^'"^ ^s above, the following diagram in O^-mod commutes: 

This defines a right exact functor /* : 03;-mod — > O^^-mod, which also maps 
qcoh(y) ^> qcoh(A'). 
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Let f,g:X^yhe l-morphisms of Deligne-Mumford C"^-stacks, ij : f ^ g 
a 2-morphism, and £ 6 Oy-mod. Then we have OA-modules f*{£),g*{£). 
Define r]*{£) : f*{£) — > g*{£) to be the unique isomorphism such that whenever 
U, Y, W, V, TTjj, TTy are as above, so that we have 2-Cartesian diagrams 

w — w 

- fou - qou 

u -^y, u ^3^, 

as in (|8.2p . then we have commuting isomorphisms of Oiy-modules: 

2ry(5*(^^)(c/,M)) W^^^^^) 

This defines a natural isomorphism rj* : f* ^ g* . 

As in Remark |2.17[ ii f : X —i' y and g : y ^ Z are l-morphisms of Deligne- 
Mumford C°°-stacks and £ G C'2:-mod, then we have a canonical isomorphism 
If,g{£) : (g o f)*{£) f*[g*{£)). If is a Deligne-Mumford C°°-stack and 
£ G C^^-mod, we have a canonical isomorphism 5x{£) ■ id*^{£) £. These 
If,g,5x have the same properties as in the C°°-scheme case. 

In a similar way, we can define puUbacks f~^{£) for sheaves of abelian groups 
and of C°°-rings £ on y, and corresponding isomorphisms If^g{£), Sx{£)- 

Example 8.19. Let f : X ^ y he a. 1-morphism of Deligne-Mumford C°°- 
stacks. Then Example 18.151 defines sheaves of C°°-rings Ox,Oy on X,y, so 
as in Definition 18.181 we have a puUback sheaf f^^{Oy) of C°°-rings on X. 
There is a natural morphism : f~^{Oy) Ox of sheaves of C°° -rings on 
X^ characterized by the following property: for all (17, u), (F, u), C as in 
Definition 18. 18[ the following diagram of sheaves of C°°-rings on W commutes: 

'^u\r\Oy){U,u)) _ . n^\{Oxm,u))=n^\Ou) 

I U\U.U)) . 

^v'{Oy{Y,v))=ny\Ov) ^Ow, 

where ttj^ = (7rc/,7r^) and ny = {nv,TTy)- 

Definition 8.20. Let / : A" ^ 3^ be a 1-morphism of Deligne-Mumford C°°- 
stacks. Then f*{T*y),T*X are C^-modules, by Example KM and Definition 
18.181 Define fi/ : f*{T*y) T*X to be the unique morphism characterized as 
follows. Let u : U ^ X, V : V ^ y, W,]Tjj,TTy be as in Definition 18.181 with 
2-Cartesian. Then the following diagram commutes in OvF-mod: 

llh{nT*y){U,u)) ^^^,y^^^^^^^^y II*v{{T*y}{Y,v)) =7T*y{T*Y) 
lL]j{{T*X){U, u)) : 5> {T*X){W, u o = T*W. 
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Here [32 Prop. 9.14 & Th. 9.15] is the analogue of Theorem [2211 

Theorem 8.21. (a) Let f : X ^ y and g : y ^ Z be 1-morphisms of 
Deligne-Mumjord C°° -stacks. Then ^gof = ^If o f*{ilg) o If^g{T*Z). 

(b) Let f,g : X ^ y he 1-morphisms of Deligne-Mumford C°° -stacks and 
r]: f ^ g a 2-morphism. Then ilf ^ ilg o 7f{T*y) : f*{T*y) T* X . 

(c) Suppose }V, X ,y, Z are locally fair Deligne-Mumford C°° -stacks with a 
2- Cartesian square 

w ^y 

X 

in DMC°°Sta'^, so that W ~ Xxzy. Then the following is exact in qcoh(yV) : 

e* (T*X)(B 
e'(ng)oi,,g(T'z)<s f*(T*y) 

{goe)*{T*Z) ^' — fl_£^T*W^O. 



8.6 Strongly representable 1-morphisms 

RecaU that a 1-morphism g : y ^ Z oi Dehgne-Mumford C°°-stacks is called 
representable if whenever h : U ^ Z is a, 1-morphism from a C°°-scheme U, 
then y Xg^z,hU is (equivalent to) a C°°-scheme. Equivalently, g is representable 
if and only if the morphisms of orbifold groups g* : Iso3;([y]) Isoz{[z]) from 
Definition 18.61 are injective for all [y] G ytop with gtop{[y]) = [z] G Ztop. 

Strongly representable 1-morphisms, discussed in |341 §C.7], will be impor- 
tant in the definitions of orbifolds, d-stacks, and d-orbifolds with corners. 

Definition 8.22. Let y,Z be Deligne-Mumford C°°-stacks, and g : y ^ Z 
a 1-morphism. Then y,Z are categories with functors py y ^ C°°Sch, 
pz '■ Z — )> C°°Sch, and g : y ^ Z is a functor with pz ° g ~ Py- 

We call g strongly representable if whenever A E y with py{A) = U G 
C°°Sch, so that B = g{A) G Z with pz{B) = U, and b : B ^ B' is an 
isomorphism in Z with pz{B') = U and pz(b) = idu, then there exist a unique 
object A' and isomorphism a : A ^ A' in y with g{A') = B' and g{a) ~ b. 

Here are two important properties of strongly representable 1-morphisms. 
The first says that we may replace a representable 1-morphism g : y ^ Z with 
a strongly representable 1-morphism g' : y' ^ Z with y' ~ 3^. 

Proposition 8.23. (a) Let g : y ^ Z he a strongly representable 1-morphism 
of Deligne-Mumford C°° -stacks. Then g is representable. 

(b) Suppose g : y ^ Z is a representable 1-morphism of Deligne-Mumford 
C°° -.stacks. Then there exist a Deligne-Mumford C°° -stack 3^', an equivalence 
i '.y -^y' , and a strongly representable 1-morphism g' -.y' ^ Z with g ~ g' °i. 
Also y is unique up to canonical 1-isomorphism in DMC°°Sta. 
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The second says that for some 2-commutative diagrams involving strongly 
representable morphisms, we can require the diagrams to commute up to equal- 
ity, not just up to 2-isomorphisni. 

Proposition 8.24. Suppose X,y,Z are Deligne-Mumford C°° -stacks, f : 
X ^ y, g : y ^ Z, h : X ^ Z are 1-morphisms with g strongly representable, 
and r] : g o f ^ h is a 2-morphism in DMC°°Sta. Then as in the diagram 
below there exist a 1-morphism f'.X^y with g o f ^ h, and a 2-morphism 
^ : / => /' with idg * C = rj, and /', C, are unique under these conditions. 




We will use strongly representable 1-morphisms to define orbifolds, d-stacks, 
and d-orbifolds with corners so that boundaries behave in a strictly functorial 
rather that weakly functorial way, as for d-spaces with corners in Remark 16.51 

Here is an explicit construction of fibre products X Xg^z,h y in DMC°°Sta 
when g : X ^ Z is strongly representable, yielding a strictly commutative 
2-Cartesian square. 

Proposition 8.25. Let g : X Z and h : y ^ Z be 1-morphisms of Deligne- 
Mumford C°° -stacks with g strongly representable. Define a category W to 
have objects pairs {A, B) for A G X, B G y with g{A) = h{B) in Z, so that 
Px{A) = Py{B) in C°°Sch, and morphisms pairs (a, b) : {A, B) — ;> {A' , B') with 
a : A ~^ A' , b : B ^ B' morphisms in X, y with px{o-) — Py{b) in C°°Sch. 

Define functors pw : W ^ C°°Sch, e : W X , f : W y by pw : 
{A,B) ^ Px{A) ^ py{B), e : {A,B) ^ A, f : {A,B) ^ B on objects and 
pw : (a, 6) I— >■ pxia) = py{b), e : {a,b) y-^ a, f : {a,b) ^ b on morphisms. 
Then W is a Deligne-Mumford -stack and e : W X , f : W y are 
1-morphisms, with f strongly representable, and goe — ho f. Furthermore, the 
following diagram in C°°Sta is 2-Cartesian: 

w ^y 

I _ J ;^ A ,1 



// also h is strongly representable, then e is strongly representable. 

8.7 Orbifold strata of Deligne-Mumford C°°-stacks 

Let X he a. Deligne-Mumford C°°-stack, and F a finite group. In [34, §C.8] we 
define six different notions of orbifold strata of X, which are Deligne-Mumford 
q°°-stacks written X^,X^,X^, and open C°°-substacks X^ C X^ , X^ C X^ , 
^ ■ This is not discussed in ;32, , it is new material in [SH App. C]. The 
points and orbifold groups of X^ , . . . , X^ are given by: 



76 



(i) Points of are isomorphism classes [x,p], where [x] G Xtop and p : F — >• 
IsoAf([x]) is an injective morphism, and lsox^{[x, p]) is the centralizer of 
p(r) in IsoAr([a:])- Points of X^ C X^ are [x,p] with p an isomorphism, 
and IsoA'r([x, p]) = C{T), the centre of F. 

(ii) Points of X^ are pairs [x, A], where [x] e Xtop and A C IsoA'([a;]) is 
isomorphic to F, and Iso;fr([x, A]) is the normalizer of A in IsoA:'([a;]). 
Points of X^ C X^ are [a;, A] with A = IsoxiM), and lsox^J[x, A]) ^ F. 

(iii) Points [x,A] of X^,Xl are the same as for X^ , X^ , but with orbifold 
groups lsox^{[x, A]) = Isox'^dx, A])/A and Isoi'r([x, A]) = {1}. 

Since the C°°-stack X^ has trivial orbifold groups, it is (equivalent to) a C°°- 
scheme. That is, there is a genuine C°°-scheme X^, unique up to isomorphism 
in C°°Sch, such that X^ ~ in C°°Sta. 

There are 1-morphisms {X), ... ,11^ {X) forming a strictly commutative 
diagram, where the columns are inclusions of open C°°-substacks: 



Aut(r) 



Km 




Also Aut(F) acts on X^,X]^, with X^ 
The topological space Xtop of X from 



[A'r/Aut(F)], i-r 
has stratifications 



[X^/Aut{T)]. 



X, 



top 



iso. classes of '^o,top/^ 
finite groups T 



Mr 



X 



o, top 



X 



o.top' 



which is why X^ , . . . , X^ are called orbifold strata. The 1-morphisms 0^{X), 
0^{X) in (18. 3p are proper, and W{X)top ■ --f top ~^ "^top is a homeomorphism of 
topological spaces. Hence, if X is compact then X^ , X^ , X^ are also compact. 

Example 8.26. Let X he a Deligne-Mumford C°°-stack. The inertia stack 
Xx of X is the fibre product Xx = X x ^xxx ,Ax where /S.x : X ^ X x X 
is the diagonal 1-morphism. One can show there is an equivalence 



'-x 



X^ 



Points of Ix are isomorphism classes [x, rj], where [x] £ Xtop and rj 6 Iso^:' ( [a;] ) . 
Each such rj 6 Iso;t'([a;]) has some finite order k ^ 1, and generates an injective 
morphism p : — ?• Iso;t'([a;]) mapping p : a t-^ t]°'. We may identify X^'' with 
the open and closed C°°-substack of [x, rj] in Ix for which rj has order k. 

Orbifold strata X^ are strongly functorial for representable 1-morphisms 
and their 2-morphisms. That is, if / : A:" — >■ 3^ is a representable 1-morphism 
of Deligne-Mumford C°°-stacks, we define a unique representable 1-morphism 
f -.X^ ^ with 0^{y) o f = f oO^{X). U f,g: X are representable 
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and 77 : / g is a 2-inorphism, we define a unique 2-niorphisni rf : ^ 
with idoT^{y) *rf = rj* idoT^{x)- These f^, rf are compatible with compositions 
of 1- and 2-morphisms, and identities, in the obvious way. Orbifold strata 
have the same kind of functorial behaviour, and X^ have a weaker functorial 
behaviour, in that is only natural up to 2-isomorphism. 

For f : X ^ y and V as above, the restriction f^\x^ need not map X^ , 
but only X^ y^ . So we do not define 1-morphisms : X^ y^ . The same 
applies for the actions , of / on orbifold strata X^, X^. 

In [34, §C.8] we describe the orbifold strata of a quotient C°°-stack [X/G]. 

Theorem 8.27. Suppose X is a separated C°° -scheme and G a finite group 
acting on X by isomorphisms, and write X = [X/G] for the quotient C°° -stack 
from Examvle 18.71 which is a Deligne-Mumford G°° -stack. Let T be a finite 
group. Then there are equivalences of C°° -stacks 
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Here for each subgroup A C- G, we write X^ for the closed C°° -subscheme in 
X fixed by A in G, and X^ for the open C°° -subscheme in X^ of points in X 
whose stabilizer group in G is exactly A. In ()8.4p - ()8.5p . morphisms p, p' : T ^ G 
are conjugate if p' — Ad(g) o p for some g € G, and subgroups A, A' C G are 
conjugate if A = gA'g~^ for some g € G. In (I8.4p - (18.91) we sum over one 
representative p or A for each conjugacy class. 

Let X he a Deligne-Mumford G°°-stack and F a finite group, so that as 
above we have an orbifold stratum X^ with a 1-morphism 0^{X) : X^ X. 
Let f be a quasicoherent sheaf on A, so that £^ :— 0^{X)*{£) is a quasicoherent 
sheaf on X^ . In [Ml §C.9] we show that there is a natural representation of F 
on £^ by isomorphisms. Also the action of Aut(F) on X^ lifts naturally to £^ , 
so that Aut(F) k F acts equivariantly on £^ . 

Write Rq, . . . ,Rk for the irreducible representations of F over R (that is, we 
choose one representative Ri in each isomorphism class of irreducible represen- 
tations) , with i?o = the trivial representation. Then the F- representation on 
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£^ induces a splitting 

^"^=©"=0^^®^^ for4,...,fr; eqcoh(A'r). (8.10) 

We will be interested in splitting £^ into trivial and nontrivial representations 
of r, denoted by subscripts 'tr' and 'nt'. So we write 

£^^£l®£l„ (8.11) 

where £\^, £^^_ are the subsheaves of £^ corresponding to the factors £^ ® i?o and 
0iLi respectively. The same applies for the orbifold stratum C X^ . 

We also have an orbifold stratum X^ with a 1-morphism (y{X) : X^ X, 
so that £^ := 0^{X)*{£) is a quasicoherent sheaf on X^ . In general there is no 
natural F-representation on £^ , as the quotient by Aut(r) in X^ ~ / Aut(r)] 
does not preserve the F-action. However, we do have a natural splitting 

£^ = £i®£lt (8.12) 

corresponding to (|8.1ip . The same applies for X^ C X^ . 

As in (I8.3p . for the orbifold stratum X^ we do not have a natural 1-morphism 
X^ — i> X, so we cannot just pull £ back to X^ . Instead, we push £^ down to X^ 
along the 1-morphism II : X^ X^ . It turns out that in the splitting (j8.12p . 
the push down 11^ (fj^^) is zero, since 11^ has fibre [*/r], and II^^ essentially takes 
F-equivariant parts. So we define £^j. — Il^{£^j.), a quasicoherent sheaf on X^ . 
The same applies for X^ C X^ . 

When passing to orbifold strata, it is often natural to restrict to the trivial 
parts £^^, £^^, £^^ of the pullbacks of £. The next theorem illustrates this. 

Theorem 8.28. Let X be a Deligne-Mumford C°° -stack and T a finite group, 
so that we have a 1-morphism {X) : X^ — )■ X. As in Example 18.161 we 
have cotangent sheaves T* X ,T*[X^) and a morphism ^o^{X) '■ 0^{X)*{T*X) 
-> T*{X^) in qcoh{X^). But 0^{X)*{T*X) = {T*X)^, so by (jOTI) we have 
a splitting {T* Xf = {T* X)l ® {T*X)l,. Then Vto^ ix)\{T' x)\^ ■ {T*X)l ^ 
T*{X^) is an isomorphism, and (x)\(T'' x)^^ = 0. 

Similarly, using^O^ (X) : X^ ^ X and (I8TT2)) for {T*X)^ we find that 
ix)\(T~x)^^ ■ {T*X)^^^T*(X^) is anAsomorphism, and (x)\(T^x)l^=^ ■ 
Also, there is a natural isomorphism {T*X)\^ = T*{X^) in qcoh(A:'^). 



9 Orbifolds 

We now summarize [34l §8.1-§8.4] on orbifolds. There is already a substantial 
literature on orbifolds, and i i9. II indicates the main milestones in the field, and 
explains how our definition of orbifolds relates to those by other authors. 
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9.1 Different ways to define orbifolds 

Orbifolds are geometric spaces locally modelled on K"/G, for G C GL(n,]R) 
a finite group. There are several nonequivalent definitions of orbifolds in the 
literature, which are reviewed in [33J §8.1]. They were first defined by Satake 
(who called them 'V-manifolds') and Thurston [SH §13]. Satake and Thurston 
defined an orbifold to be a Hausdorff topological space X with an atlas of 
charts {Ui,Ti,(j)i) for i € I, where C GL(n,]R) is a finite subgroup, Ui C M" 
a Fj-invariant open subset, and 4>i : Ui/Ti — > X a homeomorphism with an 
open set in X, compatible on overlaps (j>i(Ui/Ti) n (t>j{Uj/Tj) in X. Smooth 
maps between orbifolds are continuous maps f : X ^ Y , which lift locally to 
equivariant smooth maps on the charts. 

There is a problem with this notion of smooth maps: some differential- 
geometric operations, such as puUbacks of vector bundles by smooth maps, may 
not be well-defined. To fix this problem, new definitions were needed. Moerdijk 
and Pronk [461147) defined orbifolds to be proper Stale Lie groupoids in Man. 
Chen and Ruan [TH §4] gave an alternative theory more in the spirit of [SI1[S1] . 
A book on orbifolds in the sense of |121l46ll47] is Adem, Leida and Ruan p^. 

All of [T1[TH|3S1I171[5I1[S1] regard orbifolds as an ordinary category. But orb- 
ifolds are differential-geometric analogues of Deligne-Mumford stacks, which 
form a 2-category. So it seems natural to define a 2-category of orbifolds 
Orb. Several important geometric constructions need the extra structure of a 
2-category to work properly. For example, transverse fibre products exist in the 
2-category Orb, where they satisfy a universal property involving 2-morphisms, 
as in i 3A.4l In the homotopy category Ho(Orb), 'transverse fibre products' can 
be defined as an ad hoc geometric construction, but they are not fibre products 
in the category-theoretic sense, and do not satisfy a universal property. 

There are two main routes in the literature for defining a 2-category of 
orbifolds Orb. The first, as in Pronk [50] and Lerman [38l §3.3], is to define 
orbifolds to be groupoids in Man as in [IMiT] . But to define 1- and 2-morphisms 
in Orb one must do more work: one makes proper etale Lie groupoids into a 
2-category Gpoid, and then Orb is defined as a (weak) 2-category localization 
of Gpoid at a suitable class of 1-morphisms. 

The second route, as in Behrend and Xu 9, §2], Lerman |38l §4] and Metzler 
[44j §3.5], is to define orbifolds as a class of Deligne-Mumford stacks on the 
site (Man, J^Man) of manifolds with Grothendieck topology JMan coming from 
open covers. The relationship between the two routes is discussed in [9|[38 l [50 ] . 

In the 'classical' approaches to orbifolds [TJ[ni|351|171[5TJ[Sl], the objects, 
orbifolds, have a simple definition, but the smooth maps, or 1- and 2-morphisms, 
are either badly behaved, or very complicated to define. In contrast, in the 
'stacky' approaches to orbifolds [2113111311113' ^^e objects are very complicated 
to define, but 1- and 2-morphisms are well-behaved and easy to define — 1- 
morphisms are just functors, and 2-morphisms are natural isomorphisms. 

Our approach, described in [341 §8.2], is similar to the second route: we 
define orbifolds to be special examples of Deligne-Mumford C°°-stacks, so that 
they are stacks on the site (C°°Sch, J"). This will be convenient for our work 
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on d-stacks and d-orbifolds, which are also based on C°°-stacks. 

Definition 9.1. An orbifold of dimension n is a separable, second countable 
Deligne-Mumford C°°-stack X such that for every [x] e Xtop there exist a 
linear action of G = Isoa'([2;]) on R", a G-invariant open neighbourhood C/ of 
in R" , and a 1-morphism i : [U/G] ^ X which is an equivalence with an open 
neighbourhood U C X of [x] in X with Uop([0]) = [x], where U = F^'^^''^(U). 

Write Orb for the full 2-subcategory of orbifolds in DMC°°Sta. We may 
refer to 1-morphisms f : X y in Orb as smooth maps of orbifolds. Define a 
full and faithful functor : Man Orb by = Fg^i^^ o F^^^''^. 

Here is f32j Th. 8.39 & Cor. 8.40]. Since equivalent (2-)categories are con- 
sidered to be 'the same', the moral of Theorem 19.21 is that our orbifolds are 
essentially the same objects as those considered by other recent authors. 

Theorem 9.2. The 2-category Orb of orbifolds without boundary defined above 
is equivalent to the 2-categories of orbifolds considered as stacks on Man de- 
fined in Metzler 144| §3.4] and Lerman |38[ §4], and also equivalent as a weak 
2-category to the weak 2-categories of orbifolds regarded as proper Stale Lie 
groupoids defined in Pronk [50j and Lerman ^38, §3.3]. 

Furthermore, the homotopy 1-category Ho(Orb) of Orb (that is, the cate- 
gory whose objects are objects in Orb, and whose morphisms are 2-isomorphism 
classes of 1-morphisms in Orh) is equivalent to the 1-category of orbifolds re- 
garded as proper Stale Lie groupoids defined in Moerdijk |46| . Transverse fibre 
products in Orb agree with the corresponding fibre products in C°°Sta. 

We define five classes of smooth maps: 

Definition 9.3. Let f : X ^ y he a. smooth map (1-morphism) of orbifolds. 

(i) We call / representable if it acts injectively on orbifold groups, that is, 
/* : lso;f ([x]) — > ISO3; (/top([a::])) is an injective morphism for all [x] G Xtop- 

Equivalently, / is representable if it is a representable 1-morphism of C°°- 
stacks. This means that whenever Y is a G°°-scheme and 11 : — ^ 3^ is a 
1-morphism then the G°°-stack fibre product X x f,y,nY is a G°°-scheme. 

(ii) We call / an immersion if it is representable and ilf : f*(T*y) — T*X is a 
surjective morphism of vector bundles, i.e. has a right inverse in qcoh(A:'). 

(iii) We call / an embedding if it is an immersion, and /* : IsoA:'([a;]) — > 
Isoj;(/top(N)) is an isomorphism for ah [x] G Xtop, and /top : Xtop ^top 
is a homeomorphism with its image (so in particular it is injective). 

(iv) We call / a submersion if flf : f*(T*y) — > T*X is an injective morphism 
of vector bundles, i.e. has a left inverse in qcoh(A'). 

(v) We caU / Stale if it is representable and ftf : f*{T*y) ~> T*X is an 
isomorphism, or equivalently, if / is etale as a 1-morphism of G°°-stacks. 

Note that submersions are not required to be representable. 
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Definition 9.4. An orbifold X is called effective if X is locally modelled near 
each [x\ £ Xtop on M"/G, where G acts effectively on M", that is, every 1^76 
G acts nontrivially on M". 

In [53J §8.4] we prove a uniqueness property for 2-niorphisnis of effective 
orbifolds. 

Proposition 9.5. Let X,y be effective orbifolds, and f,g : X ^ y be 1- 

morphisms. Suppose that either: 

(i) / is an embedding, a submersion. Stale, or an equivalence; 

(ii) /* : Isoa'(N) Isoy(/top([a;])) is surjective for all [x] G Xtop] or 

(iii) y is a manifold. 

Then there exists at most one 2-morphism rj : f g. 

Some authors include effectiveness in their definition of orbifolds. The 
Satake-Thurston definitions are not as well-behaved for noneffective orbifolds. 
One reason is that Proposition 19 . 51 often allows us to treat effective orbifolds as 
if they were a 1-category rather than a 2-category, that is, one can work in the 
homotopy 1-category Ho(Orb''*'^) of the full 2-subcategory Orb''*'^ of effective 
orbifolds, because genuinely 2-categorical behaviour comes from non-uniqueness 
of 2-morphisms. 

In [34j §8.3] we discuss vector bundles on orbifolds. Now an orbifold X is 
an example of a Deligne-Mumford C°°-stack, and in iJ8.5l we defined a category 
qcoh(A') of quasicoherent sheaves on X, and a full subcategory vect{X) of vector 
bundles on X. Unless we say otherwise, a vector bundle £ on an orbifold X will 
just mean an object in vect(A:'), a special kind of quasicoherent sheaf on X, and 
a smooth section s of £ will mean an element of C°°{£), that is, a morphism 
s : Ox — >■ f in vect(A'). The cotangent sheaf T* X of an n-orbifold X \s a. vector 
bundle on X of rank n, which we call the cotangent bundle. 

For some applications below, this point of view on vector bundles is not 
ideal, li E ^ X \s a. vector bundle on a manifold, then E is itself a manifold 
(with extra structure), with a submersion tt : E ^ X, and a section s G C°°{E) 
is a smooth map s : X ^ E with tt o s = idx • In i i4. 11 -^ ^4.21 we considered d- 
space fibre products V ^s,e,o V where V, E,s,0 — F^^^{V, E, s, 0). For the 
d-orbifold analogue of this, we would like to regard a vector bundle £ over an 
orbifold X as being an orbifold in its own right, rather than just a quasicoherent 
sheaf, and a section s G G°°{£) as being a 1-morphism s : X ^ £ in Orb. 

To get round this, in [34, §8.3] we define a total .space functor Tot, which 
to each £ in vect{X) associates an orbifold Tot{£), called the total space of £, 
and to each section s £ C°°{£) associates a 1-morphism Tot(s) : X — >• Tot{£) 
in Orb. Then the d-orbifold analogue of V Xs.e.o V in Proposition I4.2f c) is 
V Xs,e,o V, where V,£,s,0 = i^^sta^y Tot(£:), Tot(s), Tot(O)) . 

Many other standard ideas in differential geometry extend simply to orb- 
ifolds, such as submanifolds, transverse fibre products, and orientations, and we 
will generally use these without comment. 
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9.2 Orbifold strata of orbifolds 

Section 18.71 discussed orbifold strata , . . . , of a Deligne-Mumford C°°- 
stack X. In [SH §8.4] we work these ideas out for orbifolds. If X is an orbifold, 
then X^,...,X^ need not be orbifolds, as the next example shows, but are 
disjoint unions of orbifolds of different dimensions. 

Example 9.6. Let the real projective plane KJP^ have homogeneous coordinates 
[xo, xi, X2], and let Z2 — {l,cr} act on RP^ by a : [xo,xi,X2\ [xo,xi,—X2]- 
The fixed point locus of a in RP^ is the disjoint union of the circle { [xq, xi,0] : 
[xq,xi] e MP^} and the point {[0,0, 1]}. 

Write MP2 = i^]S~„S'='^(Rp2), and form the quotient orbifold X = [RPVZ2]. 
Then (|8.4I) shows that the orbifold stratum X^^ is the disjoint union of orbifolds 
RP^ X [*/Z2] and [1/Z2] of dimensions 1 and 0, respectively. Note that X^^ is 
not an orbifold, as it does not have pure dimension, and nor are X'^^ , ■ ■ ■ , X'^^ . 

So that our constructions remain within the world of orbifolds, we will find 
it useful to define a decomposition X^ = YixeA^ X^'^ of X^ such that each 
X^'^ is an orbifold of dimension dim A" — dim A. 

Definition 9.7. Let F be a finite group. Consider representations (V, p) of 
F, where y is a finite-dimensional real vector space and p : F Aut(y) a 
group morphism. We call {V, p) nontrivial if V^^'' = {0}. Write Repjjt(F) for 
the abclian category of nontrivial (V, p), and iiro(Rep„t(r)) for its Grothendieck 
group. Then any {V, p) in Rep„4(r) has a class [(V, p)] in i4ro(Repjjt(F)). For 
brevity, we will use the notation = ifo(Rep,jj(F)) and — {[{V, p)] : 
{V,p) e Rep„t(F)} C A^. We think of A^ as the 'positive cone' in A^. 

By elementary representation theory, up to isomorphism F has finitely many 
irreducible representations. Let Rq, Ri, . . . , Rk be choices of irreducible repre- 
sentations in these isomorphism classes, with i?o = R the trivial irreducible 
representation, so that Ri, . . . ,Rk are nontrivial. Then A'" is freely generated 
over Z by [Ri], . . . , [Rk], so that 

A'" = {ai[_Ri] H h ak[Rk] : ai, . . . , Ofe € Z} , and 

A'j; = {ai[Ri] + --- + ak[Rk] : ai,...,afc G N} C A^, 

where N = {0, 1, 2, . . .} C Z. Hence A^ ^ Z''^ and A^^ = N''. 

Define a group morphism dim : A'" — >■ Z by dim : ai[i?i] -I- • • • -I- ak[Rk] ^ 
ai dimi?i -I \-ak dimi?^, so that dim : [(T^, p)] H' dim^. Then dim(Aj,^) C M. 

Now let X be an orbifold. As in (|8.10l) - (|8.1ip we have decompositions 
0^{X)*{T*X) = {T*X)i®{T*X)l^ with {T*X)^^^{T*X)l(g)Ro and {T*X)l^^ 
®i^iiT*X)l (E,R„ where (T* X)j^ , . . . , (T* X)l G (icoh{X^). Since T*X is a 
vector bundle, 0^{X)*(T*X) is a vector bundle, and so the {T*X)l are vector 
bundles of mixed rank, that is, locally they are vector bundles, but their ranks 
may vary on different connected components of X^ . 

For each A G A'^, define X^ ''^ to be the open and closed C°°-substack in X^ 
withrank((r*A')f)[i?i] + ---+rank((r*A:')i;)ji?fc] = AinA^;. Then {T* X)l^\xr.>. 
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is a vector bundle of rank dim A, so {T* X)^j.\x^:>' is a vector bundle of dimension 
dim A" - dim A on X^^^. But {T*X)^^ ^ T*{X^) by Theorem [8^ Hence 
T*(<Y'"''^) is a vector bundle of rank dim A" — dim A. Since is a disjoint 
union of orbifolds of different dimensions, we see that X^''^ is an orbifold, with 
dimA-r-^ = dim A" - dim A. Then X^ = UxeA^ 

Write 0^'^{X) = 0^{X)\xr.>. ■, X^^^ ^ X, it is a proper, representable 
immersion of orbifolds. We interpret {T* X)^^.\x^.>^ as the conormal bundle of 
X^'^ in X. It carries a nontrivial F-representation of class A e A'^, so we refer 
to A as the conormal V -representation of X^'^ . 

Define X^'^ = X^ n X^'^, and Ol'^{X) = Ol{X)\xl->- : Xo'^ X. Then 
Xo'^ is an orbifold with dim<Y(f'^ = dim A" — dim A, and X^ — U^^gA"" '^o"'^- 

As in glJl we have X^ ~ [X^ / k\xt{T)\. Now Aut(r) acts on the right 
on Rep„t(r) by a : (V.p) i-> {V,po a) for a e Aut(r), and this induces right 
actions of Aut(r) on A^ = ifo(R-ep„t(r)) and A^ C A'". Write these actions 
as a : A iH- A • a. Then the action of a G Aut(r) on X^ maps X^^^ — >• X^'^'°' . 
Write A!^^/ Aut(A) for the set of Aut(r)-orbits ^ = A • Aut(r) in K\. The map 
dim : A'" — >■ Z is Aut(r)-invariant, and so descends to dim : A'"/ Aut(r) — > Z. 

Then IJ;^g^ X^'^ is an open and closed Aut(r)-invariant C°°-substack in X^ 

for each p, e A^^/ Aut(A), so we may define A'^'^ ~ [(Uagm '^^'^)/^^*(^)] ' 
open and closed C°°-substack of X^ ~ [X^ / Aut(r)]. Write ^"0^^ = A^ n A^'^. 
Then A''"'^, X^'^ are orbifolds of dimension dim A — dim/^, with 

= lJ^eAr/Aut(r) ^^'^ ^l^d -^o = lJ^GAr/Aut(r) ■ 

Set ^^^^'{X) = ^^{X)\x^,>^ : X^ ^'^X and 61'^ {X) ^ 6l{X)\xl-^^ : X\'^^X. 
Then 0^^^{X),6o'^{X) are representable immersions, with &-'^(^X^ proper. 

The 1-morphism : X^ — >■ X^ maps open and closed C°°-substacks of 

X^ to open and closed C°°-substacks of X^ . Let X^^^^ = {X)[X^ ^i") for each 
/i e Ar;/Aut(A), and write xl'^ Ao n A^^a^. Then A^^^', Ao'*' are orbifolds 
of dimension dim A — dim/x, with 

= lJpGAr/Aut(r) '^'"'^ and A'o = lJ^GAr/Aut(r) '^'o'''- 

If / ; A ^> y is a representable 1-morphism of Deligne-Mumford C°°-stacks 
and r a finite group, then as in H8.7I we have a representable 1-morphism of 
orbifold strata ]^ : X^ -> 3^^. Note that if X,y are orbifolds, then need 
not map A'^''^ -> 3^'"''^, or map X^ — s> 3^^. The analogue applies for , r ■ 

Some important properties of orbifolds can be characterized by the vanishing 
of certain orbifold strata A''"''*'. For example: 

• An orbifold X is locally orientable if and only if X'^^-^ = for all odd 
Ae A^.^^ ^N = {0,1,2,...}. 

• An orbifold X is effective in the sense of Definition 19.41 if and only if 
A'"'^ for all nontrivial finite groups F. 
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In [331 §8.4] we consider the question: if X is an oriented orbifold, can we 
define orientations on the orbifold strata X^'''^, . . . , Xo''^7 Here is an example: 

Example 9.8. Let S''' = {{xi, . . . ,0:5) e : xf + ■ ■ ■ + xl — l} , an oriented 
4-manifold. Let G = {1,ct, r, ctt} ^ Z2 act on preserving orientations by 

a : {xi,...,X5) I — > (xi,a;2,X3, -X4, -xs), 
r : {xi,...,xr^) I — > {-xi, -X2, -X3, ~X4, xr,), 
err : (xi, . . . , 0:5) 1 > (-Xi, -X2, 2:4, -2:5). 

Then X = [S^/G] is an oriented 4-orbifold. The orbifold groups Iso;f ([a;]) for 
[x] G Xtop are all {1} or Z2. The singular locus of X is the disjoint union of a 
copy of RP^ from the fixed points ±(xi , X2, 0:3, 0, 0) of a, and two isolated points 
{±(0, 0, 0, 0, 1)} and {±(0, 0, 0, 1, 0)} from the fixed points of r and err. 
Identifying A^^ and A^"/ Aut(Z2) with N, it follows that 

Since RP^ is not orientable, we see that X is an oriented orbifold, but none of 
A-^^'^ X'^^^'^,X'^^^'^,Xo^'^,X^^'^, Xo^'^ are orientable. 

Thus, we can only orient A''"'^, . . . , Xo''^ for all oriented orbifolds X under 
some conditions on F, A, /i. The next proposition sets out these conditions: 

Proposition 9.9. (a) Suppose T is a finite group and (V, p) a nontrivial T- 
representation which has no odd- dimensional suhrepresentations, and write A = 
[(y,/?)] e A5|^. Choose an orientation on V . Then for all oriented orbifolds X 
we can define natural orientations on the orbifold strata X^'^ , Xo'^ ■ 

If |r| is odd then all nontrivial T -representations are even-dimensional, so 
we can orient X^'^,Xo''^ for all A € A^. 

(b) Let r, {V,p),X be as in (a), and set p = A-Aut(r) e A'jl/ Aut(r). Write H 
for the subgroup of Aut(r) fixing A in A'j^. Then for each 5 £ H there exists an 
isomorphism of T -representations is : {V, p o 5) ^ (^jP)- Suppose is '■ V ^ V 
is orientation-preserving for all S € H. If X € 2A^ this holds automatically. 

Then for all oriented orbifolds X we can define orientations on the orbifold 
strata X^^f" , X^^f' , X^^^ , Xo'^ . For X^■^' this works as X^'^' ~ [A^-^/if], where 
X^'^ is oriented by (a), and the H -action on X^''^ preserves orientations, so 
the orientation on X^'^ descends to an orientation on X^'^ ~ [X^''^ / H]. 

(c) Suppose that T and A G A'^ do not satisfy the conditions in (a), or T 
and fjL G A'j^/Aut(r) do not satisfy the conditions in (b). Then as in Example 
19.81 we can find examples of oriented orbifolds X such that X^'^,Xo'^ are not 
orientable, or X^ f' , X^^^' , xl''' , Xo'^ are not orientable, respectively. That is, 
the conditions on F, A,/i in (a),(b) are necessary as well as sufficient to be able 
to orient orbifold strata X^'^, . . . , Xo'^ of all oriented orbifolds X. 

Note that Proposition I9.9r a).(b) do not apply in Example 19.81 since the 
nontrivial representation of Z2 on R^ has an odd-dimensional subrepresentation. 
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10 The 2-category of d-stacks 



In [34l Chap. 9] we define and study the 2-category of d-stacks dSta, which 
are orbifold versions of d-spaces in ij3] Broadly, to go from d-spaces X = 
{X, O'x, £x,ix,jx) to d-stacks we just replace the C°°-scheme X by a Deligne- 
Mumford C°°-stack X. 

One might expect that combining the 2-categories DMC°°Sta and dSpa 
should result in a 3-category dSta, but in fact a 2-category is sufficient. For 
1-morphisms /, g : A' — s> 3^ in dSta, a 2-morphism rj . f ^ g in dSta is a pair 
{r],ri'), where : / g is a 2-morphism in C°°Sta, and 77' : f*{J-y) — s> £x is 
as for 2-morphisms in dSpa. These 77, 77' do not interact very much. 

10.1 The definition of d-stacks 

Definition 10.1. A d-stack X is a. quintuple X — {X, 0';^,£x, ix,Jx), where X 
is a separated, second countable, locally fair Deligne-Mumford C°°-stack in the 
sense of ^ and 0'^,£x,ix,Jx fit into an exact sequence of sheaves of abelian 
groups on X, in the sense of §8.51 

£x 0, 

satisfying the conditions: 

(a) is a sheaf of C°°-rings on X, and tx '■ Ox is a morphism 
of sheaves of C°°-rings on X, where Ox is the structure sheaf of X as in 
Example [8.151 such that for ah {U, u) in Cx, (U, O'p^iU, u)) is a C°°-scheme, 
and ix{U,u) : 0'p^{U,u) Ox{U,u) = Ou is a surjective morphism of 
sheaves of C°°-rings on U, whose kernel is a sheaf of square zero ideals. 

We call ix ■ O'^ Ox satisfying these conditions a square zero extension. 

(b) As ix ■ O'x — > Ox is a square zero extension, its kernel Xx is a quasi- 
coherent sheaf on X. We require that £x is also a quasicoherent sheaf on 
X , and ]x ■ £x — ^ Ix is a surjective morphism in qcoh(A'). 

The sheaf of C°°-rings O'^ has a sheaf of cotangent modules ^o!^ , which is an 
OC-module with exterior derivative d : O'y -> ilo' ■ Define J^x — ^o' '^^o' Ox 
to be the associated O^^-module, a quasicoherent sheaf on X, and set %l)x = 
fi,^ dg) id : Fx — >■ T*X , a morphism in qcoh(A'). Define (j)x ■ £x J^x to be 
the composition of morphisms of sheaves of abelian groups on X: 

£x Tx no'^ = ^o', ®o', O'x ^ no'^ ®o', Ox=Tx. 

Then (^x is a morphism in qcoh(A:'), and the following sequence is exact: 

£x — — ^Tx '^-^^^T*X ^0. (10.1) 

The morphism (\)x '■ £x ~> J^x will be called the virtual cotangent sheaf of X. 
It is a d-stack analogue of the cotangent complex in algebraic geometry. 
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Let X, y be d-stacks. A 1-morphism f : X ^ y is a. triple / = (/, /', /"), 
where f : X ^ y is a 1-morphism of C°°-stacks, /' : f^^{Oy) — > O'^ a mor- 
phism of sheaves of C°° -rings on X, and /" : f*{£y) £x & morphism in 
qcoh(A'), such that the foUowing diagram of sheaves on X commutes: 



r\£y) ®f-.^oy)r\oy) = r\£y) r\o^) f-\Oy) 







t id(gi/» 



n£y) 



f /« 



O'x 



■Ox 



0. 



Define morphisms p = Qf^^id : f*{Fy) Fx and P = VLf : J*{T*y) T* X 
in qcoh(A'). Then the foUowing commutes in qcoh(A'), with exact rows: 



n£y) 
£x- 



if 



■Fx' 



f*{T*y) 

^T*X — 



(10.2) 



If Af is a d-stack, the identity 1-morphism idx : X ^ X is idx = {idx, 
5x{Ox),5x{£x))i with 5x{*) the canonical isomorphisms of Definition 18.181 

Let X , y, Z be d-stacks, and f . X ^ y , g : y ^ Z he 1-morphisms. As 
in (|3.2p define the composition of l-morphisms g o f : X ^ Z to he 

s ° / = (<? ° /, /' ° r'ig') o ifAO'z), f" ° /*(.9") ° ifA£z))^ 

where are the canonical isomorphisms of Definition 18.181 

Let f^g-.X^yhe 1-morphisms of d-stacks, where / — {f,f',f") and 
g = [g, g' , g"). A 2-morphism r/ : / g is a pair rj = (ry, 77'), where rj : f ^ g is 
a 2-morphism in C°°Sta and ?/ : f*{J-y) £x & morphism in qcoh(A'), with 

g' Orj-\0^) = r +KxOJx07^'o{id(^{por\zy)))o{r\d)), 

and g"or^*{£y)^f" + r^'or{q^y). 

Then g2 o r]*{J-y) ^ p + (j^x o rj' and g^ o ri*{T*y) = p, so for /,g 

combine to give a commuting diagram (except 77') in qcoh(A:'), with exact rows: 



r{£y) 




g*{£y) -r^ — 

/"+ \ jy--' ' ^^^^ r+ 



■ PiJ'y) ^ f*{T*y) 

9*{J'y) 
^J'x- 







^'(T'y) 
■g*{T*y)^Q 



■T*X ■ 



0. 



If / = (/)/':/") '■ X ^ y is a, 1-morphism, the identity 2-morphism idf 
f^f is id^ = (id/,0). 
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Let f , g,h : X ^ y he l-morphisms and rj: f^g,C,: g^h 2-niorphisms. 
Define the vertical composition of 2-morphisms ^ 77 : / => to be 



C0,7= (C 077, C'o 77* (-^i;) 

Suppose X,y,Z are d-stacks, f,f:X^y and g,g : y ^ Z are 1- 
morphisms, and r) . f ^ f, . g ^ g are 2-niorphisnis. Define the horizontal 
composition of 2-morphisms * r] : g o f ^ g o f to he 

C * T, = (C * ry, [r;' o + /" o /*(C') + 77' o f*{c^y) o /*(C')] o If^giTz)). 

This completes the definition of the 2-category of d-stacks dSta. 

Write DMC°°Staggj. for the 2-category of separated, second countable, 
locally fair Deligne-Mumford C°°-stacks. Define a strict 2-functor -Fc^ita • 
DMC°°Sta^f^^ dSta to map objects X to X = (A', O;^, 0, ido^ , 0), to map 
l-morphisms / to / = (/, 0), and to map 2-morphisms 77 to ry = (77, 0). Write 
DMC°°Sta^f^^ for the full 2-subcategory of X G dSta equivalent to F^~|ta('^) 
for X G DMC°°Staggj.. When we say that a d-stack X is a C°° -stack, we mean 
that X e DMC°°Sta^f^. 

Define a strict 2-functor F^^^"" : Orb dSta by = i^c~italorb, 

noting that Orb is a fuh 2-subcategory of DMC°°Sta^^g^. Write Orb for the 
full 2-subcategory of objects X in dSta equivalent to ^orb'*('^) some orbifold 
X. When we say that a d-stack X is an orbifold, we mean that X G Orb. 

Recall from gSj] that_ there is a natural (2-)functor -Fc~|*h : C°°Sch 
C°°Sta mapping X X on objects and / 1— >■ / on morphisms. Also, if X is 
a C°°-scheme and X the corresponding C°°-stack then Example 18.171 defines a 
functor 2x ■ Ox-urod O^-mod. In the same way, we can define functors 
from the category of sheaves of abelian groups on X to the category of sheaves 
of abelian groups on X, and from the category of sheaves of C°° -rings on X to 
the category of sheaves of C°°-rings on X, both of which we also denote by Ix- 

With this notation, define a strict 2-functor -F^fp^ ■ dSpa — > dSta to map 
X = {X,0^,£x,ix,jx) to X = {X,Ix{0'x),Ix{£x)Mix)M]x)) on 
objects, and to map / = (/, /', /") to / = (/'):%(/")) on l-morphisms, 

and to map rj to rj = {idjF,Ix{ri)) on 2-morphisms. Write dSpa for the full 2- 
subcategory of X in dSta equivalent to Fdipai^) ^"-"^ some X in dSpa. 

In [331 §9.2] we prove: 

Theorem 10.2. (a) Definition 110.11 defines a strict 2-category dSta, in which 
all 2-morphisms are 2-isomorphisms. 

(b) ^'c~sta'-^Orb'' '^"'^ ^dSpS '^'"'^ /"^^ '^'^'^ faithful strict 2-functors. Hence 
DMC°°Sta^^g^, Orb, dSpa and DMC°°Sta^^ge: Orb, dSpa are equivalent 2- 
categories, respectively. 
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10.2 D-stacks as quotients of d-spaces 

Section [531 defined quotient Deligne-Mumford C°°-stacks [X/G], quotient 1- 
morphisms [f ^ p] : [X/G] — > \Y / H], and quotient 2-morphisms [5] : [f , p] => 
[g,CF]. In [331 §9.3] we generalize all this to d-stacks. The next two theorems 
summarize our results. 

Theorem 10.3. (i) Let X he a d-space, G a finite group, and r : G ^ Aut(X) 
a (strict) action of G on X by 1-isomorphi.sms. Then we can define a quotient 
d-stack X = [X/G], which is natural up to 1-isomorphism in dSta. The 
underlying C°° -stack X is [X/G] from Example 18.71 

(ii) Let X,Y be d-spaces, G,H finite groups, and r . G Aut(X), s : H ^ 
Aut{Y) be actions of G,H on X,Y, so that by (i) we have quotient d-stacks 
X = [X/G] and y = [Y/H]. Suppose f : X ^ Y is a l-morphism in dSpa 
and p : G ^ H is a group morphism, satisfying f o r(7) — s(p(7)) o / for all 
"f G G (this is an equality of 1-morphisms in dSpa, not just a 2-isomorphism). 
Then we can define a quotient l-morphism f : X ^ y in dSta, which we 
will also write as [f,p] : [X/G] [Y/H]. 

(iii) Let f = [f,p] : [X/G] [Y/H] and g = [g,a] : [X/G] [Y/H] be two 
quotient 1-morphisms as in (ii). Suppose 5 G i? satisfies (j{'~f) = p{'y) 
for all 7 G G, and rj : f =^ s{5~^) o g is a 2-morphism in dSpa such that 
rj * id^(^) = ids(-o-(-,.)) * ?7 for all 7 G G, using the diagram: 

f ° ''•(7) ■■ s(p(7)) ° / 

s{S~^) ogo r(7) = s{6^^) o s(ct(7)) o g = s{p{^)) o s{5-^) o g. 

Then we can define a quotient 2-morphism C, '■ f ^ g in dSta, which we 
also write as [r/,S] : [f,p] ^ [g,cr]- 

Theorem 10.4. (a) Let X be a d-stack and [x] G Xtop, and write G = 
lsoxi[x]). Then there exist a quotient d-stack [U/G], as in Theorem 110. 3f i). 
and an equivalence i : [U/G] — > X with an open d-substack U in X, with 
2 top : [u] I— [x] G Utop ^ Xtop for some fixed point u of G in U . 

(b) Let f : X y be a l-morphism in dSta, and [x] G A'top with /top : 
[x] ^ [y] G ^top, o.nd write G = liiOx{[x]) and H — lsoy{[y]). Part (a) gives 
1-morphisms i : [U/G] — > X, j : [V / H] — > y which are equivalences with open 
U C X, V C y, such that Jtop : M 1-^ [x] G Utop C Xtop, Jtop : [v] ^ [u] G 
Vtop C ytop for u, V fixed points of G, H in U, V. 

Then there exist a G-invariant open d-subspace U' of u inU and a quotient 
l-morphism [f,p] '■ [U'/G] — )■ [V/H], as in Theorem 110.3^ 11). such that f{u) = 
V, and p : G H is f^, : Iso;t'([2;]) — > Isoy([?/]), fitting into a 2-commutative 
diagram: 

[U'/G] [V/H] 

\i\[u'/G] ' Cf - j\ 

X ^y. 
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(c) Let f^g:X^y he 1-morphisms in dSta and rj . f ^ g a 2-morphism, 
let [x] G Xtop with /top : [x] H> [y] € 3^topj '"^'^ write G = lsox{[x\) and 
H ^ lsoy{[y\). Part (a) gives i : [U/G] ^ X, j : [V/H] y which are 
equivalences with open U C X, V C ^ and map itop : [u] n> [x], jtop ■ [v] ^ [y] 
for u, V fixed points of G, H. 

By making U' smaller, we can take the same U' in (b) for both f,g. Thus 
part (b) gives a G-invariant open U' C U, quotient 1-morphisms [f,p\ : 
[U'/G] ^ [V/H] and [g,a] : [U' /G] [V/H] with f{u) = g{u) = v and 
p — f* : lsoxi[x]) — ?> Isoy([y]), a = : lsox{[x]) Iso^([2/]), and 2-morphisms 
C : f°i\[U'/G] ^3° d ■.goi[^u,/G] ^ jo 

Then there exist a G-invariant open neighbourhood U" of u in U' and a 
quotient 2-morphism [A, 5] : [f[u",p] =^ [g\u",o'], as in Theorem llO.Sr iii). such 
that the following diagram of 2-morphisms in dSta commutes: 

f °i\lu"/G] 

1), CI[C/"/Gl 

3 ° [f\u",p] 

Effectively, this says tliat d-stacks and tlieir l-morphisms and 2-morpliisms 
are Zariski locally modelled on quotient d-stacks, quotient l-morphisms, and 
quotient 2-morphisms, up to equivalence in dSta. 

In [SU §9.2] we define when a 1-morphism of d-stacks f : X ^ y is etale. Es- 
sentially, / is etale if it is an equivalence locally in the etale topology. It implies 
that the C°°-stack 1-morphisni f : X ^ y in f is etale, and so representable. 

We can characterize etale 1-morphisms in dSta using Theorem 110.41 a 1- 
morphism f : X y in dSta is etale if and only if for all [f,p] : [U'/G] — >■ 
in Theorem 1 1 . 4f b ) . f : U' —i' V is a.n etale 1-morphism in dSpa (that 
is, a local equivalence in the Zariski topology), and p : G H is injective. 

10.3 Gluing d-stacks by equivalences 

Section 1321 discussed gluing d-spaces by equivalences in dSpa. In ^34| §9.4] we 
generalize this to dSta. Here are the analogues of Definition 13. 4[ Proposition 
13. 5| and Theorems 13.61 and 13.71 

Definition 10.5. Let X = {X,0';^,£x,ix,Jx) be a d-stack. Suppose U C X 
is an open C°°-substack, in the Zariski topology, with inclusion 1-morphism 
iu-.U^X. Then U = (W, 1^^,1(0^), z^(f^), o i^(j^)) is a d-stack, 

where ifj : i^^(Ox) — > Ou is as in Example 18.191 and is an isomorphism as iu 
is etale. We call U an open d-substack of X. An open cover of a d-stack X is a 
family {Ua : a € A} oi open d-substacks I4a of X such that [Ua : a S ^} is an 
open cover of X, in the Zariski topology. 

Proposition 10.6. Let X,y be d-stacks, U,VQX be open d-substacks with 
X = 14 UV, f : 14 ^ y and g : V ^ y be l-morphisms, and r] : f[unv =^ 



' •l[C7"/G] 

idj*[\,S] 



>g°M[u"/G] 



l[U"/G] 



3 ° [g\u",>y 
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qIuciV 0, 2-morphism. Then there exist a \-morphism h . X ^ y and 2- 
morphisms : h\u ^ f, 6 : h\\; ^ g in dSta such that 9\unv = 11® Clwnv '■ 
^Iwnv =^ g\ufW- This h is unique up to 2-isomorphism. 

Theorem 10.7. Suppose X,y are d-stacks, U C X, V ^ y are open d- 

suhstacks, and f : U ^ V is an equivalence in dSta. At the level of topological 
spaces, we have open Utop Q -^top) Vtop Q J^top with a homeomorphism /top : 
Wtop — >■ Vtop, so we can form the quotient topological space Stop := -^top U/top 
3^top = ('^top n 3^top)/ ~, where the equivalence relation ^ on X^op 11 3^top 
identifies [u] G Wtop C Xtop with /top(M) G Vtop C ^top- 

Suppose Stop is Hausdorff. Then there exist a d-stack Z, open d-substacks 
X,y in Z with Z = X \jy, equivalences g : X ^ X and h : y ^ y 
such that g\u and h\v are both equivalences with X (^y, and a 2-morphism 
V ■ 9\u ^ ho f. Furthermore, Z is independent of choices up to equivalence. 

Theorem 10.8. Suppose I is an indexing set, and < is a total order on I, 
and Xi for i G I are d-stacks, and for all i < j in I we are given open d- 
substacks Uij C Xi, Uji C Xj and an equivalence Cij : Uij Uji, satisfying 
the following properties: 

(a) For all i < j < k in I we have a 2-commutative diagram 



for some »7yfc, where all three 1-morphisms are equivalences; and 
(b) For all i < j < k < I in I the components r]ijk in ij^jf. = {r]ijk,ilijk) satisfy 

Viki (id/fc, * Vijk)\UijnUiknUa = Viji © {Vjki * id/i, OlWi^n^.^nWi, • (10-3) 

On the level of topological spaces, define the quotient topological space 3^top = 
(Uie/ "^i.top)/ ~) where ~ is the equivalence relation generated by [xi] ~ [xj] 
if [xi] e Uij,Xi,top C -Yi^top and [xj] G Kji,top C Xj^top with eij^top{[xi]) = [xj]. 
Suppose 3^top is Hausdorff and second countable. Then there exist a d-stack 
y and a 1-morphism : Xi — > y which is an equivalence with an open d- 
substack Xi cy for all i £ I, where y = [J^^jXi, such that fi\uij is an 
equivalence lAij — > Xi H X j for all i < j in I, and there exists a 2-morphism 

■ fj ° ^ fi \^i3 ■ '^^^ d-stack y is unique up to equivalence. 

Suppose also that Z is a d-stack, and gi : Xi ^ Z are 1-morphisms for all 
i £ I, and there exist 2-morphisms C,^^ : g^ o e,jj => gi\uij for all i < j in I, 
such that for all i < j < k in I the components Qj , rjijk in , r;^ satisfy 

(CijluijnUik) (Cjfe *idey bynz^ij = (Cifekynt/iJ © (idg^ *ilijk\uijnUik)- (10-4) 

Then there exist a 1-morphism h : y Z and 2-morphisms Ci • ^ ° /j =^ 9i 
for all i G I. The 1-morphism h is unique up to 2-isomorphism. 




^ tiki n Ukj 
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Remark 10.9. Note that in Proposition 13.51 for d-spaces, h is independent of 
77 up to 2-isomorphism, but in Proposition 110.61 for d-stacks, h may depend 
on T]. Similarly, in Theorem 13.71 for d-spaces, we impose no conditions on 2- 
morphisms rjijk on quadruple overlaps or on triple overlaps, but in Theorem 
llO.SI for d-stacks, we do impose extra conditions (110. 3p on the 2-morphisms 77^^^, 
on quadruple overlaps and (jl0.4p on the 2-morphisms Cij on triple overlaps. 
Thus, the d-stack versions of these results are weaker. 

The reason for this is that 2-morphisms 77 : / g of d-space 1-morphisms 
f,g.X^Y are morphisms 77 : f*{J-'Y) £x in qcoh(X). We can interpolate 
between such morphisms using partitions of unity on X, and in Remark 13.81 we 
explained why this enables us to prove h is independent of 77 in Proposition [331 
and to do without overlap conditions on rjijk, Cij in Theorem 13.71 

In contrast, for 2-morphisms rj — {t],!]') : f ^ g in dSta, the C°°-stack 
2-morphisms Tj : f ^ g are discrete objects, and we cannot join them using 
partitions of unity. So h may depend on rj in Proposition 110.61 and we need 
overlap conditions on the components riij}. , C,ij in rj^j^ , ^ j^- in Theorem 110.81 

li f,g : X ^ y are 1-morphisms of Deligne-Mumford C°°-stacks, we can 
make extra assumptions on X,y or f,g which imply that there is at most one 
2-morphism 77 : / 5, as in Proposition 19.51 for orbifolds. Such assumptions 
can make ([1(13)) or ([lllil) hold automatically, as both sides of ([TITS)) or ([THij) 
are 2-morphisms f ^ g. So, for instance, if the C°°-stacks Xi are all effective 
then (110. 3p holds, and if the d-stack ^ is a d-space then (|10.4p holds. 

10.4 Fibre products of d-stacks 

Section [3731 discussed fibre products of d-spaces. In [34l §9.5] we generalize this 
to d-stacks. Here is the analogue of Theorem 13.91 

Theorem 10.10. (a) All fibre products exist in the 2-category dSta. 

(b) The 2- functor F^^^^ : dSpa — S> dSta preserves fibre products. 

(c) Let g : X ^ Z and h : y Z be smooth maps (1-morphisms) of orbifolds, 
and write X — ^orb'*('^)' '^'^'^ similarly for y, Z, g, h. If g, h are transverse, so 
that a fibre product X Xg^z.h y exists in Orb, then the fibre product X Xg Z h y 
in dSta is equivalent in dSta to -Forb'*('^ ^g,z.h y)- If 9, h are not transverse 
then X Xg z.h y exists in dSta, but is not an orbifold. 

As for d-spaces, we prove (a) by explicitly constructing a d-stack W = 
Xg^z,hy and showing it satisfies the universal property to be a fibre product 
in the 2-category dSta. The proof follows that of Theorem [321 closely, inserting 
extra terms for 2-morphisms of C°°-stacks. 

10.5 Orbifold strata of d-stacks 

Section 18.71 discussed orbifold strata of Deligne-Mumford C°°-stacks. In [34l 
§9.6] we generalize this to d-stacks. The next theorems summarize the results. 
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Theorem 10.11. Let X be a d-stack, and V a finite group. Then we can define 
d-stacks X^,X^,X^, and open d-substacks C Af^, X^ C X^ , X^ C 
X^ , all natural up to 1-isomorphism in dSta, a d-space natural up to 

1-isomorphism in dSpa, and 1-morphisms {X),T\^ {X), . . . fitting into a 
strictly commutative diagram in dSta: 



Aut(r) 



Aut(r) 




pdSta/ ■V-T\ 



(10.5) 



n' (X) 



We will call X^ ,X^\X^ ,Xl,Xl,Xl, Xl the orbifold strata of X. 

The underlying C°° -stacks of X^ , . . . , X^ are the orbifold strata X^ , . . . , 
from ^8.7\ of the -stack X in X. The C°° -stack 1-morphisms underlying the 
d-stack 1-morphisms in (|10.5p are those given in (I8.3p . 

Theorem 10.12. (a) Let X,y be d-stacks, T a finite group, and f : X ^ 
y a representable 1-morphism in dSta, that is, the underlying C°° -stack 1- 
morphism f : X ^ y is representable. Then there is a unique representable 
1-morphism : X^ ^ y^ m dSta with (y) o = f oO^{X). Here 
X^,y^,0^{X),0^{y) are as m TheoremMd^ 

(b) Let f,g . X ^ y be representable 1-morphisms and r] . f ^ g a 2- 
morphism in dSta, and f^,g^ : X^ y^ be as in (a). Then there is a 
unique 2-morphism t]^ ■ ^ g^ in dSta with id^r^y^ ^ r]^ = rj * idQr^^j.-). 

(c) Write dSta'''' for the 2-subcategory of dSta with only representable 1- 
morphisms. Then mapping X i— F^{X) — X^ on objects, f i— > F^[f) = 

on (representable) 1-morphisms, and t] F^{t]) — t]^ on 2-morphisms defines 
a strict 2-functor : dSta'''' dSta''''. 

(d) Analogues of (a) -(c) hold for the orbifold strata X^ , yielding a strict 2- 
functor F^ : dSta'^'' dSta'^''. Weaker analogues of (a) -(c) also hold for the 
orbifold strata X^ . In (a), the 1-morphism : X^ — > y^ is natural only up 
to 2-isomorphism, and in (c) we get a weak 2-functor F^ : dSta'"*' dSta"^^. 

Since equivalences in dSta are automatically representable, and (strict or 
weak) 2-functors take equivalences to equivalences, we deduce: 

Corollary 10.13. Suppose X, y are equivalent d-stacks, and T is a finite group. 
Then X^ and y^ are equivalent in dSta, and similarly for X^ , X^ , X^, X^, 
X^ and y^,y^,yo,yo,y^- ^Iso XI,Y^ are equivalent in dSpa. 

Here are the d-stack analogues of Theorems 18.271 and 18.281 

Theorem 10.14. Let X be a d-space and G a finite group acting on X by 
1-isomorphisms, and write X = [X/G] for the quotient d-stack, from Theorem 
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110.31 Let T be a finite group. Then there are equivalences of d-stacks 

^ II [XP^'^^/ig e G : gp{-/) = pij)g V7 e r}] , (10.6) 

conjugacy classes [p] of injective 
group morphisms p : T G 

II [X'^^^'>/{geG:gp{^)^p{j)gVjer}], (10.7) 

conjugacy classes [p] of injective 
group morphisms p : T ^ G 

X^^ II [X'^/{5£G:A=.9A5-i}], (10.8) 

conjugacy classes [A] of subgroups A C G with A ^ P 

Xl:^ II [xf/{.geG: A-.gA.g-i}], (10.9) 

conjugacy classes [A] o/ subgroups A C G luit/i A ^ P 

II [X^/({5eG:A = 5A5-^}/A)], (10.10) 

conjugacy classes [A] o/ subgroups A C G loti/i A ^ P 

II [Xf/({5eG:A = .gA5-i}/A)]. (10.11) 

conjugacy classes [A] o/ subgroups A C G A ^ F 

i^ere /or each subgroup A C_ G, we write X"^ for the closed d-subspace in X 
fixed by A in G, as in H3A[ and X^ for the open d-subspace in X'^ of points 
in X whose stabilizer group in G is exactly A. In (|10.6p - (ll0.7l) . morphisms 
p, p' : T G are conjugate if p' — Ad((7) o p for some g ^ G, and subgroups 
A, A' C G are conjugate if A = gA'g~^ for some g G G. In (|10.6p - (|10.1ip we 
sum over one representative p or A for each conjugacy class. 

Theorem 10.15. Let X be a d-stack and T a finite group, so that Theorem 
110.111 gives a d-stack X^ and a 1-morphism 0^{X) : X^ -> X. Equation 
PH^ for 0^{X) becomes: 

0^{X)*{£x)-- 0^{X)*{J-x)^ 0^{X)*{T*X) = 



o^ixf 



o-(xf= 0(10-12) 



£x^ ^ :Fx^ — ^ T*{X^) ^ 0. 

Then the columns {X)" , 0^{Xf, 0^{Xf of (|10.12p are isomorphisms 
when restricted to the 'trivial' summands {£x)tTA-^x)tn C^* '^)ti^ '^"'^ '^'"^ zero 
when restricted to the 'nontrivial' summands {£x)ntj{'^x)ntA'^*'^)nt- ^'^ -P^'"" 
ticular, this implies that the virtual cotangent sheaf <f)x^ '. £x^ ~^ ^x^ of X^ 
is 1-isomorphic in vqcoh(A''") to (0Ar)tr- ■ {£x)tr ~^ (-^A')ti'i 'trivial' part of 
the pullback to X^ of the virtual cotangent sheaf (f>x ■ £x J'x of X . 

The analogous results also hold for X^,X^,X^,X^ and X^ . 
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11 The 2-category of d-orbifolds 



In [34j Chap. 10] we discuss d-orbifolds, orbifold versions of d-manifolds. They 
are related to Kuranishi spaces (without boundary) in the work of Fukaya, Oh, 
Ohta and Ono [THldn] on symplectic geometry. As we explain briefly in ijl61 
and in more detail in [331 §14-3], although Kuranishi spaces are similar to d- 
orbifolds in many ways, the theory of Kuranishi spaces in |181I19| is incomplete 
— for instance, there is no notion of morphism of Kuranishi spaces, so they 
do not form a category. We argue in [34l §14.3] that the 'right' way to define 
Kuranishi spaces is as d-orbifolds, or d-orbifolds with corners. 

11.1 Definition of d-orbifolds 

In §4.3l we discussed virtual quasicoherent sheaves and virtual vector bundles on 
C°°-schemes X. The next remark, drawn from [SH §10.1.1], explains how these 
generalize to Deligne-Mumford C°°-stacks X. 

Remark 11.1. In the C°°-stack analogue of Definition 14.91 the 2-categories 
vqcoh(A') and vvect(A:') for a Deligne-Mumford C°°-stack X are defined exactly 
as for C°°-schemes. For X ^ (l>, virtual vector bundles {£' , (j>) have a well-defined 
rank rank(f , 0) € Z. li f : X y is a 1-morphism of Deligne-Mumford C°°- 
stacks then puUback /* defines strict 2-functors /* : vqcoh(y) ^ vqcoh(A') and 
/* : vvect(3^) vvect(A'), as for C°°-schemes. li f,g : X y are 1-morphisms 
and T] : f ^ g a 2-morphism then 77* : /* is a 2-natural transformation. 

In the d-stack version of Definition I4.10[ we define the virtual cotangent 
sheaf T*X of a d-stack X to be the morphism (l)x ■ £x J'x in qcoh(A') from 
Definition llO.il If f : X ^ y is a 1-morphism in dSta then flf .— (/", /^) is a 
1-morphism f*{T*y) T* X in vqcoh(A:'). li f,g : X ^y are 1-morphisms 
and ry ~ {r], 77') : / =^ g is a 2-morphism in dSta, then we have 1-morphisms ftf : 
f*{T*y) T*X, : g*{T*y) T*X, and T]*{T*y) : f*(T*y) g*{T*y) 
in (]coh{X), and rj' : VLf ^ VLg o ri*{T*y) is a 2-niorphism in vqcoh(A:'). 

We can now define d-orbifolds. 

Definition 11.2. A d-stack W is called a principal d-orbifold if is equivalent in 
dSta to a fibre product X Xgz.h y with X,y,Ze Orb. If W is a nonempty 
principal d-orbifold then as in Proposition 14.111 the virtual cotangent sheaf 
T*W is a virtual vector bundle on W, in the sense of Remark lll.il We define 
the virtual dimension of W to be vdim W = rankT*VV € Z. UW^Xxzy 
for orbifolds X,y,Z then vdim W = dim X + dim y — dim Z. 

A d-stack X is called a d-orbifold {without boundary) of virtual dimension 
n G Z, written vdim X — n, ii X can be covered by open d-substacks W 
which are principal d-orbifolds with vdimW = n. The virtual cotangent sheaf 
T*X = {£x, J-Xy't'x) of is a virtual vector bundle of rank vdim AT = n, so 
we call it the virtual cotangent bundle of X. 

Let dOrb be the full 2-subcategory of d-orbifolds in dSta. The 2-functor 
i^Orb** : Orb -> dSta in Definition 110.11 maps into dOrb, and we will write 
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^o?b'' = ^orb'' : dOrb. Also Orb is a 2-subcategory of dOrb. We 

say that a d-orbifold X is an orbifold if it lies in Orb. The 2-functor -F^fpl maps 
dMan dOrb, and we will write F^°^J^^ = -F^|*2|dMan : dMan dOrb. 

Then F^Or^ O ^dMan ^ ^dOrb „ ^Orb . ^an ^ dOrb. 

Write dMan for the full 2-subcategory of objects X in dOrb equivalent 
to ^dMan(^) some d-manifold X. When we say that a d-orbifold X is a 
d-manifold, we mean that X S dMan. 

The orbifold analogue of Proposition 14.21 holds . Using Theorem 18. 131 we can 
deduce: 

Lemma 11.3. Let X be a d-orbifold. Then X is a d-manifold, that is, X is 
equivalent to ^dMan(-^) f'^^ some d-manifold X, if and only if lsox{[x]) = {1} 
for all [x] in Xtop- 

11.2 Local properties of d-orbifolds 

Following Examples 14.41 and 14.51 we define 'standard model' d-orbifolds <Sv,£:,s 
and 1-morphisms <S/j. 

Example 11.4. Let V be an orbifold, £ £ vect(V) a vector bundle on V as in 
H8.51 and s £ C°°(f) a smooth section, that is, s : Ov — 5 is a morphism in 
vect(V). We will define a principal d-orbifold <Sv,£,s = {S,0^,8s,is,js), which 
we call a 'standard model' d-orbifold. 

Let the Deligne-Mumford C°°-stack S be the C°°-substack in V defined by 
the equation s = 0, so that informally S = s^^(O) C V. Explicitly, as in fJU a 
C°°-stack V consists of a category V and a functor : V ^ C^Sch, where 
there is a 1-1 correspondence between objects u in V with pv{u) = U in C°°Sch 
and 1-morphisms u : U V in C°°Sta. Define S to be the full subcategory of 
objects u in V such that the morphism u*(s) : u*(0\;) — u*{£) in qcoh([/) is 
zero, and define ps = pv\s ■ S C°°Sch. 

Since iy : 5 — s> V is the inclusion of a C°°-substack, iy : i^^{Ov) — > Os 
is a surjective morphism of sheaves of C°°-rings on S. Write Is for the kernel 
of ly, as a sheaf of ideals in iy^(CV), and for the corresponding sheaf of 
squared ideals, and = iy^{Ov)/ll for the quotient sheaf of C°°-rings, and 
is ■■ ^ Os for the natural projection iy^Oy)/!^ iy^{Ov)/Is ^ Os 
induced by the inclusion l1 QIs- 

Write £* G vect(V) for the dual vector bundle of £, and set £s = iv{£*)- 
There is a natural, surjective morphism js '■ £s ^ — in qcoh(iS) which 

locally maps a + (Is- C°^i£*)) ^a-s+Xl- Then Sv,s,. = (5, O5, £s, is,js) is 
a d-stack. As in the d-manifold case, we can show that «Sv,£,s is equivalent in 
dSta to V x^^f^o V, where V,5,s,0 = i^^^*«(V, Tot(£:), Tot(s), Tot(O)) , using 
the notation of §9.11 Thus S\;,£.s is a principal d-orbifold. Every principal 
d-orbifold W is equivalent in dSta to some <Sv,f .s- 

Sometimes it is useful to take V to be an effective orbifold, as in TO. II 
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Example 11.5. Let V, W be orbifolds, E,T be vector bundles on V,W, and 
s G C°°{£), t 6 C°°{F) be smooth sections, so that Example 111.41 defines 
'standard model' principal d-orbifolds •Sy.f.s, •5w,J='.t- Write «Sv.£.s = S = 
{S, Og, Ss, is,]s) and Sw,j^,t ^ T ^ {T, O^' ^r, «r, Jr)- Suppose / : V ^ W is 
a 1-morphism, and f : £ ^ f*{J') is a morphism in vect(V) satisfying 

,fos = r{t). (11.1) 

We will define a 1-morphism g — {g,g\g") : S ^ T in dSta, which we write 
as Sfj : <Sv.£,s ~^ ^w.J^.t, and call a 'standard model' 1-morphism. 

As in Example lll.4[ V, W are categories, S C V, T Q W are full sub- 
categories, and / : V — s> W is a functor. Using (jll.ip one can show that 
fiS) crew. Define g ^ f\s : S ^ T. Then 5 : 5 T is a 1-morphism of 
Deligne-Mumford C°°-stacks, with iw ° g — f ° iv '■ S ^ W. 

To define g' : g^^{0'-j-) — s> O^, consider the commutative diagram: 

- g-'i^wiOw)) ^g-HO'r) = g-\i^\Ow)/ll) - 

^v\(^) = ^v\Ov)/Tl 0. 

The rows are exact. Using (|ll.ll) . we see the central column maps g~^{Xt) Is, 
and so maps g~'^{Tl) X^, and the left column exists. Thus by exactness there 
is a unique morphism g' making the diagram commute. 

We have Eg = il){£*) and £r = «vv(-^*)' ^^'^ f '■ £ f*{^) induces 
/* : r (.F*) ^ £*. Define g" = 1^/*) ° h^ji^*) o Ig,.y.i^*r^ ■ g^i^r) ^ ^^5 
in qcoh(iS). Then g = {g,g',g") : <S ^ 7" is a 1-morphism in dSta, which we 
write as 5/,/ : 5v,£,s Sw,J^,t- 

Suppose now that V C V is open, with inclusion 1-morphism iy : V — ?> V. 
Write £ = £\v = i\){£) and s — s|v. Define iv,v = ^iv,idi ■ ^v,£,s ^v,£,s- If 
s~^(0) C V then iy.v ■ ^v,£,s ~> Sv,£,s is a 1-isomorphism. 

We do not define 'standard model' 2-morphisms in dOrb, as in Example 14.61 
for d-manifolds, to avoid inconvenience in combining the 0{s),0{s'^) notation 
with 2-morphisms of orbifolds. But see Example 111.91 below for a different form 
of 'standard model' 2-morphism. 

Any d-orbifold X is locally equivalent near a point [x] to a principal d- 
orbifold, and so to a standard model d-orbifold S\;_£,s- The next theorem, the 
analogue of Theorem 14.71 shows that V, £, s are locally determined essentially 
uniquely if dimV is chosen to be minimal (which corresponds to the condi- 
tion ds{v) = 0). 

Theorem 11.6. Suppose X is a d-orbifold, and [x] G Xtop- Then there exists 
an open neighbourhood 14 of [x] in X and an equivalence U ~ <5v.£:.s in dOrb 
for S\}^£^s CIS in Examvle 111.41 such that the equivalence identifies [x] with [v] G 
Vtop with s{v) — ds{v) — 0. Furthermore, V,£,s are determined up to non- 
canonical equivalence near [v] by X near [x] . In fact, they depend only on the 
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C°° -stack X, the point [x] £ Xtop, and the representation of Isox{[x]) on the 
finite- dimensional vector space Ker{x* {(px) ■ x*{£x) x*{J^x))- 

In a d-orbifold X = {X,0'p^,£x,ix,Jx), we think of X as 'classical' and 
Oi^jSxjiXjJx as 'derived'. The extra information in the 'derived' data is like a 
vector bundle £ over X. A vector bundle £" on a Deligne-Mumford C"^-stack X 
is determined locally near [x] 6 Xtop by the representation of IsoA'([a;]) on the 
fibre x*{£) of £ at [x]. Thus, it is reasonable that X should be determined up 
to equivalence near [x] by X and a representation of IsoA'([a;]). 

Here are alternative forms of 'standard model' d-orbifolds, 1-morphisms and 
2-morphisms, using the quotient d-stack notation of ijl0.2l 

Example 11.7. Let F be a manifold, E ^ V a. vector bundle, F a finite group 
acting smoothly on V, E preserving the vector bundle structure, and s : F — ?> i? a 
smooth, F-equivariant section of i?. Write the F-actions on V, E as r(7) -.V^V 
and f(7) : E r{^)*{E) for 7 e F. Then Examples 14.41 and 14.51 give an explicit 
principal d- manifold Sv.e.s, and 1-morphisms Sr{-y),f{-y) '■ Sv,e,s — >■ Sv.e.s for 
7 G F which are an action of F on Sv,e,s- Hence Theorem 110. 3( i) gives a 
quotient d-stack [Sv,e,s/^]- 

In fact [Sy^E.s/^] — ^v2,s for V,£,s defined using V,E,s,T, with V = 
[If/r]. Thus, [Sv,E,s/^] is a principal d-orbifold. But not all principal d- 
orbifolds W have W ~ [Sv,e,./T], as not all orbifolds V have V ~ [V/T] for 
some manifold V and finite group F. 

Example 11.8. Let [Sv,e,s/^], [Sw,F,t/ ^] be quotient d-orbifolds as in Ex- 
ample [TTT71 where F acts on V,E by 5(7) : V ^ V and 5(7) : E — > q{j)*{E) 
for 7 e F, and A acts on W,F by r{5) : W W and f(5) : F r{S)*{F) 
for S £ A. Suppose f : V ^ W is a smooth map, and f : E ~^ f*{F) is a 
morphism of vector bundles on V satisfying f o s = f* (t) + O(s^), as in (|4.2p . 
and jO : F A is a group morphism satisfying / o (7(7) — r{p{'j)) o f : V ^ W 
and g(7)*(/) ° Qil) = riHph))) o f : E ^ {f o g(7))*(F) for aU 7 e F, so 
that /, / are cquivariant under F, A, p. Then Example 14 . 41 defines a 1-morphism 
Sfj : Sv,E,s Sw,F,t in dMan. The equivariance conditions on /, / imply 
that S fj o Sq(^j),q(^) = Sr{p{'y)),f{p{-y)) o S fj foi 7 £ F. Hence Theorem llO. 31^ 11) 
gives a quotient 1-morphism [SfJ^p] : [Sv,e,s/^] [Sw,F,t/ A.]. 

Example 11.9. Suppose [S fJ, p],[Sg^g,(T] : [Sv,e.s/^] — > [Sw,F,t/A.] are two 
1-morphisms as in Example II 1.81 and write q, q for the actions of TonV,E and 
r, f for the actions of A on W, F. Then p, cr : F ^> A are group morphisms. 
Suppose 6 € A satisfies (7(7) = S p{j) S'^ for aU 7 e F, and A : £; ^ f*{TW) 
is a morphism of vector bundles on V which satisfies 

r{S-^)og = f + A-s + 0{s^) and g*{f{S-'^))og = f + A-dt + 0{s), (11.2) 
/*(dr(p(7))) o A = -z(7)*(A) o ^(7) : E ^ {f o q{^)r{TW), V7 £ F, (11.3) 

where dr{p{-/)) : TW r{p{-i))* {TW) is the derivative of r{p{'^)). Here (fTL2]) 
is the conditions for Example 14.61 to define a 'standard model' 2-morphism 5'a : 
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SfJ Sr{s-^)og,g'(f{s-^))og = S r{s-^) ,f{s-^) ° Sg^g in dMan. Then (|11.3I) 
impl ies that *ids,(^),,-(^) = ids,(p(^)),f(p(-,)) * 5'a for all 7 e T. Hence Theorem 
I10.3f iii) gives a quotient 2-morphism [S^a,<5] : I'^fJiP] =^ 

Here is an analogue of Theorem 111.61 for the alternative form [Sv.e.s/^]- 

Proposition 11.10. A d-stack X is a d-orbifold of virtual dimension n € Z 
if and only if each [x] £ A^top has an open neighbourhood tl equivalent to some 
[Sv,E,a/^\ i'n Example 111.71 with dim y — rank£^ = n, where T = Iso;\;'([a;]) 
and [x\ G Xtop is identified with a fixed point v of T in V with s{v) = 
and As{v) = 0. Furthermore, V,E^s^T are determined up to non-canonical 
isomorphism near v by X near [x]. 

11.3 Equivalences in dOrb, and gluing by equivalences 

Next we summarize the results of 34, §10.2], the analogue of ij4.4l Section 
110.21 discussed etale 1-morphisms in dSta. We characterize when 1-morphisms 
f : X ^ y and SfJ : <Sv,£,s ~^ Sw,J^.t in dOrb are etale, or equivalences. 

Theorem 11.11. Suppose f : X ^ y is a l-morphism of d-orbifolds, and 
f : X ^ y is representable. Then the following are equivalent: 

(i) / is etale; 

(ii) Clf : f*{T*y) — > T*X is an equivalence in vqcoh(<Y); and 

(iii) The following is a split short exact sequence in qcoh(A') : 

^ f*(£y) ly^iyZ^S^ ® f*iTy) ^ 0. (11.4) 

If in addition /» : IsoA'([a;]) — > Isoy (/top([a;])) is an isomorphism for all [x] G 
Xtop, and /top : Xtop — > 3^top is a bijection, then f is an equivalence in dOrb. 

Theorem 11.12. Suppose SfJ : <Sv,£,s — >■ «5w.j^,f is a 'standard model' 1- 
morphism, in the notation of Examples 111.41 and 111.51 with / : V — W repre- 
sentable. Then SfJ is etale if and only if for each [v] G Vtop with s{v) = and 
[w] = /top([w]) G Wtop, the following sequence of vector spaces is exact: 

ds(v)Qdf(v) f(v)(S-dt(w) 

^ nv — --^ f „ © T„W —-- --^ ^ 0. 

Also SfJ is an equivalence if and only if in addition /topls-i(o) • ^ ""^(0) ^ 
t~^{0) is a bijection, where s"^(0) = {[v] G Vtop : s{v) = 0}, t~^(0) = {[w] G 
Wtop : tiw) =0}, and /* : Isov([t']) — > Iso>v(/top([i'])) is an isomorphism for 
all [v] G s-i(O) C Vtop. 

Here is an analogue of Theorem 14 . 1 71 for d-orbifolds, taken from [331 §10-2]. 
It is proved by applying Theorem 110.81 to glue together the 'standard model' 
d-orbifolds <Svi,£i,si by equivalences. Now Theorem 110.81 includes extra condi- 
tions (|10.3l) - (|10.4p on the 2-morphisms rjijkXjk- But by taking the Vi,y to 
be effective orbifolds and the gi to be submersions, the r]ijk,Cjk are unique by 
Proposition 19. 5| and so ()10.3p - (|10.4p hold automatically. 
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Theorem 11.13. Suppose we are given the following data: 

(a) an integer n; 

(b) a Hausdorff, second countable topological space X; 

(c) an indexing set /, and a total order < on I; 

(d) for each i in I, an effective orbifold Vi in the sense of Definition 19. 4[ a 
vector bundle £i on Vi with dim — rankf ; = n, a section Si € C°°{£i), 
and a homeomorphism ^pi : s^^{0) Xi, where s~^(0) — {[vi] € Vi.top '■ 
Si{vi) — 0} and Xi (Z X is open; and 

(e) for all i < j in /, an open suborbifold Vij C Vi, a l-morphism Cij : Vij — >■ 
Vj, and a morphism of vector bundles iij : £i\vij — >■ ^tji^j)- 

Let this data satisfy the conditions: 

(i) x = Ue/^.; 

(ii) if i < j in I then (cij)* : Isov;j([w]) — > Isovj (eij^toplb])) "is an isomor- 
phism for all [v] G Vij, top, and eijOSijvij = where Lij : 0\i-^ — >■ 
e*j(C'vj) is the natural isomorphism, and i^i{si\y^\Q)) = Xi Ci Xj, and 
V'»lsJ-i (0) = ° '3ij,toplsj-i (0), and if [v,] G Vij,top with Si{vi) = and 
[vj] = eij_top(bi]) then the following sequence is exact: 

dsi{vi)(Bdeij{vi) Cij (-Ui )® -dsj (uj ) 

*- Ty^Vi Ci\y^(BTy^Vj Oj\yj 5>- 

(iii) if i < j < k in I then there exists a 2-morphism rjij^ : ^jk^^ijly-i^rier'^lV k) 

Note that rjij]^ is unique by Proposition 19.51 

Then there exist a d-orbifold X with vdim A' = n and underlying topological 
space Xto-p — X, and a l-morphism i/'i ■ ^Vi.£i,si ^ with underlying con- 
tinuous map ipi which is an equivalence with the open d-suborbifold Xi C X 
corresponding to Xi C X for all i E I, such that for all i < j in I there exists a 
2-morphism rj^j : ■0^- oSei^,eij '4>i°iv,,yi, where Sei^^e.j ■ ^v.^Xilv^^ ,Si\v^. 
Svj,£j.sj and ivij,Vi ■ ^Vij. £ i\v ■ ,Si\v ■ ~^ ^Vi,£i,si, using the notation of Exam- 
vles and [TTTSl This d-orbifold X is unique up to equivalence in dOrb. 

Suppose also that y is an effective orbifold, and gi : Vi — > 3^ are submersions 
for all i G I, and there are 2-morphisms : gj o aj ffilvij in Orb for all 
i < j in I. Then there exist a l-morphism h : X ^ y in dOrb unique up to 
2-isomorphism, where y = Fo^^^{y) — Sy,o,o, and 2-morphisms C,^ : hoxjj^ ^ 
Sg.fl for all i E T 

Here is another version of the same resuh using the ahernative form of 
'standard model' d-orbifolds in ijll.ll 
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Theorem 11.14. Suppose we are given the following data: 



(a) an integer n; 

(b) a Hausdorff, second countable topological space X; 

(c) an indexing set I, and a total order < on I; 

(d) for each i in I, a manifold Vt, a vector bundle Ei — > Vi with divuVi — 
rankSj = n, a finite group Ti, smooth, locally effective actions ri{'-f) : 

Vi, fi(7) : Ei r(7)*(i?i) of T.^ on Vi,Ei for 7 G T^, a smooth, 
T i-equivariant section : — > Ei, and a homeomorphism tpi : Xi ^ Xi, 
where Xi = {vi € Vi : Si{vi) = Oj/Fi and Xi C X is an open set; and 

(e) for all i < j in I, an open submanifold Vij C Vi, invariant under Ti, 
a group morphism pij : Ti ^ Tj , a smooth map Cij : Vij — > Vj, and a 
morphism of vector bundles iij : Ei\vij e*j{Ej). 

Let this data satisfy the conditions: 

(i) X-Ue/^- 

(ii) if i < j in I then Cij o Si\vij — e*j(sj) + 0{sf), and for all ^ we have 

eij o nij) = rj{pij{-f)) o By : Vj — > Vj, 
rdlTieij) o nij) = e*j{fj{pij{-f))) o e^- : E,\v,^ — > {e,^ o r,{-f))* (Ej), 

and ^pi(X^r\(Vij/Ti}) = X^nXj, and ipi\x,nv,j/r, = V'j ° (e^)* Uini/.j/rj , 
and if Vi € Vij with Si{vi) — and Vj — eij{vi) then p|stabr (uO • 
Stabri(fi) — >■ Stabrj (fj) is an isomorphism, and the following sequence 
of vector spaces is exact: 

^ — —-^ E,U^ on^Vj '—^ Ejl^ 0; 

(iii) if i < j < k in I then there exists ^ijk G Vk satisfying 

Ptk{l) = lijk PjkiPijil)) for all 7 e r,;, 

Then there exist a d-orbifold X with vdim A' = n and underlying topological 
space Xtop = X, and a 1-morphism xp^ : [Svi,Ei,si/^i] ^ X with underlying 
continuous map ipi which is an equivalence with the open d-suborbifold Xi C X 
corresponding to Xi C X for all i G I, such that for all i < j in I there exists 
a 2-morphism rjij : ip^ o [S ^e.j , Pij] ^ ipi° [Vij.V;, idrj, where [Svi,Ei,si/^i] 
is as in Example^Tll and [S ,e,j , Pij] : [Svi,,Ei\v,^,s,\v^./'i^i] [Sv^.E^.s, f^j] 
and [iy^^.^y^,idrj : [Svij,Ei\vij,si\vij /^i] [Sv,,e,,sJ'[']] as in Example |1L81 
This d-orbifold X is unique up to equivalence in dOrb. 
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Suppose also that Y is a manifold, and gi : Vi ^ Y are smooth maps for all 
i £ I with Qi o ri{'y) = gi for all 7 £ Ti, and gj o eij = gi\vij for all i < j in I. 
Then there exist a l-morphism h . X y unique up to 2-isomorphism, where 
y = F^JniY) = [5y,o,o/{1}], and 2-morphisms C^.hoxj,^^ [^s„o,7r{i}] 
for all i £ I. Here [Sy,o,o/ {^}] is from Examvle 111.71 with E,s both zero and 
r = {1}, and [Sg.^o, 7r{i}] : [Sv,,Ei,sjYi\ ^ ['S'y,o,o/{l}] = y is from Example 
111.81 with (ji — and p — t^{i} ■ Ti — > {1}. 

The importance of Theorems 111.131 and 111.141 is that all the ingredients are 
described wholly in differential-geometric or topological terms. So we can use 
these theorems as tools to prove the existence of d-orbifold structures on spaces 
coming from other areas of geometry, such as moduli spaces of J-holomorphic 
curves. The theorems are used to define functors to d-orbifolds from other 
geometric structures, as discussed in ijl6l 

11.4 Submersions, immersions, and embeddings 

Section r4.5l discussed (w-)submersions, (w-) immersions, and (w-)cmbeddings for 
d-manifolds. Following [34i §10.3], here are the analogues for d-orbifolds. 

Definition 11.15. Let A" be a Deligne-Mumford C°°-stack, so that as in Re- 
mark [ILI] we have a 2-category vvect(A') of virtual vector bundles on X. We 
define when a l-morphism /* : {£* , (f) — > (J^*, V') in vvect(A') is weakly injective, 
injective, weakly surjective or surjective exactly as in Definition 14. 181 

Let / : AT ^ y be a l-morphism of d-orbifolds. Then 17y : f*{T*y) T* X 
is a l-morphism in vvect(A'). 

(a) We call / a w-submersion if fJ/ is weakly injective. 

(b) We call / a submersion ii flf is injective. 

(c) We call / a w-immersion if / : X is representable, i.e. /* : Iso;t([a;])— > 
Isoj;(/top([a;])) is injective for all [x] S Atop, and Q.f is weakly surjective. 

(d) We call / an immersion if / : A — >■ ^ is representable and f2j is surjective. 

(e) We call / a w- embedding or embedding if it is a w-immersion or immersion, 
respectively, and /* : Isoa'([2;]) — ^ Iso3;(/top([a;])) is an isomorphism for all 
[x] G A'top, and /top : A'top — > ^top is a homeomorphism with its image, so 
in particular /top is injective. 

Parts (c)-(e) enable us to define d-suborbifolds of d-orbifolds. Open d- 
suborbifolds are (Zariski) open d-substacks of a d-orbifold. For more general 
d-suborbifolds, we call i : X ^ y a, w-immersed d-suborbifold, or immersed 
d-suborbifold, or w-embedded d-suborbifold, or embedded d-suborbifold of y, if 
X ,y are d-orbifolds and i is a w-immersion, . . . , embedding, respectively. 

Theorem 14.201 in ij4.5l holds with orbifolds and d-orbifolds in place of mani- 
folds and d-manifolds, except part (v), when we need also to assume f : X ^ y 
representable to deduce / is etale, and part (x), which is false for d-orbifolds 
(in the Zariski topology, at least). 
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11.5 D-transversality and fibre products 



Section discussed d-transversality and fibre products for d-manifolds. This 
is extended to d-orbifolds in fM', §10.4], with little essential change. Here are 
the analogues of Definition 14.211 and Theorems 14 . 2 2fl4 . 2 51 

Definition 11.16. Let X, y, Z be d-orbifolds and g : X ^ h : y ^ Z he 
l-morphisms. Let W — X Xg^z.h y be the C°°-stack fibre product, and write 
e : W ^ X , f : yV ^ y for the projection l-morphisms, and rj: goe^hof 
for the 2-morphism from the fibre product. Consider the morphism 



in qcoh(yV). We caU g, h d-transverse if a has a left inverse. 

Tiieorem 11.17. Suppose X, y, Z are d-orbifolds and g : X ^ Z, h : y ^ Z 

are d-transverse l-morphisms, and let W = X Xg z.h y be the d-stack fibre 
product, which exists by Theorem llO.lOf a). Then W is a d-orbifold, with 



Tiieorem 11.18. Suppose g . X ^ Z, h : y ^ Z are l-morphisms of d- 
orbifolds. The following are sufficient conditions for g, h to be d-transverse, so 
that W = X Xg z.h y is a d-orbifold of virtual dimension (jll.Sp : 



(b) g or h is a w-submersion. 

Tiieorem 11.19. Let X,Z be d-orbifolds, y an orbifold, and g : X ^ Z, 
h : y ^ Z be l-morphisms with g a submersion. Then W = X Xg z.h y is 
an orbifold, with dim W — vdim X + dim y — vdim Z . 

Tiieorem 11.20. (i) Let p : G ^ H be a morphism of finite groups, and 
H act linearly on M". Then as in H10.2I we have quotient d-orbifolds [*/G'], 
\R.'"/H] and a quotient l-morphism [0,p] : [*/G] — ^ [M.^/H]. Suppose X is 
a d-orbifold and g . X [R."' / H] a l-morphism in dOrb. Then the fibre 
product VV = X Xg [jfn^^j jQ^^j [*/G] exists in dOrb by Theorem lll.isr a). The 
projection ttx '■ W — )• X is an immersion if p is injective, and an embedding if 
p is an isomorphism. 

(ii) Suppose f : X ^ y is an immersion of d-orbifolds, and [x] £ Xtop with 



/top(W) = [y] e 3^top- Write p : G ^ H for f^ : lsox{[x\) lsoy{[y]). Then p 



is injective, and there exist open neighbourhoods U G X and V C ^ of [x\, [y\ 
with fijU) ^ V, a linear action of H on M" where n = vdim 3^ — vdim AT ^ 0, 



a 




vdim W = vdim X + vdim y — vdim .Z. 



(11.5) 



(a) Z is an orbifold, that is, Z G Orb; or 
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and a 1-morphism g : V — > [R^/H] with <?top([y]) — [0], fitting into a 2- 
Cartesian square in dOrb : 

U 

\f\u i} [0,p]| 

V ^ [R"/i/]. 

If f is an embedding then p is an isomorphism, and we may take U = f-\V). 

11.6 Embedding d-orbifolds into orbifolds 

Section l477l discussed embeddings of d- manifolds into manifolds. Theorem 14. 291 
gave necessary and sufficient conditions for the existence of embeddings / : 
X for any d-manifold X, and Theorem 14.321 showed that if a d-manifold 

X has an embedding f : X ^ Y for a manifold Y then X ~ Sv,e,s for open 
f{X) C V ^Y. Combining these proves that large classes of d-manifolds — all 
compact d-manifolds, for instance — are principal d-manifolds. 

In [SH §10.5] we consider how to generalize all this to d-orbifolds. The proof 
of Theorem 14.321 extends to (d-)orbifolds, giving: 

Theorem 11.21. Suppose X is a d-orbifold, y an orbifold, and j : X ~^ y an 

embedding, in the sense of Definition 1 1 1 .TSl Then there exist an open suborbifold 
V C y with f{X) C V, a vector bundle £ on V, and a smooth section s G C°°{£) 
fitting into a 2-Cartesian diagram in dOrb, where 3^, V,£^,s,0 = ^orb"''(-^' 
Tot(£:),Tot(s),Tot(0)), in the notation of igUJ 



V 

Hence X is equivalent to the 'standard model' d-orbifold Syx.s of Examvle \llA[ 
and is a principal d-orbifold. 

However, we do not presently have a good analogue of Theorem 14.291 for d- 
orbifolds, so we cannot state useful necessary and sufficient conditions for when 
a d-orbifold X can be embedded into an orbifold, or is a principal d-orbifold. 

11.7 Orientations of d-orbifolds 

Section [4.81 discusses orientations on d-manifolds. As in [SU §10.6], all this 
material generalizes easily to d-orbifolds, so we will give few details. 

If A' is a Deligne-Mumford C°°-stack and {£', </>) a virtual vector bundle on 
X, then we define a line bundle C[s',4>) on X called the orientation line bundle 
of {£',(/)). It has functorial properties as in Theorem I4.34f a)-(f). If ^ is a 
d-orbifold, the virtual cotangent bundle T*X = {£x,J-x, (t>x) is a virtual vector 
bundle on X. We define an orientation w on A?' to be an orientation on the 
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orientation line bundle Ct* x ■ The analogues of Theorem 14.371 and Proposition 
gJlhold for d-orbifolds. 

One difference between (d-)manifolds and (d-)orbifolds is that hue bundles 
C on Dehgne-Mumford C°°-stacks X (such as orientation hne bundles) need 
only be locally trivial in the etale topology, not in the Zariski topology. Because 
of this, orbifolds and d-orbifolds need not be (Zariski) locally orientable. For 
example, the orbifold [K.^"^^/{±1}] is not locally orientable near 0. 

11.8 Orbifold strata of d-orbifolds 

Section [5771 discussed the orbifold strata , , . . . , of a Deligne-Mumford 
C°°-stack X. When X is an orbifold, ^9.21 explained that X^ decomposes 
as X^ — YlxefiJ" '^^'^j where each X^'"^ is an orbifold of dimension dim A" — 
dim A, and similarly for X^ , . . . , X^. Section [10.51 discussed the orbifold strata 
X^, X^, ...,Xloia d-stack X. In [Ml §10.7] we show that for a d-orbifold X, 
the orbifold strata decompose as X^ — UasA'" '^^'^^ where X^'^ is a d-orbifold 
of virtual dimension vdim X — dim A, and similarly for X^ , . . . , X^. 

Definition 11.22. Let F be a finite group, and use the notation Rep„^(F), 
= i4:o(Rep„t(F)), C and dim : A^ ^ Z of Definition Hill Let 
Rq, Ri, . . . , Rk be the irreducible F-representations up to isomorphism, with 
Ro =R the trivial representation, so that A^ = Z*" and ^ N*". 

Suppose X is a. d-orbifold. Theorem 110.111 gives a d-stack X^ and a 1- 
morphism 0^{X) : X^ ^ X. The virtual cotangent bundle of X is T*X = 
(f A-, .^^^,0^"), a virtual vector bundle of rank vdim on A". So (X)* (T* X) = 
{0^iX)*{£x),0^{X)*iTx),0^iX)*{(j)x)) is a virtual vector bundle on X^. As 
in i i8.7[ 0^{X)*{£x),0^{X)*{I'x) have natural F-representations inducing de- 
compositions of the form (|8.10l) - (|8.1ip . and {X)* {(j)x) is F-equivariant and 
so preserves these splittings. Hence we have decompositions in vqcoh(A:''"): 

0^{X)*{T*X) ^ ® R^ for {T*X)^ G vqco^A-^), 

and 0^{X)*{T*X) = {T*X)i © {T*X)l^, with (11.6) 
iT*X)i - iT*X)l ® Ro and iT*X)l, = ®l,{T*X)l i?,. 

Also Theorem [1015] shows that T*{X^) ^ {T*X)l^. 

As 0^{X)*{T*X) is a virtual vector bundle, (fTTel) implies the (T*Af)f 
are virtual vector bundles of mixed rank, whose ranks may vary on different 
connected components of X^ . For each A G A'", define X^'^ to be the open and 

closed d-substack in X^ with rank((r*Ar)[) H h rank((r*;»^)^) [R^] = A 

in A'". Then X^'^ is a d-orbifold, with vdim A''"''^ = vdim A' — dim A. Also we 
have a decomposition X^ — Wy^^zfij- X^'^ in dSta. 

Note that in the d-orbifold case dim A may be negative, so we can have 
vdim^'"'^ > vdim Af. This is counterintuitive: the (w-immersed) d-suborbifold 
X^'^ has larger dimension than the d-orbifold X that contains it. 

Write 0^'^{X) = 0^{X)\x^.^ : X'^^^ -> X. Then O^'^(X) is a proper 
w-immersion of d-orbifolds, in the sense of gnu Define Xl' = X^ r\ X^'^, 
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and Ol'^{X) = Oo(-^)|<-^ : -^o'^ ^ X. Then Xl'^ is a d-orbifold with 
vdim^o'^ — vdim AT — dim A, and — YixeA^ X^''^. 

As for X^'t', . . .,Xo'^' in El for each fi G A^/ Aut(r) we define X^'t' ~ 
[(UAep'^^'^)/Aut(r)] in X^ ~ [X^ / Ant{T)l and -*o'^ = n ;f i^^'^, and 
X^'i' = tl^{X){X^'i'), and X^'" = X^ n -Y^.p. Then -^^.^^ . . . ^ p^r.^ 
d-orbifolds with vdim <^'"'^ = . . . = vdim X^''^ = vdim X — dim /i, with 

Also -^o is a d-manifold, that is, it hes in dMan. 

In [311 §10.7] we also consider the question: if X is an oriented d-orbifold, 
under what conditions on F, A,/i do the orbifold strata X^'^, . . . , Xo''^ have 
natural orientations? Here is the analogue of Proposition [9791 

Proposition 11.23. (a) Let T be a finite group with \T\ odd, and X an oriented 
d-orbifold. Then we may define orientations on X^''^,Xo' for all A G A'". 

(b) Let T be a finite group with |r| odd, A G A'" and /i = A • Aut(r) in 
A'"/Aut(r). We may write A = [{V^,p'^)] — [{V^ , p^)] for nontrivial T- 
representations {V^ , p^) with no common subrepresentation, and then {V^ , p^) 
are unique up to isomorphism. Define H to be the subgroup of Aut(r) fixing 
A in . Then for each 6 ^ H there exist isomorphisms of T -representations 
if : {V^,p^ o6) ^ Suppose ij®ij : V-^ ® V~ ^ V+ ® V~ is 
orientation-preserving for all 6 CI H . If X G 2A^ this holds automatically. 

Then for all oriented d-orbifolds X we can define orientations on the orb- 
ifold strata X^'^', <Yo'^, X^^^', <Yo'^. For X^^f" this works as X^'^' ~ [X^^^/H], 
where X^'^ is oriented by (a), and the H -action on X^'"^ preserves orientations, 
so the orientation on X^'"^ descends to an orientation on X^''^ ~ [X^''^ / H]. 

(c) Suppose that T and A G A'" do not satisfy the conditions in (a) (i.e. |r 
is even), or T and p G / Aut(r) do not satisfy the conditions in (b). Then 
we can find examples of oriented d-orbifolds X such that X^''^,Xo' are not 
orientable, or X'^^^', Xl''',X^'^', Xl'^ are not orientable, respectively. That is, 
the conditions on F, A, p in (a),(b) are necessary as well as sufficient to be able 
to orient orbifold strata X^'^ , . . . , Xo'^ of all oriented d-orbifolds X . 

Note that Proposition 111.231 for d-orbifolds is weaker than Proposition 19.91 
for orbifolds. That is, if F is a finite group with |F| even then for some choices 
of A, p we can orient X^'^ , . . . , X^'^ for all oriented orbifolds X, but we cannot 
orient X^'^, . . . , <^o''' for all oriented d-orbifolds X . 

11.9 Kuranishi neighbourhoods, good coordinate systems 

We now explain the main ideas of [331 §10-8], which are based on parallel material 
about Kuranishi spaces due to Fukaya, Oh, Ohta and Ono [TSlfT^ . 
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Definition 11.24. Let X he a, d-orbifold. A type A Kuranishi neighbourhood on 
A' is a quintuple {V, E, T, s, t/;) where ^ is a manifold, E ^ V a vector bundle, 
r a finite group acting smoothly and locally effectively on V, E preserving the 
vector bundle structure, and s : V ^ E a smooth, F-equivariant section of E. 
Write the F-actions on V,E as r{j) : V ^ V and f{'y) : E — )• r{j)*{E) for 
7 G F. Then Example 111.71 defines a principal d-orbifold [Sv,e.s/^]- We require 
that xp : [Sv,E,s/^] ^ X is a 1-morphism of d-orbifolds which is an equivalence 
with a nonempty open d-suborbifold xp{[Sv.E.s/^]) '~= X. 

Definition 11.25. Suppose {Vi,Ei,Ti,Si,ipi),{Vj,Ej,rj,Sj,xpj) are type A 
Kuranishi neighbourhoods on a d-orbifold X, with 

^ xp,{[Sv^^E„sjr.]) n i,^{[Sv„E„s,/r,]) c x. 

A type A coordinate change from (T^, E'i, F^, Si, i/jJ to (Vj, Ej,Tj, Sj,rpj) is a 
quintuple {Vtj,eij,eij, pij^rj^j), where: 

(a) ^ Vij C is a Fi-invariant open submanifold, with 

MiSv..-E,w^,:s.w^,/^'^]) = Ai[Sv.,E.,sjr.])nip^{[Sv„E,^sjr,]) c x. 

(b) pij : Fj — > Tj is an injective group morphism. 

(c) Cij : Vij Vj is an embedding of manifolds with Cij o ri{'y) = rj{pij{j)) o 
Cij : Vij Vj for all 7 G F;. If Vi, v[ G Vij and 5 G F^ with rj{5)oeij{v[) = 
&ij{vi), then there exists 7 G F^ with Pij^j) — 5 and ri{'-f){v'^) = Vi. 

(d) iij : Ei\vij ~^ ^iji^j) is an embedding of vector bundles (that is, Cij has 
a left inverse), such that iij o Si\vij — ^iji^j) ^-nd ri^jY^Cij) o fj(7) = 
eij{fj{pij h))) ° eij ■■ Ei\v,^ -J> (e^- o r^{-f))*{Ej) for all 7 G F,. Thus 
Example 111.81 defines a quotient 1-morphism 

[Se,,,e,,,P^J] ■ [Sy,^ ^E.\v,^ ,s,W,^ f^i] > [Sv,.E,,sJ'^j], (H-T) 

where [SY..^Ei\v,si\v/^i\ open d-suborbifold in [Svi,Ei,si/^i]- 

(e) If Vi G Vij with Si{vi) = and Vj — eij{vi) G Vj then the following linear 
map is an isomorphism: 

{ds, (v,)),: (T,^. Vj ) / (dey {v, ) [T.. V^) ^ {E,U^) / {eMmv.]) ■ 

Theorem 111.121 then implies that [Seij^eij, Pij] in (|11.7[) is an equivalence 
with an open d-suborbifold of [Svj,Ej,sj /^j]- 

(f) Vij ■ i>j ° [S'e.,,e„- , Pij] ^i\[Sv,^,E,i^^^ .s,i^^^ /r.] is a 2-morphism in dOrb. 

(g) The quotient topological space Vi Uy.. Vj = (ViUVj)/ ^ is Hausdorff, 
where the equivalence relation ^ identifies v G Vij C Vi with eij{v) G Vj. 

Definition 11.26. Let A' be a d-orbifold. A type A good coordinate system on 
X consists of the following data satisfying conditions (a)-(e): 
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(a) We are given a countable indexing set J, and a total order < on / making 
(/, <) into a well-ordered set. 

(b) For each i E I we are given a Kuranishi neighbourhood {Vi, Ei, Ti^Si^tj^j) 
of type A on X. Write Xi = '4>^{[Svi,Ei,si/^i\), so that Xi (~ X is an 
open d-suborbifold, and i/^j : [Svi.Ei,si/'^i\ — > '^i is an equivalence. We 
require that IJ^gj Xi — X, so that {Xi : i e /} is an open cover of X. 

(c) For all i < j in I with Xi n Xj ^ we are given a type A coordinate 
change (l^j, e^-, e^j, p^^, ry^^) from {Vi, Ei,Ti, Si,xp.^) to (V,-, ^Ej, F^, s^, ■0^). 

(d) For alH < j < fc in / with Xi n A'j n Xk ^ 0, we are given 7^^^ e F^ 
satisfying pik{^) = 7^^*; Pjk{Ptj{l)) for all 7 S F^, and 

e«felvifcne-/(y,fc) 

Combining the first equation of (jll.Sp with Definition lll.25f c) for en. and 
Ti acting effectively on Vik ri^ij^iVjk) shows that 'jijk is unique. Example 
111.91 with S — jijk and A then gives a 2-morphism in dOrb: 

Vijk = [SQ,-fijk] ■■ [Sej^,ejk^P3k] O [S e,, .e,, , Pij]\[S ^ n,-^,v E- ./rd 

=^ [Seik,eik7 Pik]\\S _i /r,] • 

(e) For all i < j < k in / with Xi n Xk ^ and Xj n Affc ^ 0, we require 
that if V, e Vik, Vj e Vjk and (5 G F^ with ejfe(wj) = rk{5) o eifc(Di) in 
Vjt, then Xi n n Xk 7^ 0, and G V^j, and there exists 7 G Fj with 
Pjfe(7) = ^7iifc and = rj{"f) o eij(wi). 

Suppose now that y is a manifold, and h : X ^ y is a. 1-morphism in 
dOrb, where y = F^^^ (Y) . A type A good coordinate system for h : X ^ y 
consists of a type A good coordinate system (/,<,..., 7ijfe) for X as in (a)-(e) 
above, together with the following data satisfying conditions (f)-(g): 

(f) For each i G /, we are given a smooth map gi : Vi ^ Y with gi ori{"f) = gi 
for all 7 G Fi, so that Example 111.81 defines a quotient 1-morphism 

[Sg„o,7r] : [Sv^.E^.sjr^ ^ [Sy.o,o/{1}] = y, 

where tt : F^ — > {1} is the projection. We are given a 2-morphism : 
hotp- ^ ["^gi.Oi I"] in dOrb. Sometimes we require gi to be a submersion. 

(g) For all i < j in / with Xi D Xj 7^ 0, we require that gj o eij — gi\vij ■ This 
implies that 

[Sg.fi,-^] O [Se,,,e„,Pij] = [^'5. .0 , Tt] | [Sv„. | ^. . ... | ^. . /r.] ■ 

[^y.,,£.iv..,...iv„./r,] [SY.ofi/{i}] = y. 
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= rkiltjk) o ejk o e.yly^^ne-/(\/,0' 

= (4(^j\(^fe(7^jfe))) °4fefe) °ey■)|^^^r^e-.l(y,,)■ 
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Here is the main result of [331 §10-8], which is proved in [341 App. D]. 

Theorem 11.27. Suppose X is a d-orbifold. Then there exists a type A good 
coordinate system (l , <, (Vi, Ei,Ti, Si,ipi), {Vij,eij,eij, pij,riij),-fijk) for X . If 
X is compact, we may take I to be finite. If {Vfj : j £ J} is an open cover of 
X, we may take Xi — 'ip iii^ Vi ,Ei,si i]) Q for each i G I and some ji £ J. 

Now let Y be a manifold and h . X ^ y — FMan'O^) ^ 1-morphism 
in dOrb. Then all the above extends to type A good coordinate systems for 
h:X and we may take the gi in Definition lll.26T f) to be submersions. 

In [31 §10.8] we also give 'type B' versions of Definitions lll.24HTr^ and 
Theorem 111.271 using the standard model d-orbifolds <Sv,£,s and 1-morphisms 
Seij,eij of Examples 111.41 and 111.51 in place of [Sv,e,s/^] and [S ,eij , Pij] from 
Examples [TTJ] and dril 

Observe that Definition 1 1 1 . 2 61 is similar to the hypotheses of Theorem lll.141 
Given a good coordinate system I,<,{Vi,Ei,ri,Si,xp^), . . . on X, Theorem 
111.141 reconstructs X up to equivalence in dOrb from the data I, <,Vi, Ei, 
Ti, Si, Vij, Cij, Cij, Pij,jijk- Thus, we can regard Theorem 1 1 1 . 2 71 as a kind of con- 
verse to Theorem 111.141 Combining the two, we see that every d-orbifold X 
can be described up to equivalence by a collection of differential-geometric data 
/, <,Vi, . . . , "fijk- The 'type B' version of Theorem 111.271 is a kind of converse 
to Theorem dril 

Fukaya and Ono [TH §5] and Fukaya, Oh, Ohta and Ono [TH §A1] de- 
fine Kuranishi spaces, the geometric structure they put on moduli spaces of 
J-holomorphic curves in symplectic geometry. We argue in [Ml §14.3] that their 
definition is not really satisfactory, and that the 'right' way to define Kuranishi 
spaces is as d-orbifolds, or d-orbifolds with corners. 

A Kuranishi space in [T51 §A1] is a topological space X with a cover by 'Ku- 
ranishi neighbourhoods' {V,E,T,s,il}), which are as in Definition 111.241 except 
that ■(/' is a homeomorphism with an open set in X, rather than an equiva- 
lence with an open d-suborbifold. On overlaps between (images of) Kuranishi 
neighbourhoods in X we are given 'coordinate changes', roughly as in Definition 
1 11. 2 51 except for the 2-morphisms 'q^j. Fukaya et al. define 'good coordinate sys- 
tems' for Kuranishi spaces, roughly as in Definition 111.261 They state without 
proof in [181 Lem. Al.ll] that good coordinate systems exist for any (compact) 
Kuranishi space, the analogue of Theorem 1 11. 2 71 

Good coordinate systems are used in [TSfTQ] in some kinds of proof involving 
Kuranishi spaces, in particular, in the construction of virtual classes and virtual 
chains. The proofs involve choosing data (such as a multi- valued perturbation 
of Si) on each Kuranishi neighbourhood {Vi, Ei, Ti, Si, ipi), by induction on i in 
I in the order <, where the data must satisfy compatibility conditions with 
coordinate changes {Vij , Cij , Sij , pij). 

In fact we have already met the problem good coordinate systems are de- 
signed to solve in ijll.6l in contrast to the d-manifold case, we do not have useful 
criteria for when a d-orbifold X is principal. The parallel issue for Kuranishi 
spaces is that we cannot cover a general Kuranishi space X with a single Kuran- 
ishi neighbourhood (V, E, T, s, iji). So we cover (compact) X with (finitely) many 
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Kuranishi neighbourhoods {Vi, Ei,Ti, Si,ipi) with particularly well-behaved co- 
ordinate changes on overlaps, and then carry out the construction we want on 
each (Vi, Ei,Ti, Si,ijji)i compatibly with coordinate changes. 

The material above is used in PT, §14.3] to explain the relations between 
d-orbifolds and Kuranishi spaces. As for Kuranishi spaces, it is also helpful for 
some proofs involving d-orbifolds, for instance, in constructing virtual classes 
for compact oriented d-orbifolds, and in studying d-orbifold bordism. 

11.10 Semieffective and effective d-orbifolds 

In [341 §10.9] we define semieffective and effective d-orbifolds, which are related 
to the notion of effective orbifold in Definition 19.41 

Definition 11.28. Let A' be a d-orbifold. For [x] £ Xtop, so that x : ±^ X is 
a C°°-stack 1-morphism, applying puUback x* to (|10.1|) gives an exact sequence 
in qcoh(*), where K[^] — Ker {x* {(j)x j)- 

^ K^^^ x*{£x) x*{Fx) x*{T*X) ^ T*X 0. 

We may think of this as an exact sequence of real vector spaces, where K^^]^ , T*X 
are finite-dimensional with dimr*^:' — diniifj^,] = vdim AT. 

The orbifold group IsoA'([a;]) is the group of 2-morphisms -q : x ^ x. 
Definition 18.181 defines isomorphisms ■q*{£x) : x*{£x) x*{£x) in qcoh(5), 
which make x*{£x) into a representation of Iso;t([a;]). The same holds for 
x*{Tx),x*{T*X), and x*{(j)x),x*{iljx) are equivariant. Hence K[^],T*X are 
also IsoA'([a;])-representations. 

We call X a semieffective d-orbifold if K^^^ is a trivial representation of 
Iso;f ([x]) for all [x] e X^op- We call X an effective d-orbifold if it is semieffective, 
and T*X is an effective representation of Iso;^ ( [x] ) for all [x] G Xt^p. 

That is, X is semieffective if the orbifold groups IsoA:-([a;]) act trivially on the 
obstruction spaces of X, and efi^ective if the Iso;t([a:]) also act effectively on the 
tangent spaces of X. One useful property of (semi)effective d-orbifolds is that 
generic perturbations of semieffective (or effective) d-orbifolds are (effective) 
orbifolds. We state this for 'standard model' d-orbifolds Syx.s- 

Proposition 11.29. Let V be an orbifold, £ a vector bundle on V, and s G 
C°°{£), and let Sy^g^s be as in Examvle 111.41 Suppose <Sv,f,s is a semieffective 
d-orbifold. Then for any generic perturbation s of s in C°°{£) with s — s 
sufficiently small in locally on V, the d-orbifold <Sv,£.s is an orbifold, that 
is, it lies in Orb C dOrb. // <Sv,£,s is an effective d-orbifold, then <Sv,£,s is 
an effective orbifold. 

Here are some other good properties of (semi)effective d-orbifolds: 

• If A" is an orbifold then X = Fq^^^{X) is a semieffective d-orbifold, and 
if X is effective then X is effective. 
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• Let Af be a semieffective d-orbifold, F a finite group, and A G A^. Then 
the orbifold stratum X^'-^ = unless X G C . If A' is effective then 
A^r.A _ yjjicss A = [R] for R an effective F-representation. 

• If X,y are (semi)effective d-orbifolds, then the product X x y is also 
(semi)effective. More generally, any fibre product AT x ^ ^ in dOrb with 
X, y (semi)effective and Z a manifold is also (semi)effective. 

• Proposition lll.251 savs that if X is an oriented d-orbifold, then when |r| 
is odd we can define orientations on the orbifold strata X^ '^, A'o''*', and 
under extra conditions on /i we can also orient X^'^, X^'^ , X^'^, X^'^ . 

For general d-orbifolds X, this is the best we can do. But for semieffective 
d-orbifolds X the analogue of Proposition 19.91 for orbifolds holds. This is 
stronger, as it orients X^'^, . . . , X^'^ under weaker conditions on F, A, fi, 
which allow |F| even for some A, /i. 



12 Orbifolds with corners 

In [34l §8.5--§8.9] we discuss 2-categories Orb'' and Orb*^ of orbifolds with bound- 
ary and orbifolds with corners, which are orbifold versions of manifolds with 
boundary and with corners in fJSl This is new material, and the author knows 
of no other foundational work on orbifolds with corners. 



12.1 The definition of orbifolds with corners 

Definition 12.1. An orbifold with corners X of dimension n ^ is a triple X = 
{X,dX,ix) where X,dX are separable, second countable Deligne-Mumford 
C°°-stacks, and ix '■ dX — >■ A" is a proper, strongly representable 1-morphism 
of C°°-stacks, in the sense of §8.61 such that for each [x] G A'top there exists a 
2-Cartesian diagram in C°°Sta: 



dU- 
U- 



■dX 
- X. 



Here U is an n-manifold with corners, so that ijj : dU U is smooth, 
and U,dU,iu = F^^^o''^{U,dU,iu), and u,ua are etale 1-morphisms, and 
Utop{[p]) — [x] for some p ^ U. We call X an orbifold with boundary, or an 
orbifold without boundary, if the above condition holds with U a manifold with 
boundary, or a manifold without boundary, respectively, for each [x] S A'top. 

Now suppose X = {X, dX, ix) and ^ = (3^, dy, ) are orbifolds with corners. 
A l-morphism / : X — > y, or smooth map, is a 1-morphism of C°°-stacks 
f : X ^ y such that for each [x] e A'top with /top([a;]) = [y] G iVtop there exists 
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a 2-commutative diagram in C°°Sta: 



U 



U 



X 




4^ 



V 



y. 



Here U, V are manifolds with corners, h : U — > F is a smooth map, U,V,h = 
P^aa^'^^i^^ h), and u, v are etale, and utop([p]) = [x] for some p £ U. 

Let /, 5 : X — )■ y be 1-morphisms of orbifolds with corners. A 2-morphism 
77 : / g is a 2-morphism of 1-morphisms f^g:X^y in C°°Sta. 

Composition of 1-morphisms 50/, identity l-morphisms idx, vertical and 
horizontal composition of 2-morphisms C ® C * ^'^d identity 2-morphisms 
for orbifolds with corners, are all given by the corresponding compositions and 
identities in C°°Sta. This defines the 2-category Orb° of orbifolds with corners. 
Write Orb*^ and Orb for the full 2-subcategories of orbifolds with boundary, 
and orbifolds without boundary, in Orb*^. 

If X is an orbifold in the sense of Definition 19.11 then X = (A", 0, 0) is an orb- 
ifold without boundary in this sense, and vice versa. Thus the 2-functor i^orb • 
Orb — > Orb*^ mapping A" M> X = {X, 0, 0) on objects, / H> / on 1-morphisms, 
and 77 M> ?7 on 2-morphisms, is an isomorphism of 2-categories Orb — ^ Orb. 



Define F^^^^e : Man'^ ^ Orb'^ by F^^^l : X ^ 1 ^ {X.dX'ix ) 0^ objects 
X in Man^ where X,dX,lx = F^^J^'-{X,dX,ix), and F^f^^ : f ^ J on 
morphisms f : X ^ Y in Man*^, where / ^ F^'^^J'^if). Then F°^^e is a full 



and faithful strict 2-functor. 

Let X — {X, dX, ix) be an orbifold with corners, and V C A an open C°°- 
substack. Define dV = i^^(V), as an open C°°-substack of dX, and iv ■ dV V 
by iv = ix\dv- Then V = (V,9V, iv) is an orbifold with corners. We call V an 
open suborbifold of X. An open cover of X is a family {Vq : a G A} of open 
suborbifolds Va of X with X = UaeA ^a- 

Example 12.2. Suppose X is a manifold with corners, G a finite group, and 
r : G Aut(X) an action of G on X by diffeomorphisms. Since r{'-f) : X ^ X 
is simple for each 7 e G, as in H5.2\ we have r^{'~f) : dX dX, which is also a 
diffeomorphism. Then r_ : G — > Ant{dX) is an action of G on dX, and ix ■ 
dX X is G-equivariant. Set X,dX,ix,r,r^ = F^^J'^{X,dX,ix,r,r_). 
Then X,dX are G°°-schemes with G-actions r,r-, and ix ■ dX ~¥ X is 
G-equivariant, so Examples 18.71 and 18.81 define Deligne-Mumford G°°-stacks 
[X/G], [dX/G] and a 1-morphism [ijc , idc] : [dX/G] [X/G], which turns out 
to be strongly representable. One can show that X = {[X/G], [dX/G], [ijf , idc]) 
is an orbifold with corners, which we will write as [X/G]. 

Remark 12.3. (a) We could have defined Orb*^ equivalently and more simply 
as a (non-full) 2-subcategory of DMC°°Sta, so that an orbifold with corners 
would be a G°°-stack X rather than a triple X — {X,dX,ix)- We chose the 
set-up of Definition 112.11 partly for its compatibility with the definitions of d- 
stacks and d-orbifolds with corners OC = {X, dX, ix,(^x) in i?T3l-i?T4l and partly 
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because, to make several important constructions more functorial, it is useful 
to have a particular choice of boundary dX for X already made. 

(b) In Remark 16.51 we noted that boundaries in dSpa'^ are strictly functorial. 
One sign of this is that for a semisimple 1-morphism / : X — s> Y in dSpa"^, the 

1- morphism /_ : 9£x — >■ 9Y is unique, not just unique up to 2-isomorphism, 
with an equality of 1-morphisms /oix|a-''x — f not just a 2-isomorphism. 
By the general philosophy of 2-categories, this may seem unnatural. 

We will arrange that boundaries in Orb"^ and also in dSta°, dOrb° are 
strictly functorial in the same way. This is our reason for taking ix '■ dX — > X 
in Definition 112.11 to be strongly representable, in the sense of Proposition 
I8.23f b') shows that this is no real restriction: ix ■ dX X is naturally rep- 
resentable, and we can make it strongly representable by replacing dX by an 
equivalent C°°-stack. Then Proposition 18.241 applied to iy : dy y is what 
we need to show that a semisimple 1-morphism / : X — !■ ^ in dOrb*^ lifts to a 
unique 1-morphism /_ : 9:^^X — > 9^ with f o ix\dix = *y ° /-• 

(c) An orbifold with corners X of dimension n is locally modelled near each 
point [x] e Xtop on ([0, oo)'"' x M"^'^) /G near 0, where G is a finite group acting 
linearly on R" preserving the subset [0,00)*^ x M""*^. Note that G is allowed 
to permute the coordinates xi,...,Xk in [0, 00)'^. So, for example, we allow 

2- dimensional orbifolds with corners modelled on [O,oo)^/Z2, where Z2 = (cr) 
acts on [0, 00)'^ by a : {xi,X2) H> {x2,xi). 

This implies that the 1-morphism ix ■ dX — > X induces morphisms of orb- 
ifold groups (ix)* ■ ^soqx{[x']) IsoAr([a::]) which are injective (so that ix is 
representable), but need not be isomorphisms. We will call an orbifold with 
corners X straight if the morphisms (ix)* '■ ^S0dx{[x']) — > Isoa'([x]) are isomor- 
phisms for all [x'] £ dXtop with ix,top{[x']) = [x]. That is, straight orbifolds 
with corners are locally modelled on [0, 00)*= x (]R""'''/G). Orbifolds with bound- 
ary, with fc = or 1, are automatically straight. Boundaries of orbifold strata 
behave better for straight orbifolds with corners. 

In ^9.1\ we explained that a vector bundle £ on an orbifold A" is a vector 
bundle on A" as a Deligne-Mumford C°°-stack, in the sense of tj8.5l But some- 
times it is convenient to regard £ as an orbifold in its own right, so we define a 
'total space functor' mapping vector bundles £ to orbifolds Tot{£). 

In the same way, if X = {X, dX, ix) is an orbifold with corners, in [Ml §8.5] 
we define a vector bundle £ on X to be a vector bundle on A" as a Deligne- 
Mumford C^-stack. To regard £ as an orbifold with corners in its own right, 
we define a 'total space functor' Tof^ : vect(A') Orb°, which maps a vector 
bundle £ on X to an orbifold with corners Tot'^{£), and maps a section s G 
C°°(£:) to a simple, fiat 1-morphism Tot'=(s) : X -> Tot'=(£:) in Orb". 

Definition 12.4. An orbifold with corners X is called effective if X is locally 
modelled near each [x] € Xtop on ([0, 00)*^ x R"^'^)/G, where G acts effectively 
on R" preserving [0, oo)'^ x R"~*', that is, every 1 / 7 G G acts nontrivially. 

The analogue of Proposition 19.51 holds for effective orbifolds with corners. 
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12.2 Boundaries of orbifolds with corners, and 
simple, semisimple and flat 1-morphisms 

In [Ml §8-6] we define boundaries of orbifolds with corners. 

Definition 12.5. Let X = {X , dX ,ix) be an orbifold witli corners. We will 
define an orbifold with corners d'X = {dX, d^X, igx), called the boundary of X, 
such that ix '■ d'X ^> X is a 1-morphism in Orb*^. Here dX and ix are given in 
X, so the new data we have to construct is d^X^igx- 

As ix '■ dX X is strongly representable by Definition 112.11 Proposition 
I8.25l defines an explicit fibre product dX x ,x.ix with strongly representable 
projection morphisms 7ri,7r2 : dX Xx dX — > dX such that ix ° t^i — ix o t^2- 
We will use this explicit fibre product throughout. There is a unique diagonal 
1-morphism Agx '■ dX — > dX x x dX with tti o Aqx ^ t^2 ° Aqx ~ idoA"- It is 
an equivalence with an open and closed C°°-substack Agx{dX) C dX Xx dX. 
Define d^X = dX Xx dX \ Agx{dX). Then d'^X is also an open and closed 
C°°-substack in dX Xx dX. Define igx — T^ilg^x ■ — > dX. Then 9X = 
{dX ,d^X ,igx) is an orbifold with corners, with dim(9X) — dimX — 1. Also 
ix '■ dX — >■ A" in X is a 1-morphism ix ■ 9X — > X in Orb'^. 

Here is the orbifold analogue of parts of ij5.H -i j5.3 

Definition 12.6. Let X = {X,dX,ix) and y = {y,dy,i)j) be orbifolds with 
corners, and / : X — ;> y a 1-morphism in Orb*^. Consider the C°°-stack fibre 
products dX x foix,y,iy dy and X x f^y^iy dy. Since iy is strongly representable, 
we may define these using the explicit construction of Proposition 18.251 

The topological space {dX xydy) top associated to the C°°-stack dX Xydy 
may be written explicitly as 

{dX Xy dy)top = {[x',y'] : a;' : i ^ dX and y' : * -> 93^ are ^ 
1-morphisms with foixox' — iyoy' : ±-^y}, 

where [x',y'] in (|12.ip denotes the ^-equivalence class of pairs {x\y'), with 
{x',y') ~ {x',y') if there exist 2-morphisms rj : x' =^ x' and : y' ^ y' 
with idfoix * ^7 = idii, * C- There is a natural open and closed C°°-substack 
Sf C dX Xy dy, the analogue of Sf in iil5.ll such that [x',y'] in (112. ip lies 
in iS/,top if and only if we can complete the following commutative diagram in 
qcoh(i) with morphisms as shown: 

^ (?/')* (AAy) ^^^^^ iyroW*y) ^^i^^ iy'nT*{dy)) 
^ (x')*(A/'x) — ixro^*x{T*X) —-^ (xriT*{^X)) 0. 

[X ) [l^x ) \X ) \^iix ) 

Similarly, the topological space {X Xy dy)top may be written explicitly as 

{X Xy dy)top = {[x,y'] : X : ±^ X and y' : ±^ dy are 

1-morphisms with fox = iyoy : *— >3^|, 
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where [x,y'] in (|12.2p denotes the ^-equivalence class of {x,y'), with {x,y') w 
{x, y') if there exist rj : x ^ x and C, : y' ^ y' with id/ * 77 = idi^ * There is 
a natural open and closed C°°-substack T/ C A" Xj; 9^, the analogue of T/ in 
ij5.ll such that \x^y'] in (|12.2p lies in Tf, top if and only if we can complete the 
following commutative diagram in qcoh(5): 

(V ) i'^y) ) (^iy ) 

x*{T*X). ^" 

Define s/ = Trg;^ : 5/ m/ = Trg^l^/ : '5/ dy , if ^ t^xWs ■ ^ 

X, and Vf = TTgyl-j-j : 7/ — 93^. Then Sf,tf are proper, etale 1-morphisms. 
We call / simple if : 5/ — dX is an equivalence, and we call / semisimple 
if s/ : iS/ — > dX is injective as a 1-morphism of Deligne-Mumford C°°-stacks, 
and we call / flat if 7"/ = 0. Simple implies semisimple. 

The condition that ix is strongly representable in Definition 112. II is essential 
in constructing f-,rj- in parts (b),(c) of the next theorem. 

Theorem 12.7. Let / : X — s> y he a semisimple 1-morphism of orbifolds with 
comers. Then there is a natural decomposition dX = d^^XU dLx, where d±.X 
are open and closed suborbifolds in dX, such that: 

(a) Define f+ = f ° ^x\gfx '■ ^ ^- Then /_|_ is semisimple. If f is flat 
then is also flat. 

(b) There exists a unique, semisimple 1-morphism /_ : d^X in Orb*^ 
with f o ix\gf jr — iy o f- . If f is simple then d^X = 0, d'LX = dX and 
/_ : dX — )■ 9y is simple. If f is flat then /_ is flat. 

(c) Let g : X — > V he another 1-morphism and rj : f ^ g a 2-morphism in 
Orb*^. Then g is also semisimple, with d^X = dLX. If f is simple, or 
flat, then g is too. Part (b) defines 1-morphisms f-,g- : dLX d^. 
There is a unique 2-morphism rj^ : f^ ^ g_ in Orb*^ such that 

12.3 Corners Cfc(X) and the corner functors C,C 

In [331 §8.7] we extend ^5.'S\ to orbifolds. Here is the orbifold analogue of the 
category Man° in Definition 15.101 

Definition 12.8. We will define a 2-category Orb"^ whose objects are disjoint 
unions IJ^^g Xm , where is a (possibly empty) orbifold with corners of di- 
mension m. In more detail, objects of Orb"^ are triples X = {X,dX,ix) with 
ix '■ dX X a. strongly representable 1-morphism of Deligne-Mumford C°°- 
stacks, such that there exists a decomposition X = ]J^^q Xm with each X,n C X 
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an open and closed C°°-substack, for which X,„ := (^Xm,ix^iX„i),ix\i^^{x„,)) 
is an orbifold with corners of dimension m. 

A 1-morphism / : X y in Orb*^ is a 1-morphism f : X ^ y in C°°Sta 
such that f\x„,nf-^{y„) ■ (-^m H /^^(3^„)) — > is a 1-morphism in Orb*^ for 
all m,n ^ 0. For 1-morphisms /, 5 : X — a 2-morphism 77 : / =^ g is a 
2-morphism 77 : / g in C°°Sta. Then Orb"^ is a full 2-subcategory of Orb"^. 

The next theorem summarizes our results on corners functors in Orb*^. 

Theorem 12.9. (a) Suppose X is an orbifold with corners. Then for each 
fc = 0, 1, . . . , dimX we can define an orbifold with corners Cfc(X) of dimension 
dimX — k called the k-corners of X, and a 1-morphism : Cfe(X) — X in 
Orb°. It has topological space 

Cfc(A')top = { [a;, {a^i, ■ • ■ jS^fc}] : x : 5— 7><-f, x'^ ; *_^dX are 1-morphisms 
with x'l, . . . ,x'i^ distinct and x — ix ° Xi = ■ ■ ■ = ix ° x'l.} . 

There is a natural action of the symmetric group Sk on d^X by 1 -isomorphisms, 
and an equivalence Cfc(X) ~ d^X/ Sk- We have 1-isomorphisms Co(X) = X and 
Ci(X) ^ 31 in Orb'^. Write C(X) = Y[t=a^ Ck{1) and lix = Mt^o^^x^ so 
that C(X) is an object and Tlx '■ C(X) — s> X a 1-morphism in Orb*^. 

(b) Let / : X — )> y be a 1-morphism of orbifolds with corners. Then there is 
a unique 1-morphism C{f) : C(X) — J> CC^) in Orb'^ such that Hy o C(/) = 
/ o IIx : C(X) y, and C{f) acts on points as in (|12.3p by 

C(/)top : [a;, {a;i,---,4}] ' — > [vAVi, ■ ■ ■ ^v'l}], where y ^ f o x, 
and {y[,...,yi} = {y' : [x'^,y'] S 5/,top, some i = l,...,fc}, 

where Sf is as in Definition 112.61 

For all k,l ^ 0, write Ci\X) = Cfe(X) n C(/)-i(C;(y)), so that Ci'\X) 
is open and closed in Cfc(X) with Cfe(X) ~ Ijf^'o ^ '^'^'^ write C\.{f) = 

^(/)lc^''(X)' so that Cl{f) : Cl'^{X) — ?> C;(y) is a 1-morphism in Orb'^. 

(c) Let /, 5 : X — > y be 1-morphisms and rj : f ^ g a 2-morphism in Orb*^. 
Then there exists a unique 2-morphism C{ri) : C{f) ^ C{g) in Orb*^, where 
C{f),C{g) are as in (b), such that 

idny * C{-q) =r]* idn^ ■ Ily o C(/) = / o IIx =^ Ily o C{g) ^ go Ux- 

(d) Define C : Orh" Orb'^ by C : X ^ C(X) on objects, C : f ^ C{f) on 
1-morphisms, and C : rj ^ div) on 2-morphisms, where C{X),C{f),C{r]) are 
as in (a)— (c) above. Then C is a strict 2-functor, called a corner functor. 

(e) Let / : X — y be semisimple. Then C{f) maps Cfc(X) — > IJ;Lo^'(^) f'^^ 
all k ^ 0. The natural 1-isomorphisms Ci(X) = 9X, Co(y) — y, C'i(y) = 9y 
identify C('°{X) = d{X, C('\X) = dLx, Cf{f) ^ f+ and CUf) ^ 

// / is simple then C{f) maps Cfc(X) — > Cfc(y) for all k ^ 0. 
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(f) Analogues of (b)-(d) also hold for a second corner functor C : Orb*^ — >■ 
Orb'^, which acts on objects by C : X i-^ C(X) in (a), and for 1-morphisms 
/ : X y in (b), C{f) : C(X) C(y) acts on points by 

C{f)top ■■ [x,{x[,...,x'k}] I — > [y,{y[,...,y'i}], where y:^ fox, 
{y'l, - ■ ■ ,yi} = {y' ■ W^,y']&Sf,top, i = l,...,k}\j{y' [x, y']&rf, top}- 

If f IS fiat then C{f)^C{f). 

Example 12.10. Suppose X is a quotient [X/G] as in Example II 2. 21 where X 
is a manifold with corners and G is a finite group. Then the action r : G ^ 
Aut(X) lifts to G{r) : G -J> Aut(C(X)), and there is an equivalence C{[X/G]) ~ 
[C{X)/G] in Orb'^, where to define [G{X)/G] we note that Example [1121 also 
works with X in Man"^ rather than Man'^, yielding [X/G] G Orb°. 

Section 15.21 defined (s-)submersions, (s- or sf-) immersions and (s- or sf-) 
embeddings in Man"^. Section [9.11 defined submersions, immersions and em- 
beddings in Orb. We combine the two definitions. 

Definition 12.11. Let / : X — > ^ be a 1-niorphism of orbifolds with corners. 

(i) We can / a submersion if Qcif) ■ C{f )*{T*G{y)) T*G{X) is an injec- 
tive morphism of vector bundles, i.e. has a left inverse in qcoh(C(A')), and 
/ is semisimple and flat. We call / an s-submersion if / is also simple. 

(ii) We call / an immersion if it is representable and fi/ : f*(T*y) T*X is a 
surjective morphism of vector bundles, i.e. has a right inverse in qcoh(A:'). 
We call / an s-immersion if / is also simple, and an sf-immersion if / is 
also simple and flat. 

(iii) We call / an embedding, s-embedding, or sf-embedding, if it is an im- 
mersion, s-immersion, or sf-immersion, respectively, and /* : IsoA'([a;]) — >■ 
Isoj;(/top(N)) is an isomorphism for ah [x] G Xtop, and /top : Xtop J^top 
is a homeomorphism with its image (so in particular it is injective). 

Then submersions, . . . , sf-embeddings in Orb° are etale locally modelled on 
submersions, . . . , sf-embeddings in Man'^. 

12.4 Transversality and fibre products 

Section 15.41 discussed transversality and fibre products for manifolds with cor- 
ners. In p^, §8.8] we generalize this to orbifolds with corners. 

Definition 12.12. Let X, y, Z be orbifolds with corners and g : X -> Z, /i : ^ — >• 
2. be 1-morphisms. Then as in > jl3l we have 1-morphisms G{g) : C(X) G{Z) 
and G{h) : C(V) ^ G{Z) in Orb^ and hence 1-morphisms C(.g) : G{X) 
G{Z) and G{h) : G{y) G{Z) in C°°Sta. We cafl g,h transverse if the 
following holds. Suppose x : * — !• G{X) and y : * — >■ G{y) are 1-morphisms 
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in C°°Sta, and rj : C{g) o x ^ C{h) o y a 2-niorphisni. Then the fohowing 
morphism in qcoh(i) should be injective: 

(x*(f7c(,))o4,C7(s)(r*C(Z)))©(y*(f]cw)°4.c(/.)(7^*C'(Z))o7y*(T*C(Z))) : 
{C{g) o x)*{T*C{Z)) x*{T*C{X)) © y*{T*C{y)). 

Now identify Ck{X) top C C{X)top with the right hand of (|12.3p . and sim- 
ilarly for C(J)top,C(Z)top. Then C {g) top. C{h) top act as in ^TQ. We cah 
g, h strongly transverse if they are transverse, and whenever there are points in 

c,{x)top.Ck{y)top.Ci{z)top with 

C{g)top{[x, {x[,. . . ,x^}]) =C(/i) top (b, {yi, • • ■ , y'k)]) = [2, {z'l, . . . , z[}], 

we have either j + k>lorj = k = l = 0. 

One can show that g, h are (strongly) transverse if and only if they are etale 
locally equivalent to (strongly) transverse smooth maps in Man*^. 

Here is the analogue of Theorem 15.131 

Theorem 12.13. Suppose 5 : X — > Z and /i : ^ — > Z. are transverse 1- 
morphisms in Orb"^. Then a fibre product W = X Xg^z.h ^ exists in the 2- 
category Orb'^. 

Proposition 15.141 and Theorem 15.151 also extend to Orb"^ , with equivalences 
natural up to 2-isomorphism rather than canonical diffeomorphisms. 



12.5 Orbifold strata of orbifolds with corners 

Sections 18.71 and 19.21 discussed orbifold strata of Deligne-Mumford C°°-stacks 
and orbifolds, respectively. In [331 §8.9] we extend this to orbifolds with corners. 
This is also related to the material on fixed points of finite group actions on 
manifolds with corners in i i5.6l 

Theorem 12.14. Let X be an orbifold with corners, and T a finite group. 
Then we can define objects "X^jX^jX^ in Orb*^, and open subobjects X^ C X'", 
C X'", C X'", all natural up to 1-isomorphism in Orb'^, and 1-morphisms 
0'"(X), n'"(X), . . . fitting into a strictly commutative diagram in Orb'^ : 




The underlying C°° -stacks of , ■ ■ ■ , X^ are the orbifold strata X^ , ■ ■ ■ , X]^ 
from |J8?7] of the C°° -stack X in X, and the 1-morphisms in p2.5p . as C°°- 
stack l-morphisms, are those given in (|8.3p . 
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Use the notation of Definition [^771 Then there are natural decompositions 

'yT TT TriA ^vF TT tF-M 'Y^ TT TF,/^ 

— LlAeAr 7 — ii/iGAr / Aut(r) ' — ii^SAr / Aut(r) ' 

fy-r TT 'yr,A ry-r tt fy-r,/^ ry-r tt -y-r,^ 

■^o — LlAeAr -^o , -^o — ii/^eAr / Aut(r) -^o ' -^o — iipeA^ / Aut(r) -^o ' 

where X^'^, . . . , Xo'^ are orbifolds with corners, open and closed in X^ , . . . , X^, 
and of dimensions dimX — dim A, dim X — dim/i. All of X^ , X^ , X^ , X^, X^ , X^ , 
X'"''^, X'"''', X'"^^, Xo''^, Xo'^, Xo''' will be called orbifold strata of X. 

The definitions of X'", X'", . . . , X^ also make sense if X lies in Orb*^ rather 
than Orb*^. We will not use notation X'"''*', . . . , Xo''' for X G Orb'^ \ Orb'^. 

As for Deligne-Mumford C°°-stacks in ^8.71 orbifold strata X'" are strongly 
functorial for representable 1-morphisms in Orb*^ and their 2-morphisms. That 
is, if / : X — >■ y is a representable 1-morphism in Orb'^, there is a unique 
representable 1-morphism f^:X^^ in Orb'^ with O^C^) o f^ ^ f o 0^{X), 
which is just the 1-morphism from ^8.^\ for the C°°-stack 1-morphism / : 
X ^ y. Note however that need not map X^'-^ y^^^ for A G A"^. 

If /, 5 : X — > y are representable and rj : f ^ g is a. 2-morphism in Orb'^, 
there is a unique 2-morphism rj^ ■ f^ ^ in Orb*^ with idgr^y) rj^ = 
Tj * idor(x), which is just the C°°-stack 2-morphism rf from i J8.7l These f^, rf 
are compatible with compositions of 1- and 2-morphisms, and identities, in the 
obvious way. Orbifold strata X'" have the same strong functorial behaviour, and 
orbifold strata X'" a weaker functorial behaviour. 

We also investigate the relationship between orbifold strata and corners. 

Theorem 12.15. Let X be an orbifold with corners, and T a finite group. The 
corners C(X) lie in Orb"^ as in tJ12.3[ so we have orbifold strata X'",C(X)'" 
and 1-morphisms 0^{X) : X^ ^ X, 0^{CiX)) : C{Xf -> C(X). Applying 
the corner functor C from ii|12.3l gives a 1-morphism C{0^{X)) : C{X^) — >■ 
C(X). Then there exists a unique equivalence K^{X) : C{X^) C(X)'" such 
that 0^(C(X)) oK^{X) = C{0^{X)) : C{X^) -> C(X). It restricts to an 
equivalence Kl{X) := K^{X)\c(xl) : C{Xl) C{X)l. _ 

Similarly, there is a unique equivalence A''"(X) : C{X^) — > C{X)^ with 
d^{C{X)) o K^{X) = Cid^iX)) and I1^{C{X)) o K^{X) = K^{X) o C(ni^(X)). 
There is an equivalence K^{X) : C{X^) — >■ C{X)^ , unique up to 2 -isomorphism, 
with a 2-morphism 11^ (C (X)) o (X)^^ K^{X)oC{Il^{X)). They both restrict 
to equivalences K^X) : C{Xl) ^ C{X)l and K^{X) : C{X^) ^ C{X)^. 

Here is an example; 

Example 12.16. Let Z2 = {l,cr} with cr^ = 1 act on X = [0,00)^ by a : 
{xi,X2) H> {x2,xi). Then X — [[0, cxd)^/Z2] is an orbifold with corners. We 
have dX = [0, 00) and d'^X = =1=, so that C2{X) ~ [*/S2] = [*/Z2]. Hence 
C(X) = Co(X) HCi(X) nC2(X) with Co(X) ~ [[0,00)7X2], Ci(X) ~ [0,00) 

and C2(X) ~ [*/Z2]. The orbifold strata X'", . . . , X^ are given by 

X^^ = X^^ ~ X^2 = Xj^ ~ [0, 00) X [*/Z2], X^^ = Xf^ ~ [0, 00). 
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Therefore 



Co(X^^) ~ [0,^) X [*/Z2], Ci(X^^) ~ [*/Z2], C2(X^^) = 0, 
Co{Tf^ ^ [0,oo) X [*/Z2], Ci(X)^^ = 0, C2{lf' ^ 

We see from this that K^^^X) : C{X^^) C(X)^^ identifies Ci{X^^) with 
C2(X)^^ so Xi'(X) need not map Ckil^) to Cfc(X)i' for fc > 0. The same 
apphes to K^{X),k^{X). 

The construction of K^CX) in Theorem 112.151 implies that it maps C/c(X'") 
into IJ;>fcC'i(X)^ for fc > 0. This implies that Ci(X)'" ~ (9X)^ is equiv- 
alent to an open and closed subobject of Ci(X'") ~ d{X^). Hence we can 
choose a 1-morphism J'"(X) : (dX)^ — >■ 9(X'") identified with a quasi-inverse for 
ii:r(X)|... : K^lx)-^{Ciilf) Ci(X)r by the equivalences Ci{Xf ~ (9X)r 
and Ci{X^) ~ 9(X^), and J^(X) is an equivalence between (9X)^ and an open 
and closed subobject of 9(X^). We then deduce: 

Corollary 12.17. Let X be an orbifold with corners, and T a finite group. Then 
there exist 1-morphisms {X) : {dXf d{X^), J^{X) : {dXf d{±^), 
j^(X) : (dX)^ — i> d{X^) in Orb*^, natural up to 2-isomorphism, such that 
J^(X) is an equivalence from (9X)'" to an open and closed subobject of d{X^), 
and similarly for J^{X), J^(X). 

For A G A'j^, /i e A5|^/Aut(A) these restrict to 1-morphisms J^''^{X) : 

{dXf'^ d{X^'^), J^^f'iX) : {^X)^'^' diX^'"), J^^f'iX) : {dXf^'' ^ diX^^") 
in Orb*^, which are equivalences with open and closed suborbifolds. Hence, if 
X^'^ = then {dXf'^ = 0, and similarly for X^^a^^ {^Xf'^', X^'^', {dXf^t'. 

As in Remark ll2.3f c). an orbifold with corners X is called straight if (ix)* '■ 
^S0dx{[x']) -^IsoA'([x])isan isomorphism for all [x'] G dXtop with ix,top{[x']) = 
[x]. If X is straight then K^{X) in Theorem ll2.15l is an equivalence Ck{X^) 
Ck{X)^ for all fc ^ 0, and so J^(X) in Corollarv ll2.17l is an equivalence (dX)^ 
d{X^). The same applies for (X) , (X) , (X) , {X) . 

Proposition 19.91 on orientations of orbifold strata X^'"^, . . . , X^''^ of oriented 
orbifolds X also holds without change for orbifolds with corners X. 

13 D-stacks with corners 

In [331 Chap. 11] we define and discuss the 2-category dSta'^ of d-stacks with 
corners. There are few new issues here: almost all the material just combines 
ideas we have seen already on d-spaces with corners from Sj6l and on d-stacks 
from i }TOl and on orbifolds with corners from i ?T2l So we will be brief. 

13.1 Outline of the definition of the 2-category dSta^ 

The definition of the 2-category dSta*^ in [SH §11.1] is long and complicated. 
So as for dSpa*^ in HQ.ll we will just sketch the main ideas. 
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A d-stack with corners is a quadruple CC = {X,dX,ix,^^dc), where X,dX 
are d-stacks and ix ■ dX X is a 1-morphism of d-stacks with ix '■ dX — >■ X 
a proper, strongly representable 1-morphism of Deligne-Mumford C°°-stacks, 
as in ij8.6l We should have an exact sequence in qco\i{dX): 

^Ux ^^dx -0, (13.1) 

where Mx is a line bundle on dX ^ the conormal bundle of dX in AT, and ujx 
is an orientation on Mx- These X, dX ,ix,uJx must satisfy some complicated 
conditions in [Ml §11.1], that we will not give. They require dX to be locally 
equivalent to a fibre product X X[q^cc) * in dSta. 

If !X = {X , dX jixjij-ix) and y = {y , dy , iy , ujy) are d-stacks with corners, 
a l-morphism / : X — )■ y in dSta'^ is a 1-morphism f . X ^ y in dSta 
satisfying extra conditions over dX,dy. li f , g . DC ^ he 1-morphisms in 
dSta'^, so f,g : X ^ y are 1-morphisms in dSta, a 2-morphism f] : f ^ g 
in dSta° is a 2-morphism rj : f ^ g in dSta satisfying extra conditions over 
dX, dy. In both cases, 1- and 2-morphisms in dSta° are etale locally modelled 
on 1- and 2-morphisms in dSpa°. Identity 1- and 2-morphisms in dSta'^, and 
the compositions of 1- and 2-morphisms in dSta°, are all given by identities 
and compositions in dSta. 

A d-stack with corners % = {X,dX,ix,(^x) is called a d-stack with bound- 
ary if ix '■ dX X is injective as a representable 1-morphism of C°°-stacks, 
and a d-stack without boundary if dX — 0. We write dSta'' for the full 2- 
subcategory of d-stacks with boundary, and dSta for the full 2-subcategory of 
d-stacks without boundary, in dSta"^. There is an isomorphism of 2-categories 
^dlta° : dSta ^ dSta mapping X = {X,{b, 0, 0) on objects, f ^ f on 

1-morphisms and rj r] on 2-morphisms. So we can consider d-stacks to be 
examples of d-stacks with corners. 

Define a strict 2-functor F^|*^c : dSpa'^ -> dSta'^ as follows. If X = {X, 
dX,ix,ujx) is an object in dSpa^ set F^i^^^{X) = X = {X,dX,ix,ujx), 
where X,dX,ix — F^^^'^{X , dX ,ix.)- Then comparing equations (|6.2p and 
(|13.ip , we find there is a natural isomorphism of line bundles A/'x — laxjJ^x), 
where Tgx ■ QCoh( dX ) — qcoh(9X) is the equivalence of categories from Ex- 
ample 18.171 We define ljx to be the orientation on Mx identified with the ori- 
entation Xax (wx) on Iax(A/'x) by this isomorphism. On 1- and 2-morphisms 
f,r^ in dSp^^ we de&n^F^i^^^f) = F^i^Hf) and F^i'^^^rj) = F^i^Hr^). 

Write dSpa° for the full 2-subcategory of objects % in dSta"^ equivalent to 
^^gp|c(X) for some d-space with corners X. When we say that a d-stack with 
corners DC is a d-space^ we mean that DC G dSpa*^. 

Define a strict 2-functor F^^^f : Orb'^ dSta'= as follows. If X = 
{X,dX,ix) is an orbifold with corners, as in i )12.11 define -Forb^ (-^) = DC = 
{X,dX,ix,uJx), where X,dX,ix = FS^^^^{X,dX,ix). Then Afx in dm]) 
is isomorphic to the conormal line bundle of dX in X, and we define ojx to be the 
orientation on Afx induced by 'outward-pointing' normal vectors to dX in X. 
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Then X — {X, dX, ix, wx) is a d-orbifold with corners. On 1- and 2-morphisms 
/,77 in Orb^ wc_define_Fdstf (/) ^ F^^%,^{f) and F^^tf (^) ^ ^^dsta^^(^)_ 

Write Orb, Orb'', Orb"^ for the fuh 2-subcategories of objects OC in dSta"^ 
equivalent to F^^^f (X) for some orbifold X without boundary, or with bound- 
ary, or with corners, respectively. Then Orb C dSta, Orb"^ C dSta'' and 
Orb*^ C dSta"^. When we say that a d-stack with corners % is an orbifold, we 
mean that "X e Orb*^. 

Remark 13.1. As discussed for orbifolds with corners in Remark I12.3f bl. in 
a d-stack with corners X = {X , dX ,ix,u}x) we require ix ■ dX — > A" to be 
strongly representable, in the sense of H8M so that we can make boundaries and 
corners in dSta"^ strongly functorial, as in Remark l6.5l for dSpa°. 

For each d-stack with corners 3C — {X , dX ,ix,iox), in jBH §11-3] we define 
a d-stack with corners dX = [dX ,d'^ X ,iQx,uJd'x) called the boundary of X, 
and show that ix ■ dX — > X is a 1-morphism in dSta"^. As for d-spaces with 
corners in (|6.3p . the d-stack d'^X in dX satisfies 

d^X ~ {dX Xi^^xA^ dX) \ AaxidX), 

where Aqx '■ dX — dX x x dX is the diagonal 1-morphism. The 1-morphism 
iQX ■ d^X dX is projection to the first factor in the fibre product. There 
is a natural isomorphism TVgx == *x(-^^)' ^'^'^ orientation tuox on Max 
corresponds to the orientation ^^(wx) on i'i^r {Mx). 

13.2 D-stacks with corners as quotients of d-spaces 

Section [10.21 discussed quotient d-stacks [X/G], for X a d-space and r : G ^ 
Aut(X) an action of G on X by 1-isomorphisms. In [Ml §11-2] we extend this 
to d-spaces with corners and d-stacks with corners, and prove: 

Theorem 13.2. Theorems 110.31 and 110.41 hold unchanged in dSta"^. 

Here if X = {X, dX, ix, <^x) is a d-space with corners and r : G ^ Aut(X) 
an action of G on X then each r{j) : X — >■ X for 7 £ G is simple, so Theorem 
I6.3f b') gives a lift r_(7) : 9X 9X, defining an action : G ^ Aut(9X) 
of G on 9X. Then r : G ^ Aut(X) and r_ : G ^ Aut(9X) are ac- 
tions of G on the d-spaces X,dX, and ix : dX X is G-cquivariant. 
So Theorem 110. 3r a').(b) give quotient d-stacks [X/G], [dX /G] and a quotient 
1-morphism [ixjidc] : [dX/G] — ?> [X/G]. The quotient d-stack with cor- 
ners [X/G] given by the analogue of Theorem 110.31 is defined to be [X/G] = 
{[X/G], [dX/G], [ix,idG],'^[x/G]): for a natural orientation iiJ[x/g] on -^[x/g] 
constructed from wx- 

In [331 §11-4] we define when a 1-morphism of d-stacks with corners / : 
!X — >■ y is etale. Essentially, / is etale if it is an equivalence locally in the 
etale topology. It implies that the G°°-stack 1-morphism 3^ in / is 

etale, and so representable. As for d-stacks in ijl0.2[ we can characterize etale 
1-morphisms in dSta° using the corners analogue of Theorem 110. 4r b) and the 
definition of ctalc 1-morphisms in dSpa"^ as (Zariski) local equivalences. 
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13.3 Simple, semisimple and flat 1-morphisms 

In [331 §11-3] we generalize i j6.2l to d-stacks with corners. Here is the analogue 
of Definition Hm 

Definition 13.3. Let DC — {X , dX ,ix,i^x) and ^ = {y,dy,iy,LL!y) be d- 
stacks with corners, and / : DC 'y a 1-morphism in dSta*^. Consider the C°°- 
stack fibre products dX x foix,y,iy dy and X x fy,i^ dy. Since is strongly 
representable, we may define these using the construction of Proposition 18.251 
As in (|12.1I) . we may write {dX Xy 93^) top explicitly as 

{dX Xy dy)top = {[2;', 2/'] : 2:' : i ^ dX and y' -.^^ dy are 

1-morphisms with foixox =iyoy : >3^|, 

where [x',y'] in (|13.2p denotes the ^-equivalence class of pairs {x\y'), with 
{x',y') ^ {x',y') if there exist 2-morphisms rj : x' ^ x' and C, : y' =^ y' 
with lAfoix * V — idly * C- There is a natural open and closed C°°-substack 
Sf C dX Xy dy such that [a;',y'] in ()13.2p lies in 5/. top if and only if we can 
complete the following commutative diagram in qcoh(*) with morphisms 

^ (y')*(A/'y) '^^^^ {yro^y{:Fy) ^i^^^ {y'n^dy) o 

0^ (a;')*(AAx)^-— (x')*oi^(J-;,) -— ^ {x'n^Fox) 

(X ) (l/x) (X ) 



Similarly, as in (|12.2I) we may write {X Xy 93^) top explicitly as 

{X Xy 93^)top {[x^y'] X : ± ^ X and y' : i — )■ dy are 

1-morphisms with fox — iyoy' : *— >3^}, 



(13.3) 



where [x,y'] in (113. 3p denotes the w-equivalence class of {x,y'), with {x,y') w 
(x, y') if there exist rj : x ^ x and C, : y' ^ y' with id/ * 77 = id^^j * C,. There is a 
natural open and closed C°°-substack Tf ^ X Xy dy with [a;, y'] in ()13.3p lies 
in Tf, top if and only if we can complete the following commutative diagram: 



'{f)oI^j(J'y)oI^,^^(Ty)- 

x*{T, 



Define Sf = noxlsf ■ Sf dX, Uf = 7Toy\sf : Sf dy, tf = nxlTf ■ Tf 
X, and Vf = T^dylTf ■ Tf dy. Then Sf,tf are proper, etale 1-morphisms. 
We call / simple if s/ : Sf — S- dX is an equivalence, and we call / semisimple 
li Sf : Sf dX is injective, as a 1-morphism of Deligne-Mumford C°°-stacks, 
and we call / flat if 7/ = 0. Simple implies semisimple. 
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Theorem 13.4. Let f : % ^ y be a semisimple 1-morphism of d-stacks with 
corners. Then there exists a natural decomposition 9X = d'^'XHd'L'X, with 9£DC 
open and closed in such that: 

(a) Define f ^ = / o ^xl^-fx ■ ~^ Then /_|_ is semisimple. If f is flat 
then /_|_ is also flat. 

(b) There exists a unique, semisimple 1-morphism f : d^OC — > dy with 
f o ^xlgJ'x ~ ° V f "is simple then d^OC = 0, d[_'X, — dOC, and 
f_ : dOC — !• dy is also simple. If f is flat then f is flat, and the following 
diagram is 2-Cartesian in dSta*^ : 



d^X ^ dy 

X ^y. 

(c) Let g . X ^ y be another 1-morphism and rj : f ^ g a 2-morphism in 
dSta*^. Then g is also semisimple, with d^X = dLX. If f is simple, or 
flat, then g is simple, or fiat, respectively. Part (b) defines 1-morphisms 
f ,g : diX dy. There is a unique 2-morphism rj : f => g in 
dSpa'^ such that idj^ * r]_—ri * idi^^ ^ : o /_ . 



13.4 Equivalences in dSta^, and gluing by equivalences 

Sections 13.21 16.41 and 110.31 discussed equivalences and gluing for d-spaces, d- 
spaces with corners, and d-stacks. In [34j §11.4] we generalize these to dSta"^. 

Proposition 13.5. (a) Suppose f : X ^ y is an equivalence in dSta*^. Then 
f is simple and flat, and f : X y is an equivalence in dSta, where X = 
{X , dX ,ix,0Jx) o.nd y = [y ,dy Also f_ : dX dy in Theorem 
113. 4r b) is an equivalence in dSta°. 

(b) Let f . X ^ y be a simple, flat 1-morphism in dSta° with f : X ^ y an 
equivalence in dSta. Then f is an equivalence in dSta*^. 

Here is the analogue of Definition 110.51 

Definition 13.6. Let X = {X, dX, ix,(^x) be a d-stack with corners. Suppose 
V C A' is an open d-substack in dSta. Define dV = i^^{V), as an open d- 
substack of dX, and iy : dV — !> V by iv = ix\av- Then dV Q dX is open, 
and the conormal bundle of dV in V is TVv — J^x\av in qcoh(9V). Define an 
orientation coy on My by ujy = uJx\dv- Write V = {V , dV , iy , ujy) . Then V is 
a d-stack with corners. We call V an open d-substack of X. An open cover of 
X is a family {Vq : a G A} of open d-substacks of X with X = UaeA ^a- 

Theorem 13.7. Proposition 110.61 and Theorems 110.71 and 110.81 hold without 
change in the 2-category dSta*^ of d-stacks with corners. 
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13.5 Corners Cfc(X), and the corner functors C,C 

In [34l §11.5] we generalize the material of §5.31 §6.51 and i il2.3l to d-stacks with 
corners. Here are the main results. 

Theorem 13.8. (a) Let % be a d-stack with comers. Then for each k ^ 
we can define a d-stack with corners Cfc(X) called the k-corners of %, and 
a 1-morphism 11^ ; Cfc(!X) %, such that Cfc(!)C) is equivalent to a quotient 
d-stack [d'^'X/Sk] for a natural action of Sk on 8^% by l-isomorphisms. The 
construction of Cfc(3C) is unique up to canonical 1-isomorphism. 

We can describe the topological space Ck{X) top as follows. Consider pairs 
{x, {x'l, . . . , x'l^}), where x : *_ ^ X and : * — ?> dX for i = 1, . . . , fc are 
1-morphisms in C°°Sta with x'j^ , . . . , xj. distinct and x = ix ° x[ ~ ■■■ = 
ix o a^fc. Define an equivalence relation « on such pairs by {x, {x[, . . . , xj.}) « 
(i, {x'l^ . . . , x'l^}) if there exist a G Sk and 2-morphisms rj : x =^ x and r][ : x'^ ^ 
^o-(i) f'^^ i — 1, . . . ,k with r/ = id;^ *r][ = . ■ ■ = id^^ *v'k- Write [x, {x'l, . . . 
for the Ki-equivalence class of [x, {x'l, . . . Then 

C'fe(A')top — { [x, {x'l, . . . , xjj}] : X ■.±^X, x[ : ±^dX 1-morphisms ^ 
with x'l, . . . ,x'f, distinct and x — ix°x'i = - ■ ■ = ix°x'k} . 

We have l-isomorphisms Co(3C) = X and Ci(X) = dOC. We write C(X) = 
]Jj,>Q Cfc(C'C), so that C(X) is a d-stack with comers, called the corners of DC. 

(b) Let / : X — )• y 6e a 1-morphism of d-stacks with corners. Then there 
are unique 1-morphisms C{f) : C(C'C) — s> C{y) and C{f) : C(C'C) — > in 
dSta*^ such that Uy o C(/) = f oUx =Ily o C{f) : C(X) with maps 
C if) top ■ C'(A')top C(3^)top, C{f) top ■ C{X)top -> C(3^)top chara cteriz ed as 
follows. Identify C'k{X)top ^ C'(A')top with the right hand side of (|13.4p . and 
similarly for C;(3^)top, and identify 5^, topi T/, top with subsets of (|13.2p - (|13.3p 
as in m3.3[ Then C(/)top and C{f)top act by 

C{f)top ■■ [x,{x[,. . . ,x'k}] > — > [y,{y[,...,yi}], wherey^ f ox, 
{yi,---,yi} = {y' ■ Wi,y'] e 5/,top, some i^l,...,k}, and 
C{f)top ■■ [x,{x[,. . . ,x',.}] I — > [y,{y[,...,y'i}], wherey = f ox, 
{y[,...,y[}^{y' : Ky']eSf^top, i^l, . . . , k}u{y' : [x, y'] £ T/.top}. 

For all k,l^O, write Cf''(X) = Cfe(X) n C{f)-\Ci{y)), so that Cf''(X) 
is an open and closed d-substack of Cfe(X) with Cfc(X) = IJj^o ^fc ''(■^)' ""■'^ 
write Cl{f) — C{f)\cf-'(x) ' ^(''^i^) ^ If f is simple then C{f) maps 

Cfe(X) ^ CfcCy) for all k ^ 0. // / is fiat then C{f ) = C{f). 

(c) Let fjQ.DC^y be 1-morphisms and rj . f ^ g a 2-morphism in dSta'^. 
Then there exist unique 2-morphisms C{r}) : C{f) C{g), C{'q) : C{f) 
C{g) in dSta*^, where C{f),C{g),C{f),C(g) are as in (b), such that 

idny * C{r]) = q *idnx ■ nyoC(/) = /onx =^ UyoC{g)=goUx, 
idny * C{q) = r] * idn^ : UyoC{f) = fonx =^ UyoC{g)=goUx. 
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If f,g are flat then C{ri) = C{rf). 

(d) Define C : dSta." ^ ASta." by C : X ^ C{X), C : f ^ C{f), C : r] ^ 
C{r]) on objects, 1- and 2-morphisms, where C(3C), C{f), C{ri) are as in (a)-(c) 
above. Similarly, define C : dSta'^ ^ dSta° by C : X ^ C{X), C : f ^ C{f), 
C . T] t-i- C{tj). Then C,C are strict 2-functors, called corner functors. 

13.6 Fibre products in dSta*^ 

In [331 §11-6] we generalize fJHiS] and i jl0.4l to d-stacks with comers. Here are 
the analogues of Definition [03 Lemma [6. 131 and Theorem l6.14l 

Definition 13.9. Let g .X ^ % and h : y ^ % he 1-morphisms in dSta*^. As 
in t jl3.1l we have line bundles Afx,J^z over the C°°-stacks dX,dZ, and i jl3.3l 
defines a C°°-substack Sg C dX Xz dZ. As in [34, §11.1], there is a natural 
isomorphism Xg : u*{Mz) s*j:{N'x) in qcoh(5'g). The same holds for h. 

We call g, h b-transverse if the following holds. Suppose x : i ^ X and 
y ■ ± ^ y are 1-morphisms in C°°Sta, and rj : g o x ^ h o y is a, 2-morphism. 
Since ix ■ dX X is finite and strongly representable, there are finitely many 
1-morphisms a;' : * — > dX with x = ix o x' . Write these x' as x[,...,x'j. 
Similarly, write y'i,...,y'j, for the 1-morphisms ?/':*.—> dy with y = iy o y' . 
Write z = gox and z = hoy, so that z, z : Z and r] : z ^ z. Write z'l, . . . , z'^ 
for the 1-morphisms z' : ^ ^ dZ with z — iz° z' . Then by Proposition l8.24l for 
each c — I, . . . ,1 there are unique : i — > dZ and 77^ : z'^ with iz ° z',^ — z 
and idi^, * rj'^ — r/. 

Definition 113.31 defined Sg C dX Xz dZ in terms of points [x',z'] in (jl3.2p : 
write {x' , z') : ±^ Sg for the corresponding 1-morphisms. Then we require that 
for all such x, y, rj, the following morphism in qcoh(5) is injective: 

a=l,...,j, c=l,...,/: [x'^,z'^]eSg^top 
6=1,. ..,fc, c=l,...,l: [y'^,z'^]eSh,top 

^[j<riJ^z)^^[jx',riJ^x)®^ljyir{My). 

We call g, ft. c-^ra^swerse if the following holds. Identify Cfe( A") top ^ C{X)top 
with the right hand of (113. 4p . and similarly for C(3^)top, C(Z)top. Then (7(5) top, 
C(^)top, C'(ff)top, C'(^)top act as in (|13.5p - (|13.6p . We require that: 

(a) whenever there are points in Cj(A')top, Cfc(3^)top, C'i(2)top with 

C(ff)top([a;, {x[,..., x'^}]) ^C{h)top{[y, {y'l, . . ■ , y'k}]) = [z, {z[, z^}], 
we have either j + k > I or j = k = I = 0; and 

(b) whenever there are points in Cj(A')top, Cfc(3^)top, C;(Z)top with 

C* (.9) top ([a;, {x[,..., x'j}]) =C{h)top{[y, {y[,...,y'k}]) = [z,{z[,..., z'l}], 
we have j + k ^ I. 
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Then g, h c-transverse implies g, h b-transverse. 

Lemma 13.10. Let g : X — > 2i and h : y ^ Z be 1-morphisms in dSta'^. 
The following are sufficient conditions for g, h to be c-transverse, and hence 
b-transverse: 

(i) g or h is semisimple and flat; or 

(ii) % is a d-stack without boundary. 

Theorem 13.11. (a) All b-transverse fibre products exist in dSta*^. 

(b) The 2-functor i^dSpa" • dSpa'^ — ^ dSta'^ of Hl'S.ll takes b- and c-transverse 
fibre products in dSpa'^ to h- and c-transverse fibre products in dSta'^. 

(c) The 2-functor J^orb^ ^13.11 takes transverse fibre products in Orb'^ to 
b-transverse fibre products in dSta''. That is, if 

w— 

X 

is a 2-Cartesian square in Orb*^ with g,h transverse, and W, X, y, Zi, e, /, g, 
h,r] = i^^^^f (W, X, Z, e, /, g, h, 77), then 

w— 

X 

is 2-Cartesian in dSta*^, with g, h b-transverse. If also g, h are strongly trans- 
verse in Orb*^, then g,h are c-transverse in dSta*^. 

(d) Suppose we are given a 2-Cartesian diagram in dSta"^: 

w— 

X 

with g,h c-transverse. Then the following are also 2-Cartesian in dSta° : 

C(W) c(y) 

|C(e) ^'-^^ C{r,)f C(h)\ (13.7) 

C{X) C[Z), 

c(W) — ^ ccy) 

{C(e) ""^-^^ C(r,)^ C{h)\ (13.8) 

C{X) C[Z). 

Also (|13.7p - (ll3.8p preserve gradings, in that they relate points in C^CW), Cj{X), 
Ck{y)-, Ck{Z) with i = j -\- k — I. Hence (|13.7I) implies equivalences in dSta'^ : 

j,k,l^O:i=j-\-k-l 

dW^ H Cf{X) xc<(,),c,(2,).cl(h) Cl^'S). 

j,k,l^O:j+k=l + l 
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The analogue of Proposition 16.151 also holds in dSta*^. 



13.7 Orbifold strata of d-stacks with corners 

In [SH §11.7] we combine material in iilO.51 and i jl2.5l on orbifold strata of d- 
stacks and of orbifolds with corners. It is also related to §6.71 on fixed loci in 
d-spaces with corners. Here is the analogue of Theorem llO.llI 

Theorem 13.12. Let % be a d-stack with corners, and T a finite group. Then 
we can define d-stacks with corners 3C'",X^,IX'", and open d-substacks %^ C 
X'", C %^ j C X^, all natural up to 1-isomorphism in dSta*^, a d- 
space with corners natural up to 1-isomorphism in dSpa'^, and 1-morphisms 
(OC), ri'"(X), . . . fitting into a strictly commutative diagram in dSta*^ : 



Aut(r) 




pdSta"^ 
^dSpa' 



(13.9) 



We will call X'", X'", X'", X^ , X^ , X^ , the orbifold strata of X. 

The underlying d-stacks of "X^ , . . . , X^ are the orbifold strata , . . . , 
from m0.5\ of the d-stack X in X. The 1-morphisms (|13.9p . as 1-morphisms in 
dSta, are those given in (jlO.Sp . 

The rest of i jl0.5l also extends to dSta*^ : 

Theorem 13.13. Theorems [Timi 110.141 UUIB and CorollaryM^ hold with- 
out change in dSta'^, dSpa*^ rather than dSta, dSpa. 

Here are analogues of Theorem 112. 151 and Corollarv ll2.17l 

Theorem 13.14. Let % be a d-stack with corners, and T a finite group. The 
corners C(X) from m3.5\ lie in dSta°, so Theorem 113.121 gives orbifold strata 
X^,C(X)r and 1-morphisms 0^(X) : X^ X, 0^(C(X)) : C{Xf C(X). 
Applying the corner functor C from Hl'S.bl gives a 1-morphism C(0'"(X)) : 
C(X^) -> C(X). Th ere exists a unique equivalence {%) : C(X'") — > C(X)'" 
in dSta'^ with 0^(C(X)) o K^{X) = C(0^(X)) : C(X^) C(X). It restricts 
to an equivalence K^PC) := {'X)\c{x^) ■ C(X^) C(X)^. 

Similarly, there is a unique equivalence K^CX) : C{X^) — )■ C{XJ^ with 
d^{C{X))oK^{X)^C{d^{X)) and Il^{C(X))oK^(X) = K^{X)oC{U^{X)). 
There is an equivalence K^{X) : C{X^) C{X)^ , unique up to 2-isomorphism, 
with a 2-morphism tL^{C{X)) o {X) K^{X) o C(n^(X)). They restrict 
to equivalences K^{X) : C{Xl) C{X)^ and Kl{X) : C{X^) C(X)^ . 
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Corollary 13.15. Let % be a d-stack with comers, and T a finite group. Then 
there exist l-morphisms J^{X) : {dXf d{X^), J^{%) : {dXf d{yF), 
{"X) : {d%)^ — > dCX^) in dSta'^, natural up to 2-isomorphism, such that 
J^CX) is an equivalence from (dOC)^ to an open and closed d-substack of dCX^), 
and similarly for J^^X), J^{X). 

A d-stack with corners X is called straight if (ix)* ■ lsogx{[x']) IsoA'([a;]) 
is an isomorphism for all [x'] G dXtop with ix,top{[x']) = [x]. D-stacks with 
boundary are automatically straight. If X is straight then dX is straight, so 
by induction d'^X is also straight for all fc > 0. If X is straight then K^{X) 
in Theorem 113.141 is an equivalence CkiX^) — Ck{X)^ for all fc ^ 0, and so 
J^{X) in Corollarv ll3.15l is an equivalence (dX)^ — t- d(X^). The same applies 
for J^{X)J^{X)^K^{X),K^(X). 

14 D-orbifolds with corners 

In [34j Chap. 12] we discuss the 2-category dOrb'^ of d-orbifolds with comers. 
Again, there are few new issues here: almost all the material combines ideas 
we have seen already on d-manifolds with corners from fJTl on orbifolds with 
corners from H121 and on d-stacks with corners from m'6\ So we will be brief. 

As we explain in ijlGl and [341 §14.3], d-orbifolds with corners are related to 
Kuranishi spaces in the work of Fukaya, Oh, Ohta and Ono [IH] . 

14.1 Definition of d-orbifolds with corners 

In [34j §12.1] we define d-orbifolds with corners, following i )7.1l and i jll.ll 

Definition 14.1. A d-stack with corners W is called a principal d-orbifold 
with corners if is equivalent in dSta° to a fibre product V Xs,£,o V, where 
V is an orbifold with corners, f is a vector bundle on V, s G C°°{£), and 
V,£,s,0 = F^f^f (V,Tot'=(£'),Tot'=(s),Tot'=(0)), for Tot= as in gm] Note 
that Tot'=(s),Tot'=(0) : V Tot%£) are simple, flat l-morphisms in Orb'^, so 
s, : V £ are simple, flat l-morphisms in dSta°. Thus s, are b-transverse 
by Lemma [13. lOr i). and V Xs^e.o V exists in dSta° by Theorem 113. lir a*). 

If W is a nonempty principal d-orbifold with corners, then T*W is a vir- 
tual vector bundle. We deflne the virtual dimension of W to be vdimW = 
rankT*W 6 Z. If W ~ V x«,2,o V then vdim W = dim V - rankf. 

A d-stack with corners X is called a d-orbifold with comers of virtual dimen- 
sion n G Z, written vdimX — n, ii X can be covered by open d-substacks W 
which are principal d-orbifolds with corners with vdimW — n. A d-orbifold with 
corners X is called a d-orbifold with boundary if it is a d-stack with boundary, 
and a d-orbifold without boundary if it is a d-stack without boundary. 

Write dOrb,dOrb'^,dOrb'^ for the fufl 2-subcate gories of d-orbifolds with- 
out boundary, with boundary, and with corners, in dSta*^, respectively. Then 
Orb, Orb'', Orb"^ in §13.11 are full 2-subcategories of dOrb, dOrb*^, dOrb*^. 
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When we say that a d-orbifold with corners "X is an orbifold, we mean that OC 
hcs in Orb". Define full and faithful strict 2-functors 



f: 



idOrb'= 
dOrb 



pdOrb" 
^Orbb 

TTidOrb'= 
-f^dMan'' 



pdOrb^ po 

^dOrb — ^dSta 



dOrb 
Orb'" 
dMan'= 

and 

;idSta'= 



dOrb C dOrb^ 
dOrb'"cdOrb'=, 
^ dOrb^ 



F, 



dOrb" 
Orb<= 



pdOrb" 
^Orb 



f: 



dOrb'= 



dMan'' 



Orb'^ ^ dOrb^ 

Orb dOrb C dOrb'^, 

dMan"" ^ dOrb'^CdOrb^ 



pdOrb" 
dMan 



dMan ^ dOrb C dOrb'^ 



by 



pOrb" 
^Orb 



IdOrb, 
;idSta 



f; 



dOrb'= 
Orb<= 



= f; 



dSta 
Orb'' 



F. 



dOrb'= 
Orb'' 



= F 



idSta'^i 
Orb<= lOrb*" 



;idOrb'= 



jT^dota jTiaota rjc 
^dSta °^Orb : ^dMan'^ 



pdSta' 
-f^dSpa 



and 



f: 



dOrb'= 
dMan 



= F 



dSta' 
dSpa= 



of: 



I dMan' 

dMan'' 
dMan 



f: 



= f: 



dOrb'= 
dMan' 

dOrb' 
dOrb 



of: 



pdSta'= I 
-^dSpa'=ldMani> 

dOrb 
dMan: 



where Fg^l^ 



pdSta pdSta'^ 
^Orb ' ^dSta 



pdSta'= 
^dSpa<= 



f: 



dMan 



F^?,"^!. F^stf are as in ^731 



gmH gmH and fjnm Here F^°'''"° 



dMan ' dMan' 

dOrb • dOrb — > dOrb is an isomorphism of 2- 
categories. So we may as well identify dOrb with its image dOrb, and consider 
d-orbifolds in ijlll as examples of d-orbifolds with corners. 

Write dMan"^ for the full 2-subcategory of objects "X in dOrb"^ equivalent to 
-^dMan<=(-^) f'^'" somc d-manifold with corners X. When we say that a d-orbifold 
with corners "X is a d-manifold, we mean that % £ dMan*^. 
These 2-categories lie in a commutative diagram: 



dSpa 



dMan 



Man'" 



EidOrb 



dOrb 



dSta 




Man*^ 



dMan'^ 



dOrb'^ 



Orb'^ 





dSpa'^ 



dSpE.<= 

^ dSta'^ 



If DC = {X, dX, ix, wx) is a d-orbifold with corners, then the virtual cotan- 
gent sheaf T*X of the d-stack X from Remark lll.ll is a virtual vector bundle on 
X, of rank vdimX. We will call T*X £ vvect(A:') the virtual cotangent bundle 
of %, and also write it T*!)C. 

Here is the analogue of Lemma 111.31 

Lemma 14.2. Let % be a d-orbifold with corners. Then % is a d-manifold, 
that is, % 2± -F^Man" 0^) some d-manifold with corners X, if and only if 
IsoA'([a;]) = {1} /or all [x] in Xtop- 

D-orbifolds with corners are preserved by boundaries and corners. 

Proposition 14.3. Suppose % is a d-orbifold with corners. Then 8% in mS.ll 
and Cfc(3C) in i jl3.5l are d-orbifolds with corners, with vdimdOC = vdimX — 1 
and vdim Cfe(3C) = vdiniDC — k for all k ^ 0. 
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Definition 14.4. As for dMan'^ in SJTH define dOrb'^ to be tlie full 2-subcat- 
egory of % in dSta° which may be written as a disjoint union % = U^g^ 
for X„ G dOrb*^ with vdiniX„ = n, where we allow X„ = 0. Then dOrb*^ C 
dOrb'^ C dSta'^, and the corner functors C,C : dSta*^ ^ dSta'^ in gT33] 
restrict to strict 2-functors C,C : dOrb*^ dOrb*^. 

14.2 Local properties of d-orbifolds with corners 

In [Ml §12.2] we combine i J7.2l and ijll.2l Here are analogues of Examples 17.31 
[Tiland Theorem FTSl and of Examples fTOl [iTS] and Theorem [101 

Example 14.5. Let V = {V,dV,iv) be an orbifold with corners, £ a vector 
bundle on V as in tjl2.11 and s G C°°{£). We will define an explicit principal 
d-orbifold with corners S — {S, dS, i§,uj§) 

Define a vector bundle Eg on dV by £g — i^{£), and a section sg — i^{s) G 
C°°{£g). Define d-stacks S = <Sv,£:,s and dS — 5av,£a,sa from the triples 
V,£,s and dV,£g,sg exactly as in Example lll.4[ although now V,9V have 
corners. Define a 1-morphism is '■ dS ^ 5' in dSta to be the 'standard model' 
1-morphism Sj^^idg J S gy^Eg^sg -> ^vx,s from Example [lL5| 

As in Example 17.31 the conormal bundle Afg of dS in S is canonically 
isomorphic to the lift to dS C dV of the conormal bundle Afv of dV in V. 
Define ujs to be the orientation on A/'s induced by the orientation on Afv by 
outward-pointing normal vectors to dV in V. Then S — {S , dS , i§ , uj§) is a 
d-stack with corners. It is equivalent in dSta'^ to V Xs,e,o V in Definition 114. II 
We call S a 'standard model' d-orbifold with corners, and write it Sv,£.s- 

Every principal d-orbifold with corners TV is equivalent in dOrb*^ to some 
Sv.e.s- Sometimes it is useful to take V to be an effective orbifold with corners, 
as in iil2.1l There is a natural 1-isomorphism dSv.s.s — ^dV,£g,so in dOrb"^. 

Example 14.6. Let V, W be orbifolds with corners, be vector bundles on 
V,W, and s € C°°{£), t € C°°iJ^), so that Example [143] defines d-orbifolds 
with corners Sv,£,s, Sw,j^,t- Suppose / : V ^ W is a 1-morphism in Orb", and 
/ : f — >■ f*{J-) is a morphism in vect(V) satisfying f o s = f*{t), as in (jll.l|) . 

The d-stacks <Sv,e,s, <5w,j^,t in Sv,£,s, Sw.j^.t are defined as for 'standard 
model' d-orbifolds «Sv,£.s in Example 111.41 Thus we can follow Example 111.51 
to define a 1-morphism S/j : Sv,£,s Sw.j^.t in dSta. Then §fj : Sv.s.s 
^w,j^,t is a 1-morphism in dOrb°. We call it a 'standard model' 1-morphism. 

Suppose now that V C V is open, with inclusion 1-morphism iv : V — > V. 
Write £ = £\v = ivi^) and s = s|v- Define ivy = S^^jd^ : Sv.£,s Sv,e,s- If 
s~^(0) C V then i^y : Sv,g,s Sv,£,s is a 1-isomorphism. 

Theorem 14.7. Let DC be a d-orbifold with corners, and [x] e Xtop- Then 
there exists an open neighbourhood U of [x] in % and an equivalence U ~ 
Sv,£,s 'in dOrb*^ for some orbifold with corners V, vector bundle £ over V and 
s G C°°{£) which identifies [x] G Utop with a point [v] G S'''(V)top ^ Vtop such 
that s{v) — ds\sk(y){v) = 0, where S'^{V) CV is the locally closed C°° -substack 
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of [v] G Vtop such that *'Xv,v,ivdV is k points, for k ^ 0. Furthermore, V, £, s, k 
are determined up to non-canonical equivalence near [v] by % near [x] . 

As in Examples I11.7H11.^ for d-orbifolds, we can combine the 'standard 
model' d-manifolds with corners Sy^^^s and 1-morphisms Sjj : Sv,e,s ~^ ^w,F,t 
of Examples I7.3H7.4I with quotient d-stacks with corners of §13.21 to define an 
alternative form of 'standard model' d-orbifolds with corners [Sy,£;,s/r] and 
'standard model' 1-morphisms [S/j, p] : [Sy.s^s/r] [Sw,F,t/ 



14.3 Equivalences in dOrb^, and gluing by equivalences 

In [34, §12.3] we combine H7.3I and i ill.3l Here are the analogues of Theorems 
I11.1H - [T"1.14I Etale 1-morphisms in dSta'' were discussed in i il3.2l 

Theorem 14.8. Suppose f : DC ^ y is a 1-morphism of d-orbifolds with cor- 
ners, and f : X ^ y is representable. Then the following are equivalent: 

(i) / is etale; 

(ii) / is simple and flat, in the sense of ijl3.3l and flf : f*(T*y) — > T*'X is 
an equivalence mvqcoh(A'); and 

(iii) / is simple and flat, and (jll.4p is a split short exact sequence in qcoh(A:'). 

If in addition /» : Isoa'([x]) lsoy{ftop{[x])) is an isomorphism for all [x] £ 
Xtop, and /top : Xtop ^top is a bijection, then f is an equivalence in dOrb". 

Theorem 14.9. Suppose §fj : §v,s,s ~> Sw.j^.t is a 'standard model' 1- 
morphism in dOrb*^, in the notation of Examples 114.51 and 114. 6[ with / ; V — >■ 
W representable. Then §f j is etale if and only if f is simple and flat near 
s~^(0) C V, in the sense of §12. 2| and for each [v] G Vtop with s{v) ~ and 
\w\ = /top([w]) G Wtop, the following sequence is exact: 

^ nv — ^ ^ ^ ^ ^ f „ © T„w --^ Tu, 0. 

Also SfJ is an equivalence if and only if in addition /topls-i(o) • ■^^"'^(O) ~^ 
t~^{0) is a bijection, where s~^(0) = {[v] £ Vtop ■ s{v) = 0}, t^^{0) = {[w] £ 
Wtop ■ tiw) — 0}, and : Isov([f]) — > Isow(/top(b])) is an isomorphism for 
all [v] £ s-i(O) C Vtop. 

Theorem 14.10. Suppose we are given the following data: 

(a) an integer n; 

(b) a Hausdorff, second countable topological space X; 

(c) an indexing set I, and a total order < on /; 

(d) for each i in I, an effective orbifold with comers V^, a vector bundle £i 
on Vj with dimVi — rankiSi = n, a section Si £ C°°{£i), and a homeo- 
morphism ipi : s~^{0) -> Xi, where s^^iO) = {[vi] £ Vi,top : Si{vi) = O} 
and Xi Q X is open; and 
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(e) for all i < j in J, an open suborbifold Vij C V^, a simple, flat 1-morphism 
e-ij '■ Vij — > Vj, and a morphism of vector bundles i-ij : Silvij ^ 

Let this data satisfy the conditions: 

(i) x-Ue/^.; 

(ii) if i < j in I then (ey )* : IsoVij (['y]) ~^ Isoy^ (ey,top(b])) is an isomor- 
phism for all [v] e Vij,top, and eijOSi\vij = e-*j{sj)oiij where l^j : Ov„ ^• 
e*j{Ovj) is the natural isomorphism, and i'iisil^^XO)) = Xi flXj, and 
V'*Li|-i (0) = '^j ° ejj,topls.|-i (0)- and if [vi\ e V^j^top with Si{vi) = and 
[vj] = Gy. top ([I'll) then the following sequence is exact: 

— Ty. Vi £i\vi®Ty.Vj £j\vj — ^ 0; 

(iii) if i < j < k in I then there exists a 2-morphism rjijk '■ ejk°eij\-v/. ne^^fv 1 

Note that rjijk is unique by the corners analogue of Proposition I9.5f ii) . 

Then there exist a d-orbifold with corners % with vdimX = n and underlying 
topological space Xtop = X, and a l-morphism ipi : §Vi.ei,si "X in dOrb*^ 
with underlying continuous map tpi which is an equivalence with the open d- 
suborbifold "Xi C % corresponding to Xi X for all i I, such that for all 
i < j in I there exists a 2-morphism rj^j : tpj o S^,.^^^.^ ■j/j^ o iv^^.Vi, where 
Se.,,e., : §v.j,£,|v^^, s.|y ^ ^ v,.£j,s, and iv,,,v. : Sv„,f.|v.^ ,s.|v.^ -> Sv.,£.,s. 
are as in Examples ll4.5f[H?Bl This % is unique up to equivalence in dOrb*^ . 

Suppose also that ^ is an effective orbifold with corners, and gi : — )■ y are 
submersions for all i Cz I, and there are 2-morphisms Qj : gj o Cij gi\vij in 
Orb° for all i < j in I . Then there exist a 1-morphism h . % ^ y in dOrb'^ 
unique up to 2-isomorphism, where y = -Fori? i^) ~ Sy.o,Oj and 2-morphisms 
C,^: hoxj}.^ Sg^ Q for all i £ I. 

Theorem 14.11. Suppose we are given the following data: 

(a) an integer n; 

(b) a Hausdorff, second countable topological space X; 

(c) an indexing set I, and a total order < on /; 

(d) for each i in I, a manifold with corners Vi, a vector bundle Ei Vi with 
dimVi — ranki^i = n, a finite group Ti, smooth, locally effective actions 
n(n) ■■ V, ^ V„ hi-i) : E, ^ r{-f)*{Ei) of T, on V,,E, for 7 e T„ 
a smooth, Ti-equivariant section Si : Vi Ei, and a homeomorphism 
ipi : Xi Xi, where Xi — {vi G Vi : Si{vi) — 0}/Ti and Xi Q X is an 
open set; and 
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(e) for all i < j in J, an open submanifold Vij C Vi, invariant under Ti, a 
group morphism pij : — >■ Fj, a simple, flat, smooth map eij : Vij Vj, 
and a morphism of vector bundles iij : Ei\vi^ ~^ ^tji^j)- 

Let this data satisfy the conditions: 

(i) X = 

(ii) if i < j in I then o Si\vij — s*j{sj) + 0{sf), and for all ^ we have 

e^J o r,(7) = rj(py(7)) o e^- : Vj — > Vj, 
riilTieij) o f,(7) = e*j{rj{p,j {-/))) o e.,j : E,\v,^ — > {e^j o r^{-f))* {Ej), 

and il)i{X^r\{Vij/Ti)) = X,r\Xj, and V'i|xinv,,/r, = V'j ° (e»i)* UinKj/r,- , 
and if Vi S Vij with Si{vi) ~ and Vj ~ ^iji^i) then p\sta,hr {vi) ■ 
Stabr;(fi) ^ Stabr^(wj) is an isomorphism, and the following sequence 
of vector spaces is exact: 

^ n^V — —-^ E,l^ on^Vj '—^ E,U^ 0; 

(iii) if i < j < k in I then there exists ^ijk G F^ satisfying 

Pik{l) = lijk Pjk{ptj{l)) l~ji for all 7 G F,;, 
eife|y^^ne-/(y,0 = ^fc(7^Jfc) o Cjk o e»jly,,ner/(y^.,), and 
ejfe|y^^ne-/(y,,) = {4j{e*3k{'rk{ni3k))) o e*j{ejk) o e^j) |v.^ne-/(y,fc) ■ 

Then there exist a d-orbifold with corners % with vdiniCC = n and underlying 
topological space Xtop — X, and a 1-morphism i/jj : [Sy^^^.^s^/Fi] — > DC m dOrb*^ 
with underlying continuous map tpi which is an equivalence with the open d- 
suborbifold C X corresponding to Xi C X for all i d I, such that for all 
i < j in I there exists a 2-morphism rj^j : xpj o [Sg^^ ,eij , Pij] => '4'i° [ivij .Vi , idpi ] , 
where [Se.^.,e„- , Pij] : [^v.,,E,\v,^,s.\v,//'^i] ^ [Sv,,e,,s, f^j] and [iy,^.,y,,idrj : 
i^Vij, Ei\v- ■ ,si\v - /^i] ~^ [^Vi,Ei,si/^j] combine the notation of Examvles I7.3fl7.4l 
and ijl3.2l This % is unique up to equivalence in dOrb". 

Suppose also that Y is a manifold with corners, and gi : Vi Y are smooth 
maps for all i G I with gi o ri^-y) = gi for all 7 G F^, and gj o Cij = gi\vij for 
all i < j in I. Then there exist a 1-morphism h : "X ^ in dOrb*^ unique 
up to 2-isomorphism, where y = ^MaS 0^) ~ [^Y,o.o/ and 2-morphisms 
Ci : ft. o i/j - [Sg^^o,T^{i}] for all i G /. Here [Sg^^o,T^{i}] ■ [Svi,E,,si/^i] 
[Sy,o,o/{l}] = y with gi = and p = tts^^ : F^ ^ {1}. 

We can use Theorems 114.101 and 114.111 to prove the existence of d-orbifold 
with corners structures on spaces coming from other areas of geometry, such as 
moduh spaces of J-holomorphic curves. 
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14.4 Submersions, immersions and embeddings 



In [311 §12.4] we extend tj7.4l and t jll.4l to d-orbifolds with corners. 

Definition 14.12. Let / : ^ be a 1-morphism in dOrb*^. Then T*OC 

and /*(r*'y) are virtual vector bundles on X of ranks vdini!)C, vdim'y, and 
Qf : f*{T*y) ^> T*X is a 1-morphism in vvect(A:'), as in Remark ni.ll and 
Definition [133] 'Weakly injective', . . . , below are as in Definition 1 11. 151 

(a) We call / a w- submersion if / is semisimple and flat and 57^ is weakly 
injective. We call / an sw- submersion if it is also simple. 

(b) We call / a submersion if / is semisimple and flat and ^c{f) is injective, 
for C(/) as in iil3.5l We call / an s-submersion if it is also simple. 

(c) We call / a w-immersion if / : X -^y is representable and is weakly 
surjective. We call / an sw-immersion, or sfw-immersion, if / is also 
simple, or simple and flat. 

(d) We call / an immersion ii f : X y is representable and ^^c(f) is 
surjective, for C(/) as in §13.51 We call / an s-immersion if / is also 
simple, and an sf-immersion if / is also simple and flat. 

(e) We call / a w- embedding, sw- embedding, sfw- embedding, embedding, s- 
embedding, or sf-embedding, if / is a w-immersion, . . . , sf-immersion, re- 
spectively, and : IsoA'([a;]) — Isoy{ftop{[x])) is an isomorphism for all 
[x] € Xtop, and /top : <^top J^top is a homeomorphism with its image, so 
in particular /top is injective. 

Parts (c)-(e) enable us to define d-suborbifolds X of a d-orbifold with corners 
y. Open d-suborbifolds are open d-substacks % in y. For more general d- 
suborbifolds, we call f : "X ^ y a w-immersed, sw-immersed, sfw-immersed, 
immersed, s-immersed, sf-immersed, w-embedded, sw-embedded, sfw- embedded, 
embedded, s-embedded, or sf-embedded suborbifold of y if are d-orbifolds 
with corners and / is a w-immcrsion, . . . , sf-embcdding, respectively. 

Theorem 17.121 in §7.41 holds with orbifolds and d-orbifolds with corners in 
place of manifolds and d-manifolds with corners, except part (v), when we need 
also to assume f : X ^ y representable to deduce / is etale, and part (x), 
which is false for d-orbifolds with corners (in the Zariski topology, at least). 

14.5 Bd-transversality and fibre products 

In [34*, §12.5] we generalize §7.51 and §11. 51 to dOrb*^. Here are the analogues of 
Definition [III and Theorems [THEIZl 

Definition 14.13. Let Xj^jZ. be d-orbifolds with corners and g : OC Z, 
h : y ^ 2} he 1-morphisms. We call g, h bd-transverse if they are both b- 
transverse in dSta*^ in the sense of Dcfinition ll3.9[ and d-transverse in the sense 
of Definition 111.16] We call g,h cd-transverse if they are both c-transverse in 
dSta° in the sense of Definition ll3.9l and d-transverse. As in §13.61 c-transverse 
implies b-transverse, so cd-transverse implies bd-transverse. 
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Theorem 14.14. Suppose X, 'y, Z are d-orbifolds with corners and g ; X — >■ 2i, 

h . y ^ 2} are bd-transverse 1-morphisms, and let W = % Xg z,h V be the fibre 
product in dSta'^, which exists by Theorem 113. Uf a) as g,h are b-transverse. 
Then is a d-orbifold with corners, with 

vdimW = vdimX + vdimy — vdim Z,. (14.1) 

Hence, all bd-transverse fibre products exist in dOrb'^. 

Theorem 14.15. Suppose g . % ^ Z and h . y ^ % are 1-morphisms in 
dOrb'^. The following are sufficient conditions for g , h to be cd-transverse, and 
hence bd-transverse, so that W = X Xg z.h V is a d-orbifold with corners of 
virtual dimension p4.ip : 

(a) 2} is an orbifold without boundary, that is, Z £ Orb; or 

(b) g or h is a w-submersion. 

Theorem 14.16. Let "X^y^Z be d-orbifolds with corners with y an orbifold, 
and g : % Z, h : y Z be 1-morphisms with g a submersion. Then 
TV = X Xg z.h y is an orbifold, with dimW ~ vdimX + dimy — vdimZ. 

Theorem 14.17. (i) Let p : G ^ H be an injective morphism of finite groups, 
and H act linearly onR" preserving [0, oo)'^ xR"^*^ . Then §13.21 owea a quotient 
1-morphism [0,p] : [*/G] [[0,oc)'' x R'^~''/H] in dOrb^ Suppose X is a 
d-orbifold with corners and g : X — > [[0, oo)'" x is a semisimple, flat 

1-morphism in dOrb"^. Then the fibre product W = X x^ oo)'°xR"-'° /h] [o p] 
[*/G] exists in dOrb'^. The projection ttx : W — >■ X is an s-immersion, and 
an s-embedding if p is an isomorphism. 

When fc = 0, any 1-morphism g : X — > is semisimple and flat, and 

TTx ; W— >X is an sf-immersion, and an sf-embedding if p is an isomorphism. 

(ii) Suppose f : % ^ y is an s-immersion of d-orbifolds with corners, and 
[x] e Xtop with ftop{[x]) = [y] e J^top- Write p : G H for : lsox{[x\) H> 
Isoj;([j/]). Then p is injective, and there exist open neighbourhoods IX C X 
and V C ■y of [x], [y] with f{U) C V, a linear action of H on R" preserving 
[0, 00)'= x R""'' C M" where n = vdim^ - vdimX ^ and k ^ n, and a 

1- morphism g : V — > [[0,oo)'" x M.'^~'' / H] with gtop{[y]) — [0], fitting into a 

2- Cartesian square in dOrb*^: 

U ^ [*/G] 

\f\u if [0,P]\ 

V £ [[0, 00)'= X ^r-^/H] . 

If f is an sf-immersion then k = 0. If f is an s- or sf-embedding then p is an 
isomorphism, and we may take U = /"'(V). 
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14.6 Embedding d-orbifolds with corners into orbifolds 

Section H?71 discussed embeddings of d- manifolds X into manifolds Y. Our two 
main results were Theorem l4.291 which gave necessary and sufficient conditions 
on X for existence of embeddings f : X ^ M" for n ^ 0, and Theorem 14.321 
which showed that if an embedding f . X ^ Y exists with X a d-manifold and 

Y = F^riY), then X ~ Sv,e,s for open V CY. 

Section 17.61 generalized i )4.7l to d- manifolds with corners, requiring / : X ^ 

Y to be an sf-embedding for the analogue of Theorem 14.321 Section 111.61 ex- 
plained that while Theorem 14.321 generalizes to d-orbifolds, we do not have a 
good d-orbifold generalization of Theorem 14.291 Thus, we do not have a useful 
necessary and sufficient criterion for when a d-orbifold is principal. 

As in [34l §12.6], the situation is the same for d-orbifolds with corners as for 
d-orbifolds. Here is the analogue of Theorem 14.321 

Theorem 14.18. Suppose % is a d-orbifold with corners, ^ an orbifold with 
comers, and f : OC ^ y an sf-embedding, in the sense of i jl4.4l Then there 
exist an open suborbifold V C y with f(OC) QV, a vector bundle £ on V, and a 
section s £ C°°(£) fitting into a 2-Cartesian diagram in dOrb°: 

X *-V 

V 

where V,£,s,0 = i^^^J?" (y, V, Tot'=(£:), Tot'=(s), Tot'=(0)) , in the notation of 
§12.11 Thus % is equivalent to the 'standard model' §v.s,s of Example llA.bi and 
is a principal d-orbifold with corners. 

Again, in contrast to d-nianifolds with corners, the author does not know 
useful necessary and sufficient conditions for when a d-orbifold with corners ad- 
mits an sf-embedding into an orbifold, or is a principal d-orbifold with corners. 

14.7 Orientations on d-orbifolds with corners 

Section 14.81 discussed orientations on d-manifolds. This was extended to d- 
manifolds with corners in §7.7) and to d-orbifolds in §11.71 As in [34j §12.7], all 
this generalizes easily to d-orbifolds with corners, so we will give few details. 

If X is a d-orbifold with corners, the virtual cotangent bundle T*'X is a virtual 
vector bundle on X. We define an orientation lu on % to be an orientation on 
the orientation line bundle Ct-x- The analogues of Example 14.361 Theorem 
[4371 Proposition 14351 Theorem FTMl and Propositions rr26l and rr27l aU hold 
for d-orbifolds with corners. 

14.8 Orbifold strata of d-orbifolds with corners 

Sections US [TTSl [T231 and [T3Jl discussed orbifold strata for Deligne- 
Mumford C°°-stacks, orbifolds, d-orbifolds, orbifolds with corners, and d-stacks 
with corners. In [34, §12.8] we extend this to d-orbifolds with corners. 
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Let 3C be a d-orbifold with corners and F a finite group, so that N13.7I gives 
orbifold strata X'" , IX'" , X'" , , IX^ , , which are d-stacks with corners. Use 
the notation / Aut(r) of Definition 19.71 Exactly as in the d-orbifold case 

in i jll.Sl there are natural decompositions 

'yT TT 'vr.A ^vT TT 'VT.^ 'v^ TT 'Vr.M 

— LlAeAr — ii^eAr/ Aut(r) ' ^ ^ ii^GAr/ Aut(r) ' ' 

'Y^r TT *yr.A orT TT 'V'r,/^ rC^r tt 'v-r.^t 

-^o — LlAeA"" -^o 1 -^o — ii^eAr/ Aut(r) -^o ' -^o — ii^GAr/ Aut(r) ' 

where X'"'^, . . . jXc'** are d-orbifolds with corners with vdimX'"'^ = vdimXj^'^ 
= vdimX — dim A and vdimX'"'^ = ■ ■ ■ — vdimDCo'^ = vdiniX — dim/i. 

The analogue of Proposition 1 1 1 . 2 51 on orientations of orbifold strata X^'^, 
. . . , Xo''^ for oriented d-orbifolds X also holds for d-orbifolds with corners. In 
an analogue of Corollary 112.171 we can relate boundaries of orbifold strata to 
orbifold strata of boundaries: 

Proposition 14.19. Let % be a d-orbifold with corners, and T a finite group. 
Then Corollary 113.151 gives 1-morphisms 

{dXY ~^ (^{"X^), J^{'X) : [dXY ^ d{XF) in dOrb°, which are equivalences 
with open and closed subobjects in dpC^), d{XF), d{'X^) . 

These restrict to 1-morphisms J^''^{%) : (d'X)^'''^ dCX^'^) in dOrb° for 
A G and J^^t^iX) : (dX)^^'' ^ ^iX^'^'), J^^^^iX) : {dXf''' ^ d{X^''') for 
(1 e A'"/Aut(A), which are equivalences with open and closed d-suborbifolds. 
Hence, if X^'^ = then [dXf^^ = 0, and similarly for XF'f'.X^-^'. 

Now suppose X is straight, in the sense of i jl3.7[ for instance X could be 
a d-orbifold with boundary. Then {X), . . . , J^'^^{X) are equivalences, so that 
{dXf ^ d{X^), (dX)^'^ ~ d{X^^^), and so on. 

14.9 Kuranishi neighbourhoods, good coordinate systems 

Section [l 1 . 91 defined type A Kuranishi neighbourhoods, coordinate changes, and 
good coordinate systems, on d-orbifolds. In [34l §12.9] we generalize these to 
d-orbifolds with corners. The definitions in the corners case are obtained by re- 
placing Man, Orb, dMan, dOrb by Man'^, Orb"^, dMan'^, dOrb'^ throughout, 
and making a few other easy changes such as taking the Cij to be sf-embeddings 
in Definitions lll.25f c) . For brevity we will not write the definitions out again, 
but just indicate the differences. 

Definition 14.20. Let X be a d-orbifold with corners. Define a type A Kuran- 
ishi neighbourhood (V, E, F, s, xp) on X following Definition II 1 .24| but taking V 
to be a manifold with corners, and defining the principal d-orbifold with corners 
[Sv,E,s/T] by combining Example O and gl321 as in !jl421 

If {Vi,Ei,Ti,Si,il'i),{Vj, Ej , Tj , Sj , xpj ) are type A Kuranishi neighbourhoods 
on X with ^ il'i{.['^Vi,Ei,si /^i]) ^^tpjii'^Vj ,Ej ,sj /^j]) Q X, define a type A coor- 
dinate change {Vij,e ij,eij Pij,T]^j) from (V";, i;^, F^, s^, i/jJ to {Vj,Ej,Tj,Sj,ip^) 
following Definition 111.251 but taking Cij : Vij Vj to be an sf-embedding of 
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manifolds with corners, and defining the quotient 1-morphism [Sg.^^eij , Pij] by 
combining Example \7A\ and ^13. 2[ as in ^14.21 

Define a type A good coordinate system on % following Definition 111.261 
defining quotient 2-morphisms rj^jf^ = [0,jijk] in (d) using t|13.2l Let F be a 
manifold with corners, and h . % ^ y a 1-morphism in dOrb*^, where y = 
-^MaS 0^)- Define a type A good coordinate system for h : OC y following 
Definition [TTH 

Here is the analogue of Theorem 1 11. 2 71 It is proved in [34", App. D]. 

Theorem 14.21. Suppose DC is a d-orbifold with corners. Then there exists a 
type A good coordinate system (l , <,{Vt,E i,Ti,Si,rp^),{Vtj ,eij ,eij , pij , rj^j ) , ^jjk ) 
for DC, in the sense of Definition 114.201 // % is compact, we may take I 
to be finite. If {Uj : j £ J} is an open cover of "X, we may take "Xi = 
xpf{[SY.,Ei,si/^i]) ^ Uj^ for each i G I and some ji £ J. If % is a d-orbifold 
with boundary, we may take the Vi to be manifolds with boundary. 

Now let Y be a manifold with corners and h . % ^ y = -FjvSS (Y) a 
semisimple, fiat 1-morphism in dOrb*^. Then all the above extends to type A 
good coordinate systems for h . OC ^ y, and we may take the gi : Vi ^ Y to be 
submersions in Man°. 

We can regard Theorem 1 14 . 2 1 1 as a kind of converse to Theorem 114. Ill Note 
that we make the extra assumption that h is semisimple and flat in the last 
part. This happens automatically if Y is without boundary. Since submersions 
in Man"^ are automatically semisimple and flat, h being semisimple and flat 
is a necessary condition for the gi : Vi ^ Y to be submersions. In [Ml §12.9] 
we also give 'type B' versions of Definition 114.201 and Theorem 114.211 using the 
'standard model' d-orbifolds with corners Sv,e.s and 1-morphisms Sg. of 
Examples 114. 5I - [T4. 61 instead of [Svi,Ei.si/^i] and [Sg^^^eij , Pij]- 

14.10 Semieffective and effective d-orbifolds with corners 

Section fl 1 . 101 discussed semieffective and effective d-orbifolds. As in [34l §12.10], 
all this material extends to d-orbifolds with corners essentially unchanged. We 
define semieffective and effective d-orbifolds with corners X following Definition 
111.281 The analogues of Proposition II 1.291 and the rest of Ull.Dl then hold, with 
(d-)orbifolds replaced by (d-)orbifolds with corners throughout. 

Proposition 14.22. Let % be an effective (or semieffective) d-orbifold with 
corners. Then d'^DC is also effective (or semieffective), for all k ^ 0. 

However, X (semi)effective does not imply Ck{DC) (semi)effective. 

15 D-manifold and d-orbifold bordism 

In [Ml Chap. 13] we discuss bordism groups of manifolds and orbifolds, defined 
using manifolds, d-manifolds, orbifolds, and d-orbifolds. We can use these to 
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prove that compact, oriented d-manifolds admit virtual cycles, and so can be 
used in enumerative invariant problems. The same apphes for compact, oriented 
d-orbifolds, although the direct proof using bordism no longer works. 

15.1 Classical bordism groups for manifolds 

In [341 §13.1] we review background material on bordism from the literature. 
Classical bordism groups MSOkiY) were defined by Atiyah 5^ for topological 
spaces F, using continuous maps / : X — s- F for X a compact, oriented manifold. 
Conner T?, §1] gives a good introduction. We define bordism Bk{Y) only for 
manifolds Y ^ using smooth f : X ^ Y , following Conner's differential bordism 
groups [Ml §1-9]. By O Th. 1.9.1], the natural projection Bk{Y) MSOk{Y) 
is an isomorphism, so our notion of bordism agrees with the usual definition. 

Definition 15.1. Let F be a manifold without boundary, and fc G Z. Consider 
pairs {X,f), where X is a compact, oriented manifold without boundary with 
dimX = fc, and / : X — > y is a smooth map. Define an equivalence relation ~ 
on such pairs by {X, f) ^ (X', /') if there exists a compact, oriented [k + 1)- 
manifold with boundary W , a smooth map e : W ^ Y , and a diffeomorphism 
of oriented manifolds j : —X 11 X' — > dW , such that f\lf' = eoiw°i, where 
—X is X with the opposite orientation. 

Write [X, /] for the ^-equivalence class [bordism class) of a pair (X, /). For 
each A; e Z, define the fc*'' bordism group BkiY) of Y to be the set of all such 
bordism classes [X,f] with dimX = k. We give Bk{Y) the structure of an 
abelian group, with zero element Oy = [0,0], and addition given by [X,f] + 
[X', f] ^[XUX'JU /'], and additive inverses -[X, f] = [-X, /]. 

Define nh°- : Bk{Y) ^ Hk{Y;Z) by H^"- : [XJ] ^ f.{[X]), where 
;Z) is singular homology, and [X] G Hh{X;Z) is the fundamental class. 

If Y is oriented and of dimension n, there is a biadditive, associative, super- 
commutative intersection product • : Bk{Y) x Bi{Y) — > Bk+i-n{Y), such that if 
[X, /], [X', /'] are classes in _B*(F), with /, /' transverse, then the fibre product 
X X f^Yj' X' exists as a compact oriented manifold, and 

[X,f].[X',f] = [Xy,f,Yj' X'JoTTx]. 



As in [lA, §1.5], bordism is a generalized homology theory. Results of Thom, 
Wall and others in [HI §1.2] compute the bordism groups Bk{*) of the point *. 
This partially determines the bordism groups of general manifolds Y, as there 
is a spectral sequence Hi(Y; Bj{*)) Bi+j{Y). 

15.2 D-manifold bordism groups 

In [34', §13.2] we define d-manifold bordism by replacing manifolds X in pairs 
[X,f] in iil5.1l bv d-manifolds X. For simplicity, we identify the 2-category 
dMan of d-manifolds X in ^A.ll and the 2-subcategory dMan of d-manifolds 
without boundary X = (X, 0, 0, 0) in dMan'^ in fTl] writing both as X. 
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Definition 15.2. Let F be a manifold without boundary, and fc S Z. Consider 
pairs {X,f), where X £ dMan is a compact, oriented d-manifold without 
boundary with vdiniJt = fc, and f : X ^ Y is a 1-morphism in dMan, 

where r= F]^Man(-y) 

Define an equivalence relation ^ between such pairs by {X , f) ^ {X' , /') if 
there exists a compact, oriented d-manifold with boundary W with vdiniW = 
k + 1, a 1-morphism e ; W ^ 1^ in dMan'', an equivalence of oriented d- 
manifolds j : —X 11 X' — > 9W, and a 2-morphism 77 : / 11 /' ^ e o iw ° j ■ 

Write [-X", /] for the ~-equivalence class {d-hordism class) of a pair (X, /). 
For each A; £ Z, define the A;*'' d-manifold bordism group, or d-hordism group, 
dBk{Y) of y to be the set of all such d-bordism classes [X, f] with vdim — k. 
As for Bk(Y), we give dBk{Y) the structure of an abelian group, with zero 
element Oy = [0, 0], addition [X,f] + [X' , f] ^ [X U X' , f U /'], and additive 
inverses -[X,f] = [-X,f]. 

If Y is oriented and of dimension n, we define a biadditive, associative, 
supercommutative intersection product • : dBk{Y) x dBi{Y) dBk+i-n{Y) by 

[X, /] . [X', /'] = [X X f^Yj, X', fonx]. (15.1) 

Here X x f^j' X' exists as a d-manifold by Theorem l4.23r a') . and is oriented by 
Theorem l4.37l Note that we do not need to restrict to [X, /], [X', /'] with /, /' 
transverse as in Definition 115.11 Define a morphism nj^Q° : B}.{Y) dBi^iY) 
for fc > by ndbo : [X, f] ^ [F^riX),F^-'^if)] . 

In [331 §13.2] we prove that B^,{Y) and dB^.{Y) are isomorphic. See Spivak 
[52l Th. 2.6] for the analogous result for Spivak's derived manifolds. 

Theorem 15.3. For any manifold Y, we have dB^iY) = for k < 0, and 
n^Jj° : Bk{Y) — > dBk{Y) is an isomorphism for k ^ 0. When Y is oriented, 
n^Q° identifies the intersection products • on _B»(y) and dB^iY). 

Here is the main idea in the proof of Theorem 115.31 Let [X , f] £ dBkiY). 
By Corollary 14.311 there exists an embedding g : X — > R" for n 0. Then 
the direct product [f ,g) : X — >■ y x is also an embedding. Theorem 14.321 
shows that there exist an open set y C y x K", a vector bundle E ^ V 
and s £ C°°{E) such that X ~ Sv,e,s- Let s £ C°°{E) be a small, generic 
perturbation of s. As s is generic, the graph of s in E intersects the zero section 
transversely. Hence X = s~^(0) is a fc-manifold for k ^ 0, which is compact 
and oriented for s — s small, and X = for fc < 0. Set f = tty\x : X ^ F. 
Then Hj^Q°([X, /]) = [X, /], so that Hj^Jj" is surjective. A similar argument for 
W, e in Definition 115.21 shows that Hj^o° is injective. 

Theorem 115.31 implies that we may define projections 

U^Z ■■ dBk{Y) Hk{Y; Z) by H^- = H^r ° (n^o")"'- (15.2) 

We think of Hj|jg™ as a virtual class map. Virtual classes (or virtual cycles, or 
virtual chains) are used in several areas of geometry to construct enumerative 
invariants using moduli spaces. In algebraic geometry, Behrend and Fantechi [S] 
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construct virtual classes for schemes with obstruction theories. In symplectic 
geometry, there are many versions — see for example Fukaya et al. J9, §6], [181 
§A1], Hofer et al. gl], and McDuff 

The main message we want to draw from this is that compact oriented d- 
manifolds admit virtual classes (or virtual cycles, or virtual chains, as appropri- 
ate). Thus, we can use d- manifolds (and d-orbifolds) as the geometric structure 
on moduli spaces in enumerative invariants problems such as Gromov-Witten 
invariants, Lagrangian Floer cohomology, Donaldson-Thomas invariants, . . . , 
as this structure is strong enough to contain all the 'counting' information. 

15.3 Classical bordism for orbifolds 

In [Ml §13.3] we generalize H15.1l to orbifolds. Here we will be brief, much more 
information is given in [34, §13.3]. We use the notation of ^on orbifolds Orb 
and ^12] on orbifolds with boundary Orb'' freely. For simplicity we do not 
distinguish between the 2-categories Orb in and Orb in iil2.1l 

Definition 15.4. Let y be an orbifold, and /c G Z. Consider pairs {X, /), where 
X is a, compact, oriented orbifold (without boundary) with dim A" = fc, and 
f : X ^ y is a, 1-morphism in Orb. Define an equivalence relation ^ between 
such pairs by {X, /) ~ {X' , /') if there exists a compact, oriented (A:+l)-orbifold 
with boundary W, a 1-morphism e : W 3^ in Orb'', an orientation-preserving 
equivalence j : —X \1 X' ^ 9W, and a 2-morphism 77 : f U- f ^ e o iyj o j 
in Orb''. 

Write [X, /] for the ^-equivalence class {bordism class) of a pair {X, /). For 
each A; e Z, define the k*'^ orbifold bordism group B^'^^{y) of y to be the set of 
all such bordism classes [X, /] with dim X — k. It is an abelian group, with zero 
0^ = [0, 0], addition [X, f] + [X' , /'] = [XJIX'JJl /'], and additive inverses 
-[XJ] = [-XJ]. If fc < then B'^''^{y) = 0. 

Define effective orbifold bordism B'^^{y) in the same way, but requiring both 
orbifolds X and orbifolds with boundary W to be effective (as in TO. II and iJ12.ip 
in pairs {X, f) and the definition of ^. 

If y is an orbifold, define group morphisms 

n"^*^ : Bf{y) B^\y), n^j;^" : B^\y) H,iy,,p;Q) 

and -.Bfiy)^ Hk (3^top ; Z) 

by : [XJ] ^ [XJ] and nh°-,n|?r : [XJ] ^ {ftopU[X]), where [X] 

is the fundamental class of the compact, oriented /c-orbifold X, which lies in 
Hk{Xtop',Q) for general X, and in Hk{Xtop;'Z) for effective X. The morphisms 
n°ff : Bf{y) Bl'-'^iy) are injective. 

Suppose y is an oriented orbifold of dimension n which is a manifold, that 
is, the orbifold groups Isoj; ([?/]) are trivial for all [y] G 3^top- Define biadditive, 
associative, supercommutative intersection products • : B^'^^{y) x Bf''^{y) 
Bk+i-niy) and • : Bf{y) x Bf{y) B^^i^jy) as follows. Given classes 
[XJ], [X', /'], we perturb /, /' in their bordism classes to make f : X ^ y and 
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f : X' ^ y transverse l-morphisms, and then as in (|15.ip we set 



If y is not a manifold then /, /' may not admit transverse perturbations. 

Again, orbifold bordism is a generahzed homology theory. Results of Dr- 
uschel [inilTB] and Angel give a complete description of the rational ef- 

fective orbifold bordism ring Cg)z Q when y is the point *, and some 

information on the full ring Bf^{*). It is much more complicated than bordism 

(*) for manifolds in i^lS.li because of contributions from orbifold strata. 

As in i i9.2[ if X is an orbifold and F a finite group then we may define orbifold 
strata X^^^ for A G A^^ and X^'^' for /i e A^,!/ Aut(r), which are orbifolds, with 
proper l-morphisms 0^'^{X) : X^'^ X and O^'t'iX) : X^-t" X. Hence, 
if X is compact then X^'^jX^'f^ are compact. If X is oriented then under 
extra conditions on F, X, fi, which hold automatically for X^'^ if |r| is odd, we 
can define natural orientations on X^'^ , X^'^^ . Using these ideas, under the 
assumptions on F, A, fi needed to orient X^'^, X^''^ we define morphisms 

■■ sr-dimA(3^) by n^;^ : [xj] ^ [x^'\fo o^^\x)], (15.3) 

n::;^ : B^'\y) -> B'^}^,„,^{y) by n^;^' : [XJ] ^ [i'^^^/oOI^^^(^)]. (15.4) 

One moral is that orbifold bordism groups B°^'^ (y) , B'^^ (y) are generally 
much bigger than manifold bordism groups B^{Y), because in elements [X,f] 
of orbifold bordism groups, extra information is contained in the orbifold strata 
of X. The morphisms n^i'b , njj^^[^ recover some of this extra information. 

15.4 Bordism for d-orbifolds 

In [34l §13.4] we combine the ideas of i il5.2l and i jl5.3l to define bordism for d- 
orbifolds. For simplicity we do not distinguish between the 2-categories dOrb 
in ^TTT] and dOrb C dOrb'^ in gHH 

Definition 15.5. Let y be an orbifold, and k ^ Z,. Consider pairs {X,f), 
where X G dOrb is a compact, oriented d-orbifold without boundary with 
vdim^ — k, and / : AT — ;> ^ is a 1-morphism in dOrb, where y — FQ^^^{y). 

Define an equivalence relation ^ between such pairs by {X, f) ~ (A", /') if 
there exists a compact, oriented d-orbifold with boundary W with vdimW = 
fc-|-l, a 1-morphism e : W ^> 3^ in dOrb*', an equivalence of oriented d-orbifolds 
j : —X JI X' ^ dW, and a 2-morphism r] : f U f' ^ e o i-w o j. 

Write [-V,/] for the ^-equivalence class {d-bordism class) of a pair {X,f). 
For each fc G Z, define the k*^ d-orbifold bordism group dB™'^{y) of y to be the 
set of all such d-bordism classes [X, f] with vdim A^ ~ k. We give dB™'^{y) the 
structure of an abelian group, with zero element Oy ~ [0, 0], addition [X, f] + 
[X', /'] ^[XUX',fU /'], and additive inverses ~[X, f] = [-X, /]. 

Similarly, define the semieffective d-orbifold bordism group dB^f?^{y) and the 
effective d-orbifold bordism group dB'^{y) as above, but taking X and W to 
be semieffective, or effective, respectively, in the sense of t jl 1.101 and ijl4.10l 
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If y is oriented and of dimension n, we define a biadditive, associative, su- 
percommutative intersection product • : dB'jl.'^^^{y)xdBf''^{y)^dB'jt'i^i_^{y) by 

[AT, /] . [X', /'] = [X Xfyj, A", / o 7r;t.], 

as in (|15.ip . Here X y-fy.f X' exists in dOrb by Theorem 1 1 1 . 1 8f a) . and is 
oriented by the d-orbifold analogue of Theorem 14.371 
If y is an orbifold, define group morphisms 

n^i : (3^) dBt\y\ nff : Bf{y) dBf{y), 

Illis:dBfiy)^dBfiy), Ili°^:dBf{y)^dB^^\y), (15.5) 
and n^°/b : dBf{y) dB°,^\y) 

by nilln^^f : [XJ] ^ [XJl where X,f = F^^^'^iXJ), and 
U^,°,^^:[X,f]^[X,f]. 

Here is the main result of [34l §13.4], an orbifold analogue of Theorem ll5.3l 
The key idea is that semieffective (or effective) d-orbifolds X can be perturbed to 
(effective) orbifolds, as in i jll.lOl to make this rigorous, we use good coordinate 
systems on Af, as in i ill.9l 

Theorem 15.6. For any orbifold y, the maps H^fj, : B'^'^{y) dBl^'^iy) and 
^cs^ ■ Bfiy) dBf{y) m (IT53)) are isomorphisms for all keZ. 

As for (|15.2p . the theorem implies that we may define projections 

H^°- : dBfiy) ^ i/,(3^top;Q), nh°- : dBf{y) ^ Hk{yto^;1) 
by Hh- = Hh- o (H-i)"i and H^- = H|,T' o {nifr\ 

We think of these H^°/",H;5°g^ as virtual class maps on dBf'^ (y) , dBf (y) . In 
fact, with more work, one can also define virtual class maps on dB°''^{y): 

Hh°- : dS^'-^y) fffe(ytop; Q), (15.6) 

satisfying n^°J^ o H^"/''' — Hg°™, for instance following the method of Fukaya et 
al. [m §6], [IHl §A1] for virtual classes of Kuranishi spaces using 'multisections'. 

In future work the author intends to define a virtual chain construction for 
d-manifolds and d-orbifolds, expressed in terms of new (co)homology theories 
whose (co)chains are built from d-manifolds or d-orbifolds, as for the 'Kuranishi 
(co)homology' described in j29y3D| . 

As in i jll.8[ if A' is a d-orbifold and F a finite group then we may define orb- 
ifold strata X^'^ for A G A^" and X^^f" for n e A^/ Aut(r), which are d-orbifolds, 
with proper 1-morphisms 0^-^{X) : X^^^ X and 6^'^ (AT) : X^'t" X. 
Hence, if X is compact then X^'^ , X^''^ are compact. If X is oriented and F 
is odd then we under extra conditions on fj, can define natural orientations on 
X^'^,X^''^. As in (|15.3p - (|15.4p . for such F, A,^ we define morphisms 

Hdoi ■■ dB-^-^y) di?r-'di.nA(3^) by H^;;^, : [X,f] ^ [X^'\ f o 0^'\X)], 
Hdi^b : dBf\y) ^ dBr-dim^(3^) by H^;;^, : [X, f] ^ [X^''^, f o O^'^(A')]. 
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We can use these operators Tl^'^^.^ to study the d-orbifold bordism ring 
dB°'^^{*). Let r be a finite group with |r| odd, and i? be a nontrivial F- 
representation. Define an element [* Xq^j^^o */r, tt] in dS^J^jj^j where R = 
F^riR)^ and set X = [R] e A^. Then n^;;^ ([* Xo,r,o */r,7r]) e 
sonh°-on^;-^([*Xo,R.o*/r,7r]) liesini7o°'b(*;Q) ^Qby (UMl). Calculation 

shows that nJjCrb °nd;7b ([* Xom^o*/^, tt]) is either | Aut(r)|/|r| or 0, depend- 
ing on A. In the first case, [* Xo,r,o */r, tt] has infinite order in dB"^^.^^ . 
Extending this argument, we can show that dB2j}'{*) has infinite rank for all 
fc s; 0. In contrast, dSf ^ (*) = dBf{*) = for all fc < by Theorem[T5H 

16 Relation to other classes of spaces 

In [HH Chap. 14] we study the relationships between d-manifolds and d-orbifolds 
and other classes of geometric spaces in the literature. The next theorem sum- 
marizes our results: 

Theorem 16.1. We may construct 'truncation functors' from various classes 
of geometric spaces to d-manifolds and d-orbifolds, as follows: 

(a) There is a functor H^ManFS '■ BManFS Ho(dMan), where BManFS 
is a category whose objects are triples {V, s) of a Banach manifold V, 
Banach vector bundle and smooth section s : V ^ E whose 
linearization ds\x '■ T^V E\x is Fredholm with index n G Z for each 
X G V with s\x — 0, and Ho(dMan) is the homotopy category of the 
2-category of d-manifolds dMan. 

There is also an orbifold version H^Q^^pg : IIo(BOrbFS) — > Ho(dOrb) 
of this using Banach orbifolds V, and 'corners ' versions of both. 

(b) There is a functor H^^^pg : MPolFS Ho(dMan), where MPolFS 

is a category whose objects are triples (V, E, s) of an M-polyfold without 
boundary V as in Hofer, Wysocki and Zehnder [211 §3.3], a fillable strong 
M-polyfold bundle E over V [211 §4-3], and an sc-smooth Fredholm section 
s of E §4.4] whose linearization ds\x : T^V E\x [SH §4.4] has 
Fredholm index n E Z for all x V with s\x = 0. 

There is also an orbifold version Hp^^g : IIo(PolFS) Ho(dOrb) of 
this using polyfolds V, and 'corners ' versions of both. 

(c) Given a d-orbifold with corners DC, we can construct a Kuranishi space 
{X,k) in the sense of Fukaya, Oh, Ohta and Ono [181 §A], with the 
same underlying topological space X . Conversely, given a Kuranishi space 
{X,k), we can construct a d-orbifold with corners %' . Composing the two 
constructions, % and % are equivalent in dOrb°. 

Very roughly .speaking, this means that the 'categories' of d-orbifolds with 
corners, and Kuranishi spaces, are equivalent. However, Fukaya et al. [18] 
do not define morphisms of Kuranishi spaces, so we have no category of 
Kuranishi .spaces. 
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(d) There is a functor ng^^"j,^ : SchcObs ^ Ho(dMan), where SchcObs 
is a category whose objects are triples {X,E',(j>), for X a separated, sec- 
ond countable C-scheme and (f> : E' r^_i(Lx) a perfect obstruction 
theory on X with constant virtual dimension, in the sense of Behrend and 
Fantechi [S] . We may define a natural orientation on ^g^ohs i-^' ^* ' 
for each {X, E' ,4>). 

There is also an orbifold version ^g^^ohs ■ Ho(StacObs) Ho(dOrb), 

taking X to be a Deligne-Mumford C-stack. 

(e) There is a functor H^'^g^^ : Ho(QsDSchc) — > Ho(dMan), where 
QsDSchc is the oo-category of separated, second countable, quasi-smooth 
derived <C-schemes X of constant dimension, as in Toen and Vezzosi 
|55H57j . We may define a natural orientation on nQ^gj,jj(X) for each X . 

There is also an orbifold version ^'(^j^gta ■ Ho(QsDStac) Ho(dOrb), 

taking X to be a derived Deligne-Mumford C-stack. 

(f) There is a functor ng^^^^„ : Ho(DerManP'^) — > Ho(dMan) which 
is an equivalence of categories, where DerMan^*^ is the oo-category of 
derived manifolds of pure dimension, in the sense of Spivak (52] . and 
Ho(DerManP'*) is its homotopy category. 

Here, as in ^A.3[ if C is a 2-category (or cxi-category) , the homotopy category 
Ho(C) of C is the category whose objects are objects of C, and whose morphisms 
are 2-isomorphism classes of 1-morphisms in C. Then equivalences in C become 
isomorphisms in Ho(C), 2-commutative diagrams in C become commutative 
diagrams in Ho(C), and so on. 

One moral of Theorem 116.11 is that essentially every geometric structure on 
moduli spaces which is used to define enumerative invariants, either in differ- 
ential geometry, or in algebraic geometry over C, has a truncation functor to 
d-manifolds or d-orbifolds. Combining Theorem 1 1 6 . 1 1 with proofs from the lit- 
erature of the existence on moduli spaces of the geometric structures listed in 
Theorem II 6. 1[ in [MJ Chap. 14] we deduce: 

Theorem 16.2. (i) Any solution set of a smooth nonlinear elliptic equation 
with fixed topological invariants on a compact manifold naturally has the struc- 
ture of a d-manifold, uniquely up to equivalence in dMan. 

For example, let (M,g),(N,h) be Riemannian manifolds, with M compact. 
Then the family of harmonic maps f : M ~¥ N is a d-manifold 'H.m,n with 
vdimTiM.Ar = 0. If M = , then Hm.n is the moduli space of parametrized 
closed geodesies in {N, h) . 

(ii) Let {X,uj) be a compact symplectic manifold of dimension 2n, and J an 
almost complex structure on X compatible with lo. For (3 G H2{X,'Z) and 
g, m ^ 0, write A4g^rn{X, J, /3) for the moduli space of stable triples (S, z, u) for 
E a genus g prestable Riemann surface with m marked points z = (zi, . . . , Zm) 
and w : S — > X a J -holomorphic map with = P in H2{X,1). Using 

results of Hofer, Wysocki and Zehnder [26 involving their theory of polyfolds, 
we can make Mg^„i{X, J, (3) into a compact, oriented d-orbifold M.g.m{X, J, (3). 
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(iii) Let {X, w) be a compact symplectic manifold, J an almost complex structure 
on X compatible with w, and Y a compact, embedded Lagrangian submanifold in 
X. For (3 G H2{X,Y\'L) and fc ^ 0, write Aik{X,Y, J, P) for the moduli space 
of J-holomorphic stable maps (T,,z,u) to X from a prestable holomorphic 
disc S with k boundary marked points z — (zi,...,Zfc), with u^dT,) C Y and 

— j3 in H2{X,Y;7j). Using results of Fukaya, Oh, Ohta and Ono [TSJ §7- 
§8] involving their theory of Kuranishi spaces, we can make M.k(,X, Y, J, j3) into a 
compact d-orbifold with corners AikiX,Y, J,P). Given a relative spin structure 
for {X,Y), we may define an orientation on M.k{X,Y, J, j3). 

(iv) Let X be a complex projective manifold, and Aig,m{X, (i) the Deligne- 
Mumford moduli C-stack of stable triples u) for E a genus g prestable 
Riemann surface with m marked points z — (zi,...,z„i) and u : E — > X a 
morphism with = /3 G H2{X;'Z). Then Behrend [6 defines a perfect 
obstruction theory on Mg^m{X, (3), so we can make Mg^rn{X, (3) into a compact, 
oriented d-orbifold M.g,m{X, (3). 

(v) Let X be a complex algebraic surface, and M a stable moduli C-scheme of 
vector bundles or coherent sheaves E on X with fixed Chern character. Then 
Mochizuki [45] defines a perfect obstruction theory on Ai, so we can make Ai 
into an oriented d-manifold Ad. 

(vi) Let X be a complex Calabi-Yau 3-fold or smooth Fano 3-fold, and Ai a 
stable moduli <C-scheme of coherent sheaves E on X with fixed Hilbert polyno- 
mial. Then Thomas [53] defines a perfect obstruction theory on Ai, so we can 
make Ai into an oriented d-manifold A\. 

(vii) Let X be a smooth complex projective 3-fold, and Ai a moduli C-scheme of 
'stable PT pairs' (C, D) in X, where C C X is a curve and D (Z C is a divisor. 
Then Pandharipande and Thomas [49j define a perfect obstruction theory on 
A4, so we can make Ai into a compact, oriented d-manifold AA.. 

(ix) Let X be a complex Calabi-Yau 3-fold, and Ai a separated moduli C- 
scheme of simple perfect complexes in the derived category D'^ coh{X). Then 
Huybrechts and Thomas [27j define a perfect obstruction theory on M, so we 
can make Ai into an oriented d-manifold AA. 

A consequence of Theorems 116.11 and 116.21 is that we can use d-manifolds 
and d-orbifolds in many areas of differential and algebraic geometry to do with 
moduli spaces, enumerative invariants, Floer homology theories, and so on. 
Working with d-manifolds and d-orbifolds instead of the geometric structures 
currently in use may lead to new results, or simplifications of known proofs. We 
discuss some applications in symplectic geometry: 

Remark 16.3. (a) Suppose {X,lS) is a compact symplectic manifold, and 
choose an almost complex structure J on X compatible with w. Let g, m be non- 
negative integers, and /3 G H2{X;Z). Consider the moduli space Aig,m{X, P) 
of genus g stable J-holomorphic curves (S, z, u) with m marked points in ho- 
mology class /3 in X. Using Hofer, Wysocki and Zehnder [53], Theorem ll6.2f ii) 
makes Aig^m{X, (3) into a compact, oriented d-orbifold A/ig^m{X, J, (3). 
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There are evaluation maps ev^ : Mg^miX, J, (3) X for i = l,...,m 
mapping evj : m) u(zi). Also, if 2(7 + m ^ 3 there is a projection 

TTg.m : A^(,^„i(X, J, /3) Xg,,„ mapping ev^ : u) ^ S, where TWg^m is 

the moduli space of Deligne-Mumford stable Riemann surfaces of genus g with 
m marked points, a compact orbifold of real dimension 2(m + 3g — 3), and E 
is the stabilization of E. As in [Ml §14.2], these lift naturally to 1-morphisms 
evi : M.g m{X, J,(i) —> X and tt^ ,„ : M.g m,{X, J, (3) -> Alg ,„ in dOrb, where 
X = Ft^^^iX) and Mg,m = F^'^^'^{Mg,r.). 

Define the Gromov-Witten d-orbifold bordism invariant GW^'^ {X , uj , /S) by 

GW^°^'^{X,oj,/3) = 

f [Mg,miX, J, /3), evi X • • . X ev„.] e 2g+m< 3, 

I [Alg,™ {X, J, /3), evi X • • • X ev„ x tt^^^] e ^5°^ (^"^ x > 25+m > 3, 

where A: = ci(X) • /? + (n - 3)(1 - 5) + m, with dimX = 2n. As in [31 
§14.2], we can prove this is independent of the choice of almost complex structure 
J on X . This is because any two choices Jo, Ji for J may be joined by a 
smooth path of almost complex structures Jj, t G [0,1] compatible with uj. 
One can then make U^g^o 1] ■^g,miX, Jt,P) into a compact oriented d-orbifold 
with boundary, whose boundary is M.g^m{X, Ji, (3) 11 — A4g,m(X, Jo, /3), and 
this defines a bordism between the moduli spaces for Jo and Ji. 

Applying the virtual class maps njj°j^ in (|15.6p gives homology classes 

dorbV 3,™ V .H,> X (A^g,„Otop;Q), 25 + TO^3. 

These homology classes are essentially the Gromov-Witten invariants of [X, uj), 
as in Hofer, Wysocki and Zehnder j26j or Fukaya and Ono [19] . 

As in §15.41 d-orbifold bordism groups are far larger than homology groups, 
and can have infinite rank even in negative degrees. Therefore the new invari- 
ants GWg°^{X,ijj, (3) contain more information than conventional Gromov- 
Witten invariants^ in particular, on the orbifold strata of the moduli spaces 
M.g,m{X, J, /?), which can be recovered by applying the functors H^^^^^ of i il5.4l 
Since the dB°^^{—) are defined over Z rather than Q, these new invariants may 
be good tools for studying integrality properties of Gromov-Witten invariants. 

(b) Let {X, J) be a projective complex manifold, with Kahler form uj. Consider 
the moduli space Aig^m{X, P) of genus g stable J-holomorphic curves with m 
marked points in class /3 € H2{X;Z) in X. As in (a), by constructing a virtual 
class [Mg^rn{X, f3)]virt, we define the Gromov-Witten invariants oi X. 

We can do this in two different ways. In symplectic geometry, by Hofer, 
Wysocki and Zehnder [2^ we can write Aig^m{X, (3) as the zeroes of a Fredholm 
section of a polyfold bundle over a polyfold, as in Theorem ll6.2r ii). In algebraic 
geometry, as in Behrend [6] we can make M-g.miX, {3) into a Deligne-Mumford 
C-stack with obstruction theory, as in Theorem 1 1 6 . 2 f iv) . We then apply the 
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virtual class construction for polyfolds [21] or stacks with obstruction theories [5] 
to define the virtual class, and the Gromov-Witten invariants. 

A priori it is not clear that the symplectic and algebraic routes give the 
same Gromov-Witten invariants (though it is generally accepted that they do) . 
Comparing the two is difficult, as the techniques used are so different. 

Now by Theorem 1 16 . If b) . fd) we can make Mg^m{X, 13) into a compact ori- 
ented d-orbifold M.g,m{X, J, /3)sym or Alg,m(X, J, /3)aig in two different ways, by 
applying the truncation functors from polyfolds and Deligne-Mumford C-stacks 
with obstruction theories. Then we could apply a virtual class construction for 
d-orbifolds, as discussed in i il5.4( to define Gromov-Witten invariants. 

Thus, d-orbifolds provide a bridge between symplectic and algebraic geome- 
try, and a means to compare symplectic and algebraic Gromov-Witten theory. 
To use d-orbifolds to prove that symplectic and algebraic Gromov-Witten in- 
variants coincide, we would have to do two things. Firstly, we would have to 
show that the virtual class constructions for polyfolds and Deligne-Mumford 
stacks with obstruction theories, yield the same answer as applying the trunca- 
tion functors to d-orbifolds and then applying the virtual class construction for 
d-orbifolds. This does not look difficult. 

Secondly, we would have to compare the d-orbifolds Aig,m{X, J, /3)sym and 
M.g,m{X, J, /3)aig. The author does not expect these to be equivalent in dOrb. 
This is because the smooth structure near singular curves depends on a choice 
of gluing profile (f : (0, 1] — >■ [0, oo), in the language of Hofer et al. [151 §4.2], [5S1 
§2.1]. As in [26l §2.1], the gluing profiles used to construct M.g^m{X, J, I3)sym 
and M.g^m{X, J, /3)aig are ip{r) — e^/'' — e and tp{r) — — ^Inr, respectively. 
However, the author expects that Adg.m{X, J, f3)sym and M.g.m{X, J, P)a,ig are 
naturally bordant, so they define the same Gromov-Witten d-orbifold bordism 
invariants in (a), and the same Gromov-Witten invariants. 

(c) Some areas of symplectic geometry — Lagrangian Floer cohomology, Fukaya 
categories, contact homology, and Symplectic Field Theory — involve compact 
moduli spaces A4 of J-holomorphic curves E which either have boundary in 
a Lagrangian submanifold, or have ends asymptotic to cones on a Reeb orbit. 
Then A4 naturally becomes a d-orbifold with corners M., as in Theorem ll6.2r iii) 
above, where the boundary dM. parametrizes real codimension one bubbling 
behaviour of the curves E. This situation does not arise in (complex) algebraic 
geometry, where real codimension one singular behaviour does not occur. 

For a moduli space with corners, we cannot define a virtual class [A4]virt 
in some homology group H<,{X). Instead, we can only construct a (nonunique, 
and depending on choices) virtual chain Alvht in the chains (C*(X),9) of a 
homology theory H^,{X), where 9(Alvirt) G C'*-i(A") is a virtual chain for dM.. 
In applications (as in the Lagrangian Floer cohomology of Fukaya et al. [18] . 
for instance), one wants to choose Alvirt so that 9(Alviit) is compatible with 
choices of virtual chains for other moduli spaces. This leads to difficult technical 
issues about virtual chains, and some ugly homological algebra. 

The author believes that these areas of symplectic geometry involving 'mod- 
uli spaces with corners' can be made simpler, more elegant, and less technical. 
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by writing them in terms of d-orbifolds with corners. There are two parts to 
this. Firstly, by developing a well-behaved 2-category dOrb"^ of d-orbifolds with 
corners, we have made it easy to state precise relationships between boundaries 
of moduli spaces and other moduli spaces. For example, for the moduli spaces 
Aik {X, Y, J, (3) of Theorem I16.2f iii') , the Kuranishi space boundary formula of 
Fukaya et al. [TFl Prop. 8.3.3] translates to an equivalence in dOrb*^: 

aMfe(X,r, J,/3) ~ [] J,7) Xev.+i,y,ev,+i J,'5), 

i~\-j—k, ^— 7+(5 

where the fibre products exist in dOrb"^ by Theorem 1 1 4 . 1 5f a) . 

Secondly, in future work the author intends to define a virtual chain con- 
struction for d-manifolds and d-orbifolds with corners, expressed in terms of 
new (co)homology theories whose (co)chains are built from d-manifolds or d- 
orbifolds with corners, as for the 'Kuranishi (co)homology' described in pUll30j . 
Defining virtual chains for moduli spaces in this homology theory would be al- 
most trivial, and would not involve perturbing the moduli space. Many issues 
to do with transversality would also become trivial. 

Finally, we note that d-manifolds should not be confused with differential 
graded manifolds^ or dg-manifolds. This term is used in two senses, in algebraic 
geometry to mean a special kind of dg-scheme, as in Ciocan-Fontanine and 
Kapranov [T31 Def. 2.5.1], and in differential geometry to mean a supermanifold 
with extra structure, as in Cattaneo and Schatz [TTJ Def. 3.6]. In both cases, a 
dg-manifold <B is roughly the total space of a graded vector bundle E' over a 
manifold V, with a vector field Q of degree 1 satisfying [Q,Q] = 0. 

For example, if £' is a vector bundle over V and s G C°°{E), we can make 
E into a dg-manifold £ by giving E the grading —1, and taking Q to be the 
vector field on E corresponding to s. To this £ we can associate the d-manifold 
Sv,E.s from Example 14.41 Note that Sv,e,s only knows about an infinitesimal 
neighbourhood of s~^(0) in V, but £ remembers all of V, E, s. 

A Categories and 2-categories 

We now explain the background in category theory we need. Some good refer- 
ences are Behrend et al. [71 App. B], and MacLane [42] for ijXT}-fjX2l 

A.l Basics of category theory 

For completeness, here are the basic definitions in category theory, as in (421 §1]. 

Definition A.l. A category (or 1- category) C consists of a proper class of 
objects Obj(C), and for all X,Y G Obj(C) a set Hom(X, F) of morphisms f 
from X to Y , written f : X Y, and for all X,Y E Obj(C) a composition map 
o : Hom(X, y) x Hom(y, Z) B.om{X,Z), written (/,(?) ^g^f. Composition 
must be associative, that is, ii f : W ^ X , g : X ^ Y and h : Y ^ Z are 
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morphisms in C then {h o g) o f = h o [g o f) . For each X G Obj(C) there must 
exist an identity morphism idx : X ^ X such that / o idx = / = idr ° f for 
all / : X -)■ y in C. 

A morphism / : X — > y is an isomorphism if there exists :Y^X with 
f~^of = idx and f o = idy. A category C is called a groupoid if every 
morphism is an isomorphism. In a (small) groupoid C, for each X G Obj(C) the 
set Hom(X, X) of morphisms f : X ^ X form a group. 

If C is a category, the opposite category C°p is C with the directions of all 
morphisms reversed. That is, we define Obj(C°P) = Obj(C), and for all X,Y,Z£ 
Obj(C) we define Homc=P {X, Y) = Homc(y, X), and for f : X ^ Y, g : Y ^ Z 
in C we define / ocop g = g f, and idc°pX = idc^. 

Given categories C,V, the product category C x V has objects {W,X) in 
Obj(C) X Obj(r») and morphisms / x g : (W,X) -> (F, Z) when f : W ^ Y is 
a morphism in C and g : X ^ Z is a morphism in 2?, in the obvious way. 

We call V a subcategory of C if Obj(D) C Obj(C), and Homr,(X,F) C 
Homc(X,F) for all X,Y e Obj(r»). We call V a full subcategory if also 
Homx)(A:,r) C Home (a:, r) for all X,Y. 

Definition A. 2. Let C, V be categories. A (covariant) functor F : C ^ T> gives, 
for all objects X in C an object F{X) in "D, and for all morphisms f : X ^ Y 
in C a morphism : F{X) -> F{Y), such that F{g o f) = o F{f) for 

ah / : X ^ y, : F Z in C, and i^(idx) = idp^x) for ah X € Obj(C). A 
contravariant functor F : C — >■ 1? is a covariant functor F : — >• P. 

Functors compose in the obvioiis way. Each category C has an obvious iden- 
tity functor idc : C ^ C with idc(X) = X and idc(/) = / for all X, /. A functor 
F : C ^ V is called full if the maps Homc(X,y) Homx,(F(X), 
/ -F'C/) are surjective for all X, F G Obj(C), and faithful if the maps 
Homc(X,y) ^ Homi,(F(X),F(y)) are injective for ah X,y G Obj(C). 

Let C, r> be categories and F,G : C ^ V he functors. A natural transforma- 
tion rj : F ^ G gives, for all objects X in C, a morphism rj{X) : F{X) G{X) 
such that if / : X — >• F is a morphism in C then r]{Y) o F{f) = G{f) o r]{X) as 
a morphism F{X) — )■ G{Y) in V. We call ri a natural isomorphism if r]{X) is 
an isomorphism for all X G Obj(C). 

An equivalence between categories CjV consists of functors F : C V and 
G -.V ^ C with natural isomorphisms r] : G o F => idc, C '■ P ° G => idxi- 

It is a fundamental principle of category theory that equivalent categories 
C, V should be thought of as being 'the same', and naturally isomorphic functors 
F,G : C V should be thought of as being 'the same'. Note that equivalence 
of categories C, V is much weaker than strict isomorphism: isomorphism classes 
of objects in C are naturally in bijection with isomorphism classes of objects in 
V, but there is no relation between the sizes of the isomorphism classes, so that 
C could have many more objects than V, for instance. 
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A. 2 Limits, colimits and fibre products in categories 

We shall be interested in various kinds of limits and colimits in our categories 
of spaces. These are objects in the category with a universal property with 
respect to some class of diagrams. For an introduction to limits and colimits in 
category theory, see MacLane [HI §111]. Here are the basic definitions: 

Definition A. 3. Let C be a category. A diagram A in C is a class of objects Si 
in C for i ^ I, and a class of morphisms pj : S^j^ — > Se(j) in C for j £ J, where 
b,e : J ^ I. The diagram is called finite if /, J are finite sets. 

A limit of the diagram A is an object L in C and morphisms -Ki : L ^ Si for 
? £ / such that Pj o TTftQ) = ^e(j) for 3 G J i which has the universal property 
that given L' £ C and tt^ : L' — ^ Si for i G / with pj o tt^q-j = 7''e(j) foi' ^-U j S Jj 
there is a unique morphism X : L' ^ L with tt^ = tt^ o A for all i E I. 

A /i&re product is a limit of a diagram A — ^ Z y . The limit object W 
is often written X Xg^z.h Y or X Xz Y, and the diagram 

W ^f^-^Y 

{•fx h\ 

X — - — 

is called a Cartesian square in the category C. A terminal object is a limit of 
the empty diagram. 

A colimit of the diagram A is an object L in C and morphisms Xi : Si —> L 
for i I such that At,(j) = X^^j) o for all j G J, which has the universal 
property that given L' £ C and : 5^ — ?> i' for i G I with -^bQ) = •^e(j) ° /^i 
all J G J, there is a unique morphism tt : i — > L' with A^ = tt o A,; for all i E I. 

A pushout is a colimit of a diagram 

If a limit or colimit exists, it is unique up to unique isomorphism in C. We 
say that all finite limits, or all fibre products exist in C, if limits exist for all 

finite diagrams, or for all diagrams X — ^ Z ■f-'^ Y respectively. 
A. 3 2-categories 

Next we discuss 2-categories. A good reference for our purposes is Behrend et 
al. [3 App. B], and Kelly and Street [33] is also helpful. 

Definition A. 4. A 2-category C (also called a strict 2-category) consists of a 
proper class of objects Obj(C), for all X,Y E Obj(C) a category Hom(A, F), 
for all X G Obj(C) an object idx in Hom(A, X) called the identity l-morphism, 
and for all X,Y,Z G Obj(C) a functor px^Y.z : Hom(A, F) x Hom(y, Z) 
Hom(A, Z). These must satisfy the identity property, that px,x,Y(}dx, —) = 
Mx,F,y(— 7 idy) = idHom(x,Y) as functors Hom(A, F) Hom(A, F), and the as- 
sociativity property, that p.w.Y,z ° {p-w.x.Y xidHom(y,z)) = MVK,x.z o (idHom(w,x) 
X p-x,Y,z) as functors Hom(H/,A) x Hom(A, F) x Hom(r, Z) ^ Rom{W,X), 
for all W, X, Y, Z. 
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Objects / of Hom(X, y) arc called l-m,orphism,s, written f : X ^ Y. For 

1- morphisms f,g : X ^ Y, morphisms r] € HomHom(jf ,r) (/, 5) are called 2- 
morphisms, written r] : f =^ g. Thus, a 2-category has objects X, and two kinds 
of morphisms, l-morphisms f : X ^ Y between objects, and 2-morphisms 
Tj : f ^ g between l-morphisms. In many examples, all 2-morphisms are 

2- isomorphisms (i.e. have an inverse), so that the categories Hom(X, F) are 
groupoids. Such 2-categories are called {2,l)-categories. 

This is quite a complicated structure. There are three kinds of composition 
in a 2-category, satisfying various associativity relations. If / : X — >■ F and g : 
Y ^ Z are l-morphisms then iJLx,Y,z{f,g) is the composition of l-morphisms, 
written g o f : X ^ Z. li f,g,h : X ^ Y are l-morphisms and rj : f ^ g, 
Q : g ^ h are 2-morphisms then composition of 77, C, in the category Hom(X, Y) 
gives the vertical composition of 2-morphisms of r], (, written ( Q r] : f =^ h, as 
a diagram 




And if /, / : X ^ Y and g,g : Y ^ Z are l-morphisms and r] : f ^ f , 
C ■ g =^ g are 2-morphisms then /Ux,f,z(?7, C) is the horizontal composition of 
2-morphisms, written C,*r]: gof^gof, as a diagram 

/ 9 gof 

^Clt^'^Cl^L^^ (a.2) 

/ g gof 

There are also two kinds of identity: identity l-morphisms idx : X ^ X and 
identity 2-morphisms id/ f => f ■ 

A basic example is the 2-category of categories <tai, with objects categories 
C, l-morphisms functors F : C ^ V, and 2-morphisms natural transformations 
r} : F ^ G iov functors F,G : C ^ V. Orbifolds naturally form a 2-category, as 
do Deligne-Mumford stacks and Artin stacks in algebraic geometry. 

In a 2-category C, there are three notions of when objects X,Y in C are 
'the same': equality X = Y , and isomorphism, that is we have l-morphisms 
f : X ^ Y , g : Y ^ X with g o f = idx and f o g = id-^, and equivalence, 
that is we have l-morphisms f : X Y , g : Y X and 2-isomorphisms 
V '■ 9 ° f ^ idx and ( ■ f o g ^ idy ■ Usually equivalence is the most useful. 

Let C be a 2-category. The homotopy category Ho(C) of C is the category 
whose objects are objects of C, and whose morphisms [/] : X ^ Y are 2- 
isomorphism classes [/] of l-morphisms f : X ^ Y m. C. Then equivalences 
in C become isomorphisms in IIo(C), 2-commutative diagrams in C become 
commutative diagrams in Ho(C), and so on. 
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As in Borceux [TUl §7.7], there is also a second kind of 2-category, called 
a weak 2-category (or bicategory), which we will not define in detail. In a 
weak 2-category, compositions of l-morphisms need only be associative up to 
(specified) 2-isoniorphisnis. That is, part of the data of a weak 2-category C is a 
2-isomorphism a{f,g, h) : {hog)of ^ ho[gof) for all l-morphisms f : W ^ X, 
g : X ^ Y, h : Y ^ Z in C. A strict 2-category C can be made into a weak 
2-category by putting a{f, g, h) = idhogof for ah /, g, h. 

Some categorical constructions naturally yield weak 2-categories rather than 
strict 2-categories, e.g. the weak 2-categories of orbifolds defined by Pronk [50] 
and Lerman [551 §3-3] mentioned in tj9.1l Every weak 2-category is equivalent 
as a weak 2-category to a strict 2-category (that is, weak 2-categories can be 
strictified) , so we lose little by working only with strict 2-categories. 



A. 4 Fibre products in 2-categories 

Commutative diagrams in 2-categories should in general only commute up to 
(specified) 2-isomorphisms, rather than strictly. Then we say the diagram 2- 
commutes. A simple example of a commutative diagram in a 2-category C is 




which means that X, Y, Z are objects oi C, f : X Y, g : Y ^ Z and 
h : X ^ Z are l-morphisms in C, and r] : g o f ^ h is a 2-isomorphisni. 

The generalizations of limit and colimit to 2-categories turn out to be rather 
complicated. As in [lOl §7] there are many different kinds — 2-limits, bilimits, 
pseudolimits, lax limits, and weighted limits (or indexed limits), depending on 
whether one considers diagrams to commute on the nose, up to 2-isomorphism, 
or up to 2-morphisms, and what kind of universal property one requires. Our 
definition oi fibre product, following Behrend et al. [3 Def. B.13], is actually an 
example of a pseudolimit. 

Definition A. 5. Let C be a 2-category and g : X ^ Z , h : Y Z he 
l-morphisms in C. A fibre product X Xz Y in C consists of an object W, 1- 
morphisms e : W ^ X and f : W ^ Y and a 2-isomorphism ri:goe=>hof 
in C, so that we have a 2-commutative diagram 

w 

^ 4 (A.3) 

X ^Z 

with the following universal property: suppose e' : W X and /' : W — Y 
are l-morphisms and rj' : g o e' =^ h o f is a 2-isomorphism in C. Then there 
should exist a 1-morphism b : W W and 2-isomorphisms C. '■ e o b ^ e'. 
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: / o 6 /' such that the following diagram of 2-isoinorphisins commutes: 



g o e ob 
idg*cD, 
goe' = 



?7*idb 




Furthermore, if 6, C, 9 are alternative choices of 6, 9 then there should exist a 
unique 2-isomorphism e : b ^ b with 



We call such a fibre product diagram (IA.3I) a 2- Cartesian square. 

If a fibre product X Xz Y in C exists then it is unique up to equivalence in 
C. If C is a 1-category, that is, all 2-morphisms are identities id/ '■ f ^ f, this 
definition of fibre products in C coincides with that in i iA.21 

Orbifolds, and stacks in algebraic geometry, form 2-categories, and Definition 
lA.Sl is the right way to define fibre products of orbifolds or stacks, as in [7]. One 
can also define pushouts in a 2-category C in a dual way to Definition IA.5[ 
reversing directions of morphisms. 
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Glossary of Notation 

Bk{Y) classical bordism group of manifold Y, 140 

Bk^{y) orbifold bordism group of orbifold y, 142 

B^[y) effective orbifold bordism group of orbifold y, 142 

C, C : Man"^ — > Man*^ 'corner functors' for manifolds with corners, 43 

C, C : dSpa° dSpa*^ 'corner functors' for d-spaces with corners, 51 

C,C : Orb" — > Orb" 'corner functors' for orbifolds with corners, 116 

C, C : dSta" — ?■ dSta" 'corner functors' for d-stacks with corners, 126 

£,D,£, ... C°°-rings, 8 

C°°Rings category of C°° -rings, 8 

C°°Sch category of C°°-schemes, 10 

C°°Schsgp category of separated, second countable, locally fair C°°-schemes, 
17 

C°°Sta 2-catcgory of C°°-stacks, 67 

dBkiY) d-manifold bordism group of manifold Y , 141 

dB'^^{y) d-orbifold bordism group of orbifold y, 143 

dB^^iy) semieffective d-orbifold bordism group of orbifold y, 143 

dB^{y) effective d-orbifold bordism group of orbifold y, 143 

d^X sets of decomposition dX = d^X 11 dtx of boundary dX induced by 
f :X ->-Y in Man", 41 

9£x sets of decomposition 9X = S^X 11 9£x of boundary 9X induced by 
1-morphism / : X Y in dSpa", 48 

dj.X sets of decomposition dl = d^jCUdtX of boundary dX induced by 
1-morphism / : X — ?• V in Orb", 115 

9£X sets of decomposition dX — d'^'X 11 d^OC of boundary 9X induced by 
1-morphism / : X ^ in dSta", 124 

dMan 2-category of d-manifolds, 22 

dMan 2-subcategory of d-manifolds with corners equivalent to d-manifolds, 
57 

dMan 2-subcategory of d-orbifolds equivalent to d-manifolds, 96 
dMan*^ 2-catcgory of d-manifolds with boundary, 57 
dMan" 2-category of d-manifolds with corners, 57 

dMan" 2-subcategory of d-orbifolds with corners equivalent to d-manifolds 
with corners, 130 

dMan" 2-category of disjoint unions of d-manifolds with corners of different 
dimensions, 57 
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DMC°°Sta 2-category of Deligne-Mumford C°°-stacks, 71 

DMC°°Staggj, 2-category of separated, second countable, locally fair Deligne- 
Mumford C°°-stacks, 71 

dOrb 2-category of d-orbifolds, 95 

dOrb 2-subcategory of d-orbifolds with corners equivalent to d-orbifolds, 129 
dOrb'' 2-category of d-orbifolds with boundary, 129 
dOrb*^ 2-category of d-orbifolds with corners, 129 

dOrb*^ 2-catcgory of disjoint unions of d-orbifolds with corners of different 

dimensions, 131 

dSpa 2-category of d-spaces, 17 

dSpa 2-subcategory of d-spaces with corners equivalent to d-spaces, 47 

dSpa 2-subcategory of d-stacks equivalent to d-spaces, 88 

dSpa*^ 2-category of d-spaces with boundary, 47 

dSpa*^ 2-category of d-spaces with corners, 47 

dSpa*^ 2-subcategory of d-stacks with corners equivalent to d-spaces with 

corners, 121 

dSta 2-category of d-stacks, 88 

dSta 2-subcategory of d-stacks with corners equivalent to d-stacks, 121 

dSta'' 2-category of d-stacks with boundary, 121 

dSta*^ 2-category of d-stacks with corners, 120 

dX boundary of a manifold with corners X, 39 

9X boundary of a d-space with corners X, 48 

dX boimdary of an orbifold with corners X, 114 

d% boundary of a d-stack with corners X, 122 

{£* , (f>) virtual quasicoherent sheaf, or virtual vector bundle, 27 

iv,v ■ Sv^E,s '^v,E,s inclusion of open set in 'standard model' d-manifold, 25 

ivy : Sv,E,s ^v,E,s inclusion of open set in 'standard model' d-manifold 
with corners, 59 

iv,v • ^v,S,s ~> <5v,£,s inclusion of open set in 'standard model' d-orbifold, 97 

iv,v '■ ^V,S,s ^V,S,s inclusion of open set in 'standard model' d-orbifold with 
corners, 131 

ix ■ dX — > X inclusion of boundary dX into a manifold with corners X, 39 
ix : dX. X inclusion of boundary dX. into a d-space with corners X, 47 
ix : dX — )• X inclusion of boundary dX into an orbifold with corners X, 111 
ix : dOC — )• X inclusion of boundary dX into a d-stack with corners X, 121 
jx,r '■ ^ inclusion of F-fixed d-subspace in a d-space X, 21 
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jx,T '■ ^ X inclusion of F-fixed subset X^ in a manifold with corners X, 

45 

Jx r • ^ inclusion of F-fixed d-subspace X'" in a d-space with corners 
X, 55 

lattice generated by nontrivial representations of a finite group F, 83 
AS^ 'positive cone' of classes of F-representations in lattice A'", 83 

^{E',<l>) orientation line bundle of a virtual vector bundle (£*,(/>), 36 
Ct'x orientation line bundle of a d- manifold X, 37 
£t*x orientation line bundle of a d- manifold with corners X, 66 
Ct'x orientation line bundle of a d-orbifold X, 105 
Ct'OC orientation line bundle of a d-orbifold with corners X, 137 
Man category of manifolds 

Man 2-subcategory of d-spaces equivalent to manifolds, 18 
Man*' category of manifolds with boundary, 40 

Man'' category of manifolds with corners, 40 

Man'' category of disjoint unions of manifolds with corners of different di- 
mensions, 43 

Man*^ 2-subcategory of d-spaces with corners equivalent to manifolds with 
corners, 50 

A/'x conormal line bundle of 9X in X for a d-space with corners X, 47 
Mx conormal line bundle of d'X in X for a d-stack with corners X, 121 
0{s) an error term in the ideal generated by a section s G C°°{E), 24 
O(s^) an error term in the ideal generated by s s for s G C°°{E), 24 

0^{X), d^{X), Ol{X), dl{X) 1-morphisms of orbifold strata X^ , . . . ,Xl oi a 

Dehgne-Mumford C°°-stack X, 77 

0^{X), 6^{X),Ol{X), 61{X) 1-morphisms of orbifold strata X^,...,Xl of 

a d-stack X , 93 

0^(X), 0^(X), Ol{X),dl{X) 1-morphisms of orbifold strata X^, . . . , of an 
orbifold with corners X, 118 

0'"(X), 0'"(X), (X), Oq (X) 1-morphisms of orbifold strata X'" X^ of a 
d-stack with corners X, 128 

wx orientation on line bundle A/^x for a d-space with corners X, 47 

LJx orientation on line bundle Mx for a d-stack with corners X, 121 

Orb 2-category of orbifolds, 81 

Orb 2-subcategory of d-stacks equivalent to orbifolds, 88 

Orb 2-subcategory of orbifolds with corners equivalent to orbifolds, 112 

Orb'' 2-category of orbifolds with boundary, 112 
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Orb*^ 2-category of orbifolds with corners, 112 

Orb*^ 2-subcategory of d-stacks with corners equivalent to orbifolds with 

corners, 122 

Orb*^ 2-category of disjoint unions of orbifolds with corners of different di- 
mensions, 116 

$/ : e:" -J> £ operations on C°°-ring £, for smooth / : R" M, 8 

ff{X), tl^iX), flliX), tl^iX) 1-morphisms of orbifold strata X^,...,Xl of a 

DcUgnc Mumford C°°-stack X, 77 

tf{X), n^(Ar), n^(A'), U^{X) l-morphisms of orbifold strata X^,...,Xl of 
a d-stack X, 93 

n^(X), n'"(X), Ho (X), (X) l-morphisms of orbifold strata X'", . . . , X^ of an 

orbifold with corners X, 118 

Il'"(3C), Il'"(DC), (X), IIo (3C) l-morphisms of orbifold strata , . . . , of a 
d-stack with corners X, 128 

Sf C dX Xy dY set associated to smooth map / : X — >■ y in Man*^, 40 

Sf C dX Xy dY C°°-scheme associated to 1-morphism / : X — > Y in dSpa*^, 

47 

Sf C dX Xy dy C°°-stack associated to 1-morphism / : X ^ ^ in Orb'^, 114 

Sf C dX Xy dy C°°-stack associated to 1-morphism f :X in dSta*^, 123 

SfJ : Sv,E,s Sw,F,t 'standard model' 1-morphism in dMan, 25 

SfJ : Sy,B,s — > Sw,F,t 'standard model' 1-morphism in dMEUi*^, 59 

SfJ : <Sv,£,s — > «5w,j^,t 'standard model' 1-morphism in dOrb, 97 

SfJ : §v,£,s Sw,j^,t 'standard model' 1-morphism in dOrb*^, 131 

[Sfj,p] : [Sv,E,s/f'] — [Sw.F.t/^] 'standard model' 1-morphism in dOrb, 98 

[Sfj,p] : [Sv.E.s/f^] — > [SH/,F,t/A] 'standard model' 1-morphism in dOrb*^, 132 

S''{X) depth k stratum of a manifold with corners X, 39 

S'a : Sf,f Sg^g 'standard model' 2-morphism in dMan, 25 

[S'ai'J] '■ [Slfjjp] [Sg^g,a] 'standard model' 2-morphism in dOrb, 98 

'Sv,E,s 'standard model' d-manifold, 23 

Sy,B,s 'standard model' d-manifold with corners, 58 

^v,£,s 'standard model' d-orbifold, 96 

Sv,£.s 'standard model' d-orbifold with corners, 131 

[Sv,E,s/f'] alternative 'standard model' d-orbifold, 98 

[Sy,E,s/r] alternative 'standard model' d-orbifold with corners, 132 

T*X virtual cotangent sheaf of a d-space X, 27 

T*X virtual cotangent sheaf of a d-space with corners X, 57 
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T*X virtual cotangent sheaf of a d-stack X , 95 

T*X virtual cotangent sheaf of a d-stack with corners %, 130 

Tf C X Xy dY set associated to smooth map f : X ^ Y in Man''. 40 

Ty C X Xy dY C°°-scheme associated to 1-morphism / : X Y in dSpa'^, 
47 

Tf ^ X Xy dy C°°-stack associated to 1-morphism / : X — > ^ in Orb*^, 115 
Tf ^ X Xy dy C°°-stack associated to 1-morphism / : X — )• V in dSta*^, 123 

vqcoh(X) 2-category of virtual quasicohcrcnt sheaves on a C°°-schcmc X, 27 

vqcoh(A') 2-category of virtual quasicoherent sheaves on a Deligne-Mumford 

C°°-stack X, 95 

vvect(-X') 2-category of virtual vector bundles on a C°°-scheme X, 27 

vvect(A') 2-category of virtual vector bundles on a Deligne-Mumford C°°-stack 

X, 95 

W,X,Y,Z,... C°°-schcmcs, 10 

W, X , Y, Z, . . . d-spaccs, including d-manifolds, 16 

W, X,y,Z,. . . Deligne-Mumford C°°-stacks, including orbifolds, 67 

W, X,y, 2, . . . d-stacks, including d-orbifolds, 86 

W, X, Z, . . . orbifolds with corners, 111 

W,X,y, Z,... d-stacks with corners, including d-orbifolds with corners, 121 
X C°°-stack associated to a C°°-scheme X, 68 

fixed d-subspace of group T acting on a d-space X, 21 

X^ fixed subset of a group T acting on a manifold with corners X, 45 
X'" fixed d-subspace of group T acting on a d-spacc with corners X, 55 

X^,X^,X^,Xl,X^, Xl orbifold strata of a Deligne- Mumford C°°-stack X, 76 
^r,A^ i-r.A"^ i-r.M^ ^r,A^ p^r,,,^.j^r,t^ ^^.^^^£^1^ ^^^.^^^^ orbifold X, 83 

X^,X^,X^,Xl,Xl, Xl orbifold strata of a d-stack X, 93 

X^'^, X^'^', X^'^', Xl'^,Xl''', xl'^ orbifold strata of a d-orbifold X, 105 

X'"''^, X^'**, X'"''', Xo'"^, Xo''*, Xo''* orbifold strata of an orbifold with corners X, 
119 

OC^ , "X^ .DC^ , X^, , orbifold strata of a d-stack with corners X, 128 

X'^'^,X'^'^,X'^'^,Xo'^,Xo''^,Xo''' orbifold strata of a d-orbifold with corners 
X, 138 

-^top topological space of a (7°°-stack X, 69 
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Index 



00- category, 5-7, 18-20, 34, 146 

1- category, see category 

2- category, 16-18, 27, 47, 67, 71, 80, 

86-88, 111-112, 120-121, 152- 
155 

1- morphism, 16, 68, 87, 111, 153 

composition, 17, 87, 153 

2- Cartesian square, 21, 34, 36, 48, 

54, 63, 64, 73, 75, 76, 104, 

111, 124, 127, 136, 137, 155 
2-cominutative diagram, 76, 112, 

154 

2-morphism, 17, 68, 87, 112, 153 
horizontal composition, 17, 88, 
153 

vertical composition, 17, 88, 153 
colimit, 154 
equivalence in, 153 
fibre products in, 20, 52-54, 71, 
80,92,118, 126-128,135-136, 
154-155 

homotopy category, 80-82, 145-146 
limit, 154 
pushout, 19, 155 
strict, 14, 152 

strict 2-functor, 27, 50, 57, 88, 95, 

112, 121, 130, 131 
weak, 14, 80, 81, 154 
weak 2-functor, 93 

abelian category, 12-14, 72, 83 

split short exact sequence, 29, 31, 
59, 99, 132 
algebraic space, 71 
atlas, 67 

b-transversality, 52-55, 126-128 
Banach manifold, 145 
bd-transvcrsality, 62-63, 135-136 
bordism, 139-145 

classical bordism, 140 
intersection product, 140 

d-manifold bordism, 140-142 



intersection product, 141 
d-orbifold bordism, 110, 143-145 

and orbifold strata, 144-145 

effective, 143-145 

intersection product, 144 

semieffective, 143-145 
orbifold bordism, 142-143 

and orbifold strata, 143 

effective, 142 

intersection product, 142 
projection to homology, 140-142, 
144 
boundary 

of a d-space with corners, 48 
of a d-stack with corners, 122 
of a manifold with corners, 39 
of an orbifold with corners, 114 

C°°- algebraic geometry, 8-15, 67-79 
C°°-ring, 8 -9 

cotangent module, 12-13 

finitely generated, 9 

module, 12-13 
complete, 13 
C°°-ringed space, 9 
C°°-scheme, 8-12 

afiine, 10 

coherent sheaf, 14 

cotangent sheaf, 14-15 

etale morphism, 68 

fibre product, 10-11 

locally fair, 10 

open embedding, 68 

proper morphism, 68 

quasicoherent sheaf, 13-15 
puUback, 14 

universally closed morphism, 68 

vector bundle, 13 
C°°-stack, 67 71 

1- morphism, 68 

2- morphism, 68 
C°°-substack, 68 

open, 68 
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Delignc Mumford, see Deligne- 
Mumford C°°-stack 

etale l-morphism, 68 

fibre products, 71 

open cover, 68 

open embedding, 68 

orbifold group Iso;f ( [a;] ) , 69, 71, 
76, 96, 97, 110, 113 

proper l-morphism, 68 

quotients [X/G], 69 70, 78 
quotient l-morphism, 70 
quotient 2-morphism, 70 

separated, 68 

topological space of, 68-69, 77 
universally closed l-morphism, 68 

c-transversality, 52-55, 126-128 

Calabi-Yau 3-fold, 1, 147 

Cantor set, 23 

Cartesian square, 152 

category, 150-152 

2-category, see 2-category 
abelian, see abelian category 
Cartesian square, 54, 152 
colimit, 152 
equivalence of, 151 
fibre product, 152 
functor, 68, 151 
faithful, 151 
full, 151 

natural isomorphism, 68, 151 

natural transformation, 151 

groupoid, 151, 153 

limit, 152 

morphism, 150 

opposite, 151 

pushout, 152 

subcategory, 151 
full, 151 

terminal object, 152 

universal property, 152 
cd-transversality, 62-63, 135-136 
contact homology, 1, 5, 149 
cotangent complex, 6, 28, 86 

d-manifold, 22-38 



and Banach manifolds with 
Fredholm sections, 145 

and dg-manifolds, 150 

and M-polyfolds, 145 

and quasi-smooth derived schemes, 
146 

and schemes with obstruction 

theories, 146 
and solutions of elliptic equations, 

146 

and Spivak's derived manifolds, 146 
as d-manifold with corners, 57 
bordism, 140 142 

intersection product, 141 
d-submanifold, 32 
d-transverse 1-morphisms, 32-34 
embedding, 31-32, 34 

into manifolds, 35-36 
equivalence, 28-30, 32 
etale l-morphism, 28-29 
example which is not principal, 35 
fibre products, 32-34 

d-transverse, 33 

orientations on, 37-38 
gluing by equivalences, 29-30 
immersion, 31-32, 34, 35 
is a manifold, 23, 28, 34 
orientation line bundle, 37 
orientations, 36-38, 146-147 
principal, 22-23, 35-36, 56 
standard model, 23-26, 29-30, 36, 
150 

1- morphism, 24 

2- morphism, 25 
orientations on, 37 

submersion, 31-32, 34 

virtual class, 141 

virtual cotangent bundle, 28 

virtual dimension, 22, 33 

w-embedding, 31-32 

w- immersion, 31-32 

w-submersion, 31-32, 34 

why dMan is a 2-category, 34 
d-manifold with boundary, 57, 141 
d-manifold with corners, 56-67 
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and Banach manifolds with 
Fredholm sections, 145 
and M-polyfolds, 145 
bd-transverse 1-morphisms, 62-63 
boundary, 57 

orientation on, 66 
cd-transverse 1-morphisms, 62-63, 

66-67 
corner functors, 57 
d-submanifold, 61 
definition, 56-58 
embedding, 61-62, 64 

into manifolds, 63-66 
equivalence, 59-60 
etale 1-morphism, 59-60 
fibre products, 57, 62-63 

bd-transverse, 62 

orientations on, 66-67 
fiat 1-morphism, 63 
gluing by equivalences, 60 
immersion, 61-62, 64 
include d-manifolds, 57 
is a manifold, 57, 63 
of mixed dimension, 57 
orientation line bundle, 66 
orientations, 66-67 
principal, 56, 64-66 
s-embedding, 61-63 
s-immersion, 61-63 
s-submersion, 61-62 
semisimple 1-morphism, 63 
sf-embedding, 61-65 
sf-immersion, 61-63 
sfw-embedding, 61-62 
sfw-immersion, 61-62 
standard model, 58-59, 64-66 

1-morphism, 58-59 

boundary of, 58 
submersion, 61-62 
sw-embedding, 61-62 
sw-immersion, 61-62 
sw-submersion, 61-62 
virtual cotangent bundle, 57 
virtual dimension, 56, 62 
w-embedding, 61-62 
w-immersion, 61-62 



w-submcrsion, 61-63 
d-orbifold, 94-111 

and Banach orbifolds with 
Fredholm sections, 145 
and Deligne-Mumford stacks with 

obstruction theories, 146 
and Kuranishi spaces, 110, 145 
and polyfolds, 145 
and quasi-smooth derived Deligne- 
Mumford stacks, 146 
as d-orbifold with corners, 129 
bordism, 110, 143-145 

and Gromov-Witten invariants, 
147-148 

and orbifold strata, 144-145 

effective, 143-145 

intersection product, 144 

semieffective, 143-145 
d-suborbifold, 102 
d-transverse 1-morphisms, 103-104 
definition, 95-96 
effective, 110-111, 144 

orbifold strata of. 111 
embedding, 102, 104 

into orbifolds, 104 
equivalence, 97, 99 
etale 1-morphism, 99, 102 
fibre products, 103-104 
gluing by equivalences, 99-102 
good coordinate system, 30, 106- 

110, 144 
immersion, 102-103 
is a d-manifold, 96, 106 
is an orbifold, 95, 103 
Kuranishi neighbourhood, 106-110 

coordinate change, 107 
local properties, 96-99 
orbifold strata, 105-106, 144 

orientations on, 106, 111 
orientation line bundle, 105 
orientations, 104-106, 147 
perturbing to orbifolds, 110, 144 
principal, 95, 104, 109 
semieffective, 110-111, 144 

orbifold strata of. 111 
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standard model Sv,£,s, 96-100, 104, 
109 

1-morphism, 96-97, 99 
standard model [Sv,e,s/'['], 98-102, 
106-109 

1- morphism, 98 

2- morphism, 98 
submersion, 102 
virtual class, 144 

virtual cotangent bundle, 95 
virtual dimension, 95, 103 
w-embedding, 102 
w-immersion, 102 
w-submersion, 102-103 
d-orbifold with boundary, 129, 138, 139, 
143 

d-orbifold with corners, 129-139 
and Banach orbifolds with 

Frcdholm sections, 145 
and Kuranishi spaces, 145 
and polyfolds, 145 
bd-transverse 1-morphisms, 135- 

136 
boundary, 76 

cd-transvcrse 1-morphisms, 135-136 
corner functors, 131 
d-suborbifold, 135 
definition, 129-130 
efi'ective, 139 
embedding, 135 

into orbifolds, 137 
equivalence, 132-134 
etale 1-morphism, 132, 135 d- 
fibre products, 135-136 

bd-transverse, 136 
flat 1-morphism, 132, 136, 139 
gluing by equivalences, 132-134 
good coordinate system, 138-139 
immersion, 135 
include d-orbifolds, 129 
is a d-manifold, 130 
is an orbifold, 130, 136 
Kuranishi neighbourhood, 138-139 

coordinate change, 138 
local properties, 131-132 
orbifold strata, 137-138 



boimdarics of, 138 

orientations on, 138 
orientation line bundle, 137 
orientations, 137 
principal, 129, 131, 137 
s-embedding, 135-136 
s-immcrsion, 135-136 
s-submersion, 135 
semieff'ective, 139 
scmisimplc 1-morphism, 136, 139 
sf-embedding, 135-137 
sf-immersion, 135 
sfw-embedding, 135 
sfw-immersion, 135 
simple 1-morphism, 132 
standard model Sv,£,s, 131-133, 
137, 139 

1-morphism, 131, 132 

boundary, 131 
standard model [Sy,£;,s/r], 132, 134, 
138-139 

1-morphism, 132 
straight, 138 
submersion, 135-136 
sw-cmbcdding, 135 
sw-immersion, 135 
sw-submersion, 135 
virtual cotangent bundle, 130, 137 
virtual dimension, 129, 136, 138 
w-embedding, 135 
w-immersion, 135 
w-submersion, 135-136 
■space, 15-22 

1- morphism, 16 

2- morphism, 17 

as d-space with corners, 47 
definition, 16 
equivalence, 19 
fibre products, 20-21 
fixed point loci, 21-22 
gluing by equivalences, 19-20 
is a C°°-scheme, 18 
is a manifold, 18 
open cover, 19 
open d-subspace, 19 
virtual cotangent sheaf, 16 
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d-spacc with boundary, 47 
d-space with corners, 46-56 

b-transverse 1-morphisms, 52-55 
boundary, 48 

functoriality, 49 
c-transverse l-morphisms, 52-55 
corner functors, 51-52, 54, 57 
definition, 47 
equivalence, 50-51 
fibre products, 52 55 

b-transverse, 53 

boundary and corners, 54 

may not exist, 52 
fixed point loci, 55-56 
flat 1-morphism, 48-50, 53 
gluing by equivalences, 50-51 
include d-spaces, 47 
include manifolds with corners, 50 
is a manifold, 50 
/c-corners Cfe(X), 51-52 
open cover, 51 
open d-subspace, 51 
semisimple 1-morphism, 48-50, 53 
simple 1-morphism, 48-50 
d-stack, 86-94 

definition, 86-88 

equivalence, 90-93 

etale 1-morphism, 90 

fibre products, 92 

gluing by equivalences, 20, 90-92 

conditions on overlaps, 92 
is an orbifold, 88 
open cover, 90 
open d-substack, 90 
orbifold strata, 22, 92-94 
quotients [X/G], 22, 89-90, 94, 
103 

quotient 1-morphism, 89 
quotient 2-morphism, 89 

representablc 1-morphism, 93 
virtual cotangent sheaf, 86, 94, 95 
with boundary, see d-stack with 

boundary 
with corners, see d-stack with 

corners 

d-stack with boundary, 121, 129 



d-stack with corners, 120 129 

b-transverse 1-morphisms, 126-129 
boundary, 76, 122 

functoriality, 122 
c-transverse 1-morphisms, 126-128 
corner functors, 125-127, 131 
definition, 120-122 
equivalence, 124 
etale 1-morphism, 122 
fibre products, 126-128 

b-transverse, 127 

boundary and corners, 127 
flat 1-morphism, 123-127 
gluing by equivalences, 124 
is a d-space, 121 
is an orbifold, 122 
A:-corners Cfe(X), 125-126 
open cover, 124 
open d-substack, 124 
orbifold strata, 128-129 
quotients [X/G], 56, 122, 132 
semisimple 1-morphism, 123-124, 
127 

simple 1-morphism, 123-125 

straight, 129, 138 
d-transversality, 32-34, 103-104 
Deflgne-Mumford G°°-stack, 67-79 
cotangent sheaf, 73-75, 79 
definition, 71 
fibre products, 71, 76 
inertia stack, 77 
locally fair, 71 
orbifold strata, 76-79 

functoriality, 77-78 
quasicoherent sheaves on, 71-75 

pullbacks, 73-74 

restriction to orbifold strata, 78 
representablc 1-morphism, 75, 93, 

102, 135 
sheaves of abelian groups on, 72 
sheaves of G°°-rings on, 72 
strongly representable 1-morphism, 

75-76, 111, 113-115, 122 
structure sheaf, 72 
vector bundle on, 72 



169 



Deligne-Mumford stack with 

obstruction theory, 1, 147, 148 

and d-orbifolds, 146 
derived algebraic geometry, 1, 5-7, 18 
derived category, 147 
derived DeUgne-Mumford stack 

and d-orbifolds, 146 
derived manifold, see Spivak's derived 

manifolds 
derived scheme, 18 

quasi-smooth, 1, 7 
and d-manifolds, 146 
dg- algebra, 18 

square zero, 18 
dg-manifold, 150 
dg-scheme, 5, 7, 150 
Donaldson -Thomas invariants, 1, 142 

elliptic equations, 146 

etale topology, 11, 71, 90, 105 

Fano 3-fold, 147 
fibre product 

definition, 152 

of C°°-schemes, 10 

of C°°-stacks, 71 

of d-manifolds, 33 

of d-manifolds with corners, 62 

of d-orbifolds, 103 

of d-orbifolds with corners, 136 

of d-spaces, 20 

of d-spaces with corners, 53 

of d-stacks, 92 

of d-stacks with corners, 127 
of orbifolds with corners, 118 
fractal, 23 

Fukaya categories, 1, 5, 149 
functor, 151 

faithful, 9, 10, 18, 50, 67, 81, 88, 

112, 130, 151 
full, 9, 10, 18, 50, 67, 81, 88, 112, 

130, 151 
natural isomorphism, 151 
natural transformation, 151 
truncation, 1, 6, 145-146, 149 

generalized homology theory, 140, 143 



gluing profile, 149 

good coordinate system, 30, 106-110, 

138-139, 144 
Gromov-Wittcn invariants, 1, 5, 142, 

147-149 
Grothendieck topology, 67, 80 
groupoid, 151 

harmonic maps, 146 

homology, 140 142, 144 

homotopy category, 80 82, 145 146, 153 

Kuranishi (co)homology, 144, 150 
Kuranishi space, 1, 5, 30, 37, 38, 106, 
109-110, 144, 147 
and d-orbifolds, 94, 110, 129, 145 

Lagrangian Floer cohomology, 1, 5, 142, 
149 

Lagrangian submanifold, 5, 6, 147, 149 

manifold 

embedding, 35 
immersion, 35 
orientation, 36 

transverse fibre products, 10, 21, 
33 

with boundary, see manifold with 

boundary 
with corners, see manifold with 

corners 

manifold with boundary, 38-46, 140 
manifold with corners, 38-46 

as d-space with corners, 50 

boundary, 39 

boundary defining function, 39 

corner functors, 43-44 

diffeomorphism, 40 

embedding, 40-42 

fixed point loci, 45-46 

flat map, 40-42 

immersion, 40 42 

fc-corners Ck{X), 42 

local boundary component, 39 

orientations, 45 

s-embedding, 40-42 
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s-immcrsion, 40 42 
s-submersion, 40-42 
semisimple map, 40-42, 44 
sf-embcdding, 40-42, 139 
sf-immersion, 40-42 
simple map, 40-42 
smooth map, 40 

strongly transverse maps, 43-44 
submanifold, 41 
submersion, 40 42, 139 
transverse fibre products, 43-44 

boundaries of, 44 
transverse maps, 43-44 
weakly smooth map, 39 
moduli space, 1, 30, 142, 146-147 

of J-holomorphic curves, 147-150 
of algebraic curves, 147 
of coherent sheaves on a 3-fold, 147 
of coherent sheaves on a surface, 
147 

of harmonic maps, 146 

of J-holomorphic curves, 102, 109, 

134, 146-147 
of perfect complexes on a 3-fold, 

147 

of PT pairs on a 3-fold, 147 
of solutions of nonlinear elliptic 
equations, 146 

orbifold, 79-85 

a category or a 2-category?, 80 
as Deligne-Mumford C°°-stack, 80 
as groupoid in Man, 80 81 
as orbifold with corners, 111 
as stack on Man, 80-81 
cotangent bundle, 82 
different definitions, 80-81 
effective, 82, 84, 96, 110 
embedding, 81 
etale 1-morphism, 81 
immersion, 81 
locally orientable, 84 
orbifold bordism, 142-143 

and orbifold strata, 143 

effective, 142 

intersection product, 142 



orbifold strata, 83-85, 143 

orientations on, 85 
orientations, 82, 85 
rcprcscntable 1-morphism, 81 
submersion, 81 
suborbifolds, 82 

transverse fibre products, 80, 82, 

92, 155 
vector bundle on, 82 

total space functor Tot, 82 
with boundary, see orbifold with 

boundary 
with corners, see orbifold with 

corners 
orbifold strata 

of d-orbifolds, 105-106, 144-145 
of d-orbifolds with corners, 137- 

138 

of d-stacks, 22, 92-94 
of d-stacks with corners, 128-129 
of DeUgne-Mumford C°°-stacks, 76- 
79 

of orbifolds, 83-85, 143 

of orbifolds with corners, 118-120 
orbifold with boundary, 111, 113, 142 
orbifold with corners, 111-120 

boundary, 76, 114 
functoriality, 113 

corner functors, 116-117 

definition, 111-112 

effective, 113, 131 

embedding, 117 

flat 1-morphism, 114-115, 117 

immersion, 117 

/e-corners Cfe(X), 116-117 

open cover, 112 

open suborbifold, 112 

orbifold strata, 118-120 

quotients [X/G], 112, 117 

s- embedding, 117 

s- immersion, 117 

s-submersion, 117 

semisimple 1-morphism, 114-116 

sf-embedding, 117 

sf-immersion, 117 

simple 1-morphism, 114-116 
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straight, 113, 120 

strongly transverse 1-morphisms, 

117-118, 127 
submersion, 117 

transverse 1-morphisms, 117-118 
transverse fibre products, 117-118, 
127 

vector bundle on, 113 

total space functor Tot"^, 113, 
129, 137 

orientation convention, 37-38, 45, 66 
orientation line bundle, 36, 37, 66, 104, 
105, 137 

partition of unity, 7, 11-12, 20, 33 
polyfold, 1, 5, 146, 148 

and d-manifolds, 145 

and d-orbifolds, 145 

gluing profile, 149 
principal d-manifold, 22-23, 35-36 
principal d-manifold with corners, 56, 
64-66 

principal d-orbifold, 104, 109 
principal d-orbifold with corners, 129, 

131, 137 
pushout, 19, 152, 155 

quasi-smooth, 7, 146 
quotient C°°-stack, 69-70 
quotient d-stack, 22 

scheme with obstruction theory, 1, 142, 
147 

and d-manifolds, 146 
spectral sequence, 140 
Spivak's derived manifolds, 1, 5, 6, 20, 
34, 35, 141 
and d-manifolds, 22, 146 
split short exact sequence, 29, 31, 59, 

99, 132 
square zero extension, 86 
square zero ideal, 7, 16, 18, 24, 86 
stack, 1, 5, 67-68, 80, 81, 146-149, 153, 
155 

String Topology, 6 

Symplectic Field Theory, 1, 5, 149 



symplectic geometry, 1, 5-6, 109, 142, 
146-150 

synthetic differential geometry, 8 

truncation functor, 1, 6, 145-146, 149 

virtual chain, 1, 5, 109, 141, 144, 149, 
150 

virtual class, 1, 109, 142, 147-150 
for d-manifolds, 141 
for d-orbifolds, 110, 144 
for Kuranishi spaces, 144 
for schemes with obstruction 
theory, 142 
virtual cotangent bundle, 28, 37, 57, 

66, 95, 104, 105, 130, 137 
virtual quasicoherent sheaf, 26-28, 95 
on C°°-schcmo, 27 
on Deligne-Mumford C°° -stack, 95 
virtual vector bundle, 26-28, 57, 95, 
137 

injective 1-morphism, 31, 102 
is a vector bundle, 28 
of mixed rank, 105 
on a C°°-scheme, 27 
on a Deligne-Mumford C°°-stack, 
95 

orientation line bundle of, 36, 104 
surjective 1-morphism, 31, 102 
weakly injective 1-morphism, 31, 
102 

weakly surjective 1-morphism, 31, 
102 

Zariski topology, 11, 71, 90, 102, 105, 
135 



172 



